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Chuong 1. Ham so va do thi — Chapter 1. Functions and Graphs

Muc tiéu chwong — Chapter objectives

« X4c dinh mién xé4c dinh, mién gia tri cua mQt ham va tinh gié tri ham tung khuc, ham
hop tir cong thue.
Find the domain and range of a function, and evaluate piecewise and composite functions
from their formulas.

* Dich, kéo gian, lat db thi ctia ham co ban; kiém tra ham c6 ham nguoc khong va tim
cong thuc ham ngugc.
Shift, stretch and reflect the graph of a basic function, check whether a function has an
inverse, and find the inverse formula.

- Dung dang thirc lugng giac, quy tic lily thira va logarit dé giai phuong trinh mi,
phuong trinh logarit c6 kiém tra diéu kién.
Use trigonometric identities and the rules of exponents and logarithms to solve exponential
and logarithmic equations, checking the conditions on the answer.

1.1. Khai ni¢ém ham so0, mién xac dinh va mién gia tri — 1.1. What a Function Is:

Domain and Range

Hay nghi t6i may ban nudc ty dong. Ban bam niit "cam”, may tra ding mot lon cam. Ban
bam nat "chanh", mdy tra dung mot lon chanh. May khong bao gid dua hai thi cho mot
lan bam. Hai nut khac nhau thi c6 thé ra cing mét loai nuéc, nhung mot nat thi chi ra
mot thir. Ham sd hoat dong dtng nhu vay.

P: Picture a vending machine. Press "orange" and you get exactly one can of orange. Press
"lemon" and you get exactly one can of lemon. One press never gives you two things. Two

different buttons may drop the same drink, but a single button gives only one result. A function
works the same way.

Ham s 1a mot quy tic gan: mdi gia tri dau vao dugc ghép véi diing mot gid tri dau ra.
Pau vao thuong goi 1 x (bién doc 1ap, tirc bién ban tu chon). Pau ra goi 12 y hay f(x)
(bién phu thudc, vi nd phu thudc vao x). Viét y = f(x) va doc 1a "y bang f caa x". Vi du
f(x) = 2x + 1 nghia la: léy X, nhan doi, cong 1. Khi d6 f(3) =7.

P: A function is a rule that pairs each input with exactly one output. The input is usually called x
(the independent variable, the one you choose). The output is called y or f(x) (the dependent

variable, because it depends on x). Write y = f(x) and read it as "y equals f of x". For example,
f(x) = 2x + I means: take x, double it, add 1. So f(3) = 7.

Vi DU/ EXAMPLE — Tinh gia tri cia f(x) = x2 — 3x + 2. Thay x bang sb hodc biéu thuc, dat
trong ngodc. f(—1)=(-1?>-3(-1)+2=1+3+2=6.fla+ 1)=(a+1)y>—3(@a+1)+2=a%+
2a+1-3a—3+2=a2—a Kiémtrabinga=1:f(2)=4—6+2=0vaa2—a=0. Hai két
qua khép nhau.

VIDU: Evaluate f(x) = x> — 3x + 2. Replace x with a number or an expression, wrapped in
parentheses. f(—1) = (—1)?*—3(—-1) +2=1+3+2=6.fla+1)=(a+1)?—3(a+1)+2=a’*+2a
+1—-3a—-3+2=a’—a Checkwitha=1:f2)=4—6+2=0anda’?— a=0. The two results
match.
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Hai dau vao khac nhau duoc phép cho cing mot dau ra. Véi fi(x) = x2, ta ¢o f(2) = 4 va
f(—2) = 4. Piéu bi cdm 1a mot dau vao cho hai dau ra.

P: Two different inputs may share one output. With f(x) = x? f(2) = 4 and f(—2) = 4. What is
forbidden is one input giving two outputs.

Mién xac dinh — Domain

Mién xac dinh 13 tdp moi gia tri x ma quy tic con "chay" dugc. Giéng mdy ban nudc chi
nhan dung loai tién, ham s cling ¢6 nhiing x bi tur chdi. Khi dé khong noi gi thém, ban
ldy moi s6 thuc ma biéu thirc con nghia. Chi c6 hai noi hay gy ric rdi: mau sb va cin
bac hai.

P: The domain is the set of all x for which the rule still works. A vending machine refuses coins it
does not accept, and a function refuses some x too. If the problem says nothing else, take every

real number for which the expression makes sense. Only two places usually cause trouble:
denominators and square roots.

1. Nhin biéu thtrc va tim chd nguy hiém: ¢6 phan s6 khong, ¢ cin bac hai khong. Néu
khong ¢6 ca hai (nhu da thirc x2 + 5) thi mién xac dinh 13 moi s6 thuc.
BUOC: Scan the expression for danger spots: is there a fraction, is there a square root? If
neither appears (as in the polynomial x? + 5), the domain is all real numbers.

2. Véi phan s, dat mau sb khac 0. Giai phuong trinh "mau = 0" r6i loai cac nghiém d6.
BUOC: For a fraction, require the denominator to be nonzero. Solve "denominator = 0" and
exclude those solutions.

3. Vi cin bac hai, dat biéu thic trong can 16n hon hodc bé“lng 0. Giai bat phuong trinh
do.
BUOC: For a square root, require the expression inside to be at least 0. Solve that
inequality.

4. Néu cin nam ¢ mau sd, biéu thirc trong cin phai 16n hon 0 han, vi cin bang 0 thi miu
bang 0.
BUOC: If the root sits in a denominator, the inside must be strictly greater than 0, because a
root equal to 0 makes the denominator 0.

5. Gop moi diéu kién lai va viét két qua dudi dang khoang.
BUOC: Combine all conditions and write the answer as intervals.

Vi DU/ EXAMPLE — Tim mién x4c dinh ctia bén ham. (a) f(x) = 1/(x — 3): mau khac 0 nén
X # 3. Mién: (—o0, 3) U (3, +0). (b) g(x) = V2x — 6): can 2x — 6 > 0, suy ra x > 3. Mién: [3,
+o0). () h(x) =V(x + 1)/(x —2): cAn x + 1 >0 vax £ 2, thre x > —1 va x # 2. Mién: [-1,2) U
(2, +o0). (d) k(x) = 1/N(4 — x): cAn 4 — x > 0, suy ra x < 4. Mién: (—oo, 4).

VIDU: Find the domain of four functions. (a) f(x) = 1/(x — 3). the denominator must be nonzero, so x
# 3. Domain: (=, 3) U (3, +x). (b) g(x) = \(2x — 6): we need 2x — 6 >0, so x > 3. Domain: [3, +00).
(c) h(x) = \/(x + 1)/(x — 2): we need x + 1 >0 and x # 2, that is x > —1 and x # 2. Domain: [—1, 2) U
(2, +©). (d) k(x) = IN(4 — x): we need 4 — x > 0, so x < 4. Domain: (-, 4).

Vi DU/ EXAMPLE — Khi ¢6 hai cin, mdi cin cho mot diéu kién va ta 1ay phan chung. Vi
m(x) = V(x — 1)/N(5 — x): can trén can x — 1 > 0, tirc x > 1. Can dudi ndm & mau nén can 5 — x
> 0, tirc x < 5. Phan chung cia x > 1 va x <5 la mién [1, 5).
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VIDU: With two roots, each gives a condition and you keep the overlap. For m(x) = (x — DA(5 —
X): the top root needs x — 1 >0, so x > 1. The bottom root sits in a denominator, so 5 — x > 0, that is x
< 5. The overlap of x > I and x < 5 is the domain [1, 5).

Mién gia tri — Range

Mién gia tri 1a tdp cac dau ra ma ham that sy tao ra. Trong vi du may ban nude, do la
danh séach cac loai nudc c6 thé roi xudng khay. Mién xac dinh héi "duogc bd gi vao", con
mién gia tri hoi "nhan dugc gi ra".

P: The range is the set of outputs the function actually produces. In the vending machine, it is the

list of drinks that can land in the tray. The domain asks "what can go in", and the range asks
"what can come out".

Véi cong thirc, hiy hoi: y nho nhat, 1on nhit 1a bao nhiéu, va co bi bo sot gia tri nao
khong. Véi do thi, hiy doc d6 cao thap nhat dén cao nhat cia dudng cong. Cach chéc in
1a giai x theo y, r6i xem y ndo lam phép giai bi hong.

P: With a formula, ask: what are the smallest and largest y, and is any value skipped? With a

graph, read the lowest to the highest height of the curve. A reliable method is to solve for x in
terms of y, then see which y breaks the solving.

VI DU/ EXAMPLE — (a) f(x) = x> + 5. Vi x2> 0 nén f(x) > 5, va f(0) = 5. Mién gia tri: [5,
+o0). (b) g(x) = V(2x — 6) ludn khong 4m va ldy duge moi gid tri tir O trd 1én. Mién gia tri: [0,
+00). (c) f(x) = I/(x — 3). Baty = 1/(x — 3), gidi ra x = 3 + 1/y. Céch giai nay hong khi y = 0.
Mién gia tri: moi sb thuc khac 0. (d) f(x) = 2x + 1 chi xét trén {0, 1, 2}: daurala 1, 3, 5. Mién
gia tri: {1, 3, 5}.

VIDU: (a) f{x) = x>+ 5. Since x>0, f{x) > 5, and f(0) = 5. Range: [5, +x). (b) g(x) = (2x — 6) is
never negative and takes every value from 0 upward. Range: [0, +). (c) f{(x) = 1/(x — 3). Sety = 1/(x
— 3) and solve: x = 3 + 1/y. This breaks when y = 0. Range. every real number except 0. (d) f(x) = 2x
+ 1 on {0, 1, 2} only: the outputs are 1, 3, 5. Range: {1, 3, 5}.

Vi DU/ EXAMPLE — Tim mién gi4 tri ciia p(x) =4 — x2 Vi x2> 0 nén —x2< 0, suy ra 4 — x2
< 4. Gia tri 4 dat dugc tai x = 0, va x cang xa 0 thi p cang nho, khong c6 day. Mién gia tri:
(—oo, 4].

VIDU: Find the range of p(x) = 4 — x2 Since x* > 0, —x? <0, so 4 — x? < 4. The value 4 is reached at x
= 0, and the farther x is from 0 the smaller p gets, with no floor. Range: (—, 4].

Kiém tra bang dwong thang ding — The Vertical Line Test

Cho mat d6 thi, Iam sao biét né c6 phai ham s6? Tudng twong quét mot thanh thang ding
tir trai sang phai. Néu c6 lac thanh cit d6 thi tai hai diém tré 1én, thi mot x cho nhiéu y,
va d6 khong phai ham sd. Néu moi thanh déu cat tdi da mot diém, d6 1a ham sé.

P: Given a graph, how do you know if it is a function? Imagine sweeping a vertical rod from left

to right. If at any moment the rod hits the graph in two or more points, one x gives several y, so it
is not a function. If every rod hits at most one point, it is a _function.

Vi DU / EXAMPLE — PBuodng tron x* + y> = 1: thanh x =0 cit tai (0, 1) va (0, —1), nén khong
phai ham sb. Parabol y = x2 thi dat: mdi x chi c6 mét y. Parabol nim ngang x = y2 khong dat:
x=4chocay=2vay=-2.
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VIDU: The circle x*> + y? = 1: the rod x = 0 hits (0, 1) and (0, —1), so it is not a function. The
parabola y = x? passes: each x has one y. The sideways parabola x = y? fails: x = 4 gives both y = 2
andy = —2.

Poc mién tir 6 thi nhu sau: chiéu d6 thi xudng truc hoanh dé dugc mién xac dinh, chiéu
sang tryc tung dé dugc mién gia tri.

P: Read the sets off a graph like this: project the graph onto the horizontal axis for the domain,
and onto the vertical axis for the range.

Vi DU/ EXAMPLE — Xét d6 thi y = [x| (gié tri tuyét ddi, tirc khoang cach tir x téi 0). D) thi
hinh chit V, dinh tai gbc. Moi thanh thang dimg chi cat mot diém nén day 1a ham s6. Chiéu
xuéng truc hoanh phu ca truc: mién xac dinh 1a moi s6 thuc. Chiéu sang truc tung chi phu tir 0
tré 1én: mién gia tri 13 [0, +o0).

VIDU: Take the graph of y = |x| (absolute value, the distance from x to 0). It is a V shape with its tip
at the origin. Every vertical rod meets it once, so it is a function. Projecting onto the horizontal axis
covers the whole axis: the domain is all real numbers. Projecting onto the vertical axis covers only 0
and above: the range is [0, +x).

LOI HAY GAP / COMMON MISTAKE — Quén loai diém lam mAu bang 0, hodc viét x > 3
thay cho x > 3 khi can nam & mau. L3i khac 1a nhAm mién xéac dinh voi mién gia tri: x Ia dau
vao, y 1a dau ra. Ciing dimg nghi hai x cho cting mét y 1a vi pham; chi mot x cho hai y méi vi
pham.

LOLI: Forgetting to exclude the point where a denominator is zero, or writing x > 3 instead of x > 3
when the root is in a denominator. Another slip is mixing up domain and range: x is the input, y is the
output. Also, two x values sharing one y is allowed; only one x giving two y values breaks the rule.

LOI HAY GAP / COMMON MISTAKE — Khi tinh f(a + 1) véi f(x) = x2, nhiéu ngudi viét
a? + 1. Sai: phai thay nguyén khoi, duoc (a + 1) = a2+ 2a + 1. Khi giai bat phuong trinh c6
nhén hodc chia cho sb 4m, nhd ddi chiéu déu: —x > —5 cho x < 5.

LOI: When computing f(a + 1) for f(x) = x? many people write a® + 1. That is wrong: substitute the
whole block to get (a + 1)> = a? + 2a + 1. When an inequality is multiplied or divided by a negative
number, flip the sign: —x > —5 gives x < 5.

PHAI THUQC / MEMORISE — Ham s6: mdi x cho diing mot y. Mién xac dinh: mau # 0,
trong can bac hai > 0. Puong thang dung cat db thi qua mot diém thi khong phai ham s6.
THUOC: A function gives exactly one y for each x. Domain: denominator # 0, inside of a square root
> 0. If a vertical line meets the graph in more than one point, it is not a function.

* Ty luyén: tim mién x4c dinh cta V(5 — x). Pap 4n: 5 — x >0 nén x < 5, mién (—o, 5].
GACH: Practice: find the domain of\/(5 —x). Answer: 5 — x > 0 gives x <5, so the domain is
(—o, 5].

« Ty luyén: tim mién xac dinh cta (x + 2)/(x> — x — 6). Pap an: x2 —x — 6 = (x — 3)(x +
2) =0 tai x = 3 va x = —2, nén mién 1a moi s6 thyc trir —2 va 3.

GACH: Practice: find the domain of (x + 2)/(x? —x — 6). Answer: x> —x — 6 = (x — 3)(x + 2)
=0atx =3 and x = —2, so the domain is all real numbers except —2 and 3.

« Ty luyén: tim mién gia tri ciia q(x) = Vx + 2. Pap an: Vx > 0 nén q(x) > 2, va q(0) = 2.

Mién gi4 tri: [2, +o0).
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GACH: Practice: find the range of q(x) = \x + 2. Answer: \x >0, so q(x) > 2, and q(0) = 2.
Range: [2, +x0).

1.2. Céc cach bi¢u dién ham: bang, do thi, cong thirc, ham tirng khiic - 1.2,

Ways to Represent a Function: Tables, Graphs, Formulas, Piecewise Functions

Mbt ham sb c6 thé duoge cho béng bdn cach: bang sb, do thi, cong thuc va nhiéu cong
thirc ghép lai (ham tirng khtc). Cung mdt ham, cach nao cling cho ban cung mot thong
tin: dua vao x, nhan ra dung mat gia tri f(x). Ban can doc duge ca bon dang.

A function can be given in four ways: a table of numbers, a graph, a formula, or several

formulas glued together (a piecewise function). Each form carries the same information: put in
x, get exactly one value f(x). You need to read all four.

Doc gia tri tir baAng — Reading values from a table

Hay nghi té1 bang nhi¢t d§ trong ngay: ¢t trai la gio, cot phai 1a nhiét d§. Bang chi cho
nhiing gia tri da duoc ghi, nén chd khong co trong bang thi ban khong biét chinh xéc.
Think of a daily temperature chart: hours on the left, temperatures on the right. A table only lists
recorded values, so anything missing from it cannot be known exactly.

1. Tim gia tri ddu vao x trong hang (hodc cot) cua x.
Find the input x in the x row (or column).

2. Nhin sang 6 cung hang (hodc cot) cta f(x) va doc s6 do.
Look at the matching cell in the f(x) row and read that number.

3. Mubn tim x khi biét f(x), lam nguoc lai: tim s trong hang f(x), rdi doc x twong Gmg.
To find x from a known f{(x), work backwards: locate the number in the f(x) row, then read its
X.

Vi DU / EXAMPLE — Bang cho T(gio t): t=0, 2,4, 6, 8 tng vo1 T = 18, 22, 27, 25, 20 (do
C). Khi d6 T(4) = 27. Nhiét do bang 22 d¢ tai t = 2. Con T(5) khong c6 trong bang: ban chi
udc luong dugce nod nam gitra 25 va 27, khong néi dugce s6 chinh x4c.

A table gives T at hour t: t = 0, 2, 4, 6, 8 matches T =18, 22, 27, 25, 20 (degrees C). So T(4) = 27,
and the temperature is 22 at t = 2. T(5) is not listed: you can only estimate that it lies between 25 and
27, not state an exact value.

LOI HAY GAP / COMMON MISTAKE — Khi tim x tir f(x), chi 4y 6 dau tién gip duoc.
Mot gia tri f(x) c6 thé xuat hién ¢ nhidu hang, nén hay quét hét bang. O bang trén, néu thém t
=10v6i T=221thi T=22c6 hai dép an: t =2 va t = 10.

When finding x from f(x), stopping at the first match. One value of f(x) can appear in several columns,
so scan the whole table. If the table above also had t = 10 with T = 22, then T = 22 would have two
answers: t =2 and t = 10.

Doc gia tri tir do thi — Reading values from a graph

1. Mudn tinh f(a): tim a trén truc ngang, di thang 1én hodc xudng dén khi gip duong
cong, roi di ngang sang truc doc va doc s0.
To find f(a): locate a on the horizontal axis, move straight up or down to the curve, then
move sideways to the vertical axis and read the number.
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2. Mubn tim x khi f(x) = ¢: di ngang tir diém c trén truc doc dén dudng cong, rdi tha
thang xudng truc ngang. C6 thé c6 nhiéu déap an.
To solve f(x) = c: move sideways from c on the vertical axis to the curve, then drop straight
down. There may be several answers.

3. Kiém tra c6 phai ham khong bang phép thir duong thang dting: moi duong thang
dung chi dugc cat db thi toi da mot lan.
Check that it is a function with the vertical line test: every vertical line may cross the graph
at most once.

VI DU/ EXAMPLE — D6 thi 13 mot parabol (dudng cong hinh chit U) c¢é dinh (0; —4), cét
truc hoanh tai —2 va 2, vé& trén doan tir —3 dén 3, hai dau mut 1a (=3;5) va(3;5). boc ra: f(0)
=—4, f(2) = 0. Mién xac dinh 1a [-3; 3], mién gi4 tri la [-4; 5]. Phuong trinh f(x) = 0 c¢6 hai
nghiém x = -2 vax =2.

The graph is a parabola (a U-shaped curve) with vertex (0, —4), crossing the horizontal axis at —2
and 2, drawn on the segment from —3 to 3, with endpoints (=3, 5) and (3, 5). Reading off: f(0) = —4,

f(2) = 0. The domain is [—3, 3] and the range is [—4, 5]. The equation f{x) = 0 has two solutions, x =
—2andx = 2.

Tinh gia tri tir cong thirc — Evaluating a formula

Cong thire gidng cong thirc nau an: bo nguyén lidu x vao, 1am dung thir tu cac phép tinh,
ra mot mon f(x). Pay 1a dang cho két qua chinh x4c nhét, vi ban thay dugc bat ky sé nio
trong mién xac dinh.

A formula works like a recipe: put in the ingredient x, follow the order of operations, and out

comes one dish f(x). It gives the most exact results, because you can substitute any number in the
domain.

1. Viét lai cong thirc, thay mdi chit x bang s6 di cho va dit s6 d6 trong ngoic.
Rewrite the formula, replace each x with the given number, and put that number in brackets.
2. Tinh liy thtra trude, roi nhan chia, cudi cung cong trur.
Do powers first, then multiplication and division, then addition and subtraction.
3. Véi phan s6 hoic cin, kiém tra s6 vira thay cé lam biéu thic vo nghia khong: mau
bang 0, hodc can bac hai cua so am.
With fractions or roots, check that the number does not break the expression: a zero
denominator, or the square root of a negative number.

VIDU /EXAMPLE — f(x) = 2x> — 3x + 1. Thay x = —2: f(-2) = 2(-2)* - 3(-2) + 1 =8 + 6 +
1 =15. Thay x =0,5: f(0,5) =2(0,25) - 1,5+ 1=0,5-1,5+1=0. V6i q(x) = 1/(x — 3), mién
xéc dinh 14 moi s6 thue trir 3, vi x = 3 1am mau bang 0.

fx) =2x?—=3x+ 1. Putinx=—2:f(-2) =2(=2)?—3(-2)+ 1 =8+ 6+ 1 =15 Putinx =0.5:
f0.5) =2(0.25) — 1.5+ 1=05—-15+1=0. Forq(x) =1/(x — 3), the domain is every real number
except 3, because x = 3 makes the denominator zero.

LOI HAY GAP / COMMON MISTAKE — Quén ngoic khi thay s6 am. Viét —22 cho ra —4,
con (—2)? méi bang 4.
Forgetting brackets when substituting a negative number. Writing —2° gives —4, while (—2)? equals 4.
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Ham tirng khuc — Piecewise functions
Gia gtri xe 12 vi du quen thudc: mdi khoang thoi gian mot mirc gid. Ham timg khiic 1a
ham dung cong thuc khac nhau trén céc khoang khac nhau cua x.

Parking fees are a familiar case: each time band has its own price. A piecewise function uses a
different formula on different intervals of x.

Vi DU/ EXAMPLE — Phi giri xe C(t) nghin dong, t 13 s6 gio: C(t) = 10 néu 0 <t < 2; C(t) =
15 néu 2 <t<5; C(t) =20 néu t > 5. Tinh: C(1,5) = 10; C(2) = 10 (mbc 2 thudc khiic dau vi
c¢6 ddu <); C(2,1) = 15; C(6) = 20.

Parking fee C(t) in thousand dong, t in hours: C(t) = 10if0<t<2; C(t) = 15if2<t<5; C(t) =201if
t>35. Then C(1.5) = 10; C(2) = 10 (the point 2 belongs to the first piece because of <); C(2.1) = 15;
C(6) = 20.

Ham trj tuyét ddi ciing 1a ham timg khuc: |x| = x néu x > 0 va [x] = —x néu x < 0. N6 cho
khoang cach tir x dén 0, nén luén khong am. Vi du g(x) = |x — 2| bang x — 2 khi x > 2 va
bang 2 — x khi x < 2. Do d6 g(0) =2 va g(5) = 3.

The absolute value is also piecewise: |x| = x if x > 0 and |x| = —x if x < 0. It gives the distance

from x to 0, so it is never negative. For example g(x) = |x — 2| equals x — 2 whenx > 2 and 2 — x
when x < 2. Hence g(0) = 2 and g(5) = 3.

LOI HAY GAP / COMMON MISTAKE — Tinh f(a) ma chon nhim khiic. Hiy xem a thudc
khoang nao trudce, réi mai thay vao cong thie cia khic d6. Chii y mébe ndi c6 < hay <.
Picking the wrong piece when computing f(a). Decide which interval a belongs to first, then substitute
into that piece. Watch whether the boundary uses < or <.

Ham chan, ham 1 — Even and odd functions

Ham chin c6 d6 thi ddi xtmg qua tryc tung, nhu gap doi to gidy theo truc doc thi hai nira
trung nhau. Ham 1& c6 d6 thi d6i xing qua gdc toa do: xoay 180 do quanh gbc thi do thi
trung chinh né.

An even function has a graph symmetric about the y-axis: fold the paper along the vertical axis

and the two halves match. An odd function is symmetric about the origin: rotate it 180 degrees
around the origin and it lands on itself.

PHAI THUQC / MEMORISE — Ham chin: f(—x) = f(x) v6i moi x trong mién x4c dinh.
Ham 1é: f(—x) = —f(x) véi moi x trong mién xac dinh. Mién x4c dinh phai d6i xtng quanh 0.
Even: f(—x) = f(x) for every x in the domain. Odd: f(—x) = —f{(x) for every x in the domain. The domain
must be symmetric about (.

1. Viét f(—x): thay mdi chir x trong cong thirc bang (—x), gitt diu ngoic.
Write f(—x): replace every x in the formula by (—x), keeping the brackets.
2. Rut gon r6i so sanh véi f(x). Néu bang nhau thi ham chan.
Simplify and compare with f(x). If they are equal, f'is even.
3. Néu khong, so sanh véi —f(x). Néu bang nhau thi ham 1&. Néu ca hai déu sai thi ham
khong chén khong 18.
If not, compare with —f(x). If equal, fis odd. If both fail, fis neither.
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VI DU / EXAMPLE - f(x) = x* — 3x2 f(—x) = (—x)* — 3(—%)? = x* — 3x2 = f(x), nén f chin.
g(x) =x*+ x: g(—x) = —x> — x = —g(x), nén g l&. h(x) = x* + x: h(—x) = x*> — X, khac h(x) va
khac —h(x) = —x2 — x, nén h khong chan khong 1.

fx) =x* = 3x% f(—x) = (—x)* — 3(—x)? = x* — 3x? = f(x), so fis even. g(x) = x>+ x: g(—x) = —x’—x =
—g(x), so g is odd. h(x) = x*> + x: h(—x) = x? — x, which differs from h(x) and from —h(x) = —x? — x, so
h is neither.

Meo nhanh véi da thic: néu moi sb mil ctia x déu chén (ké ca s6 hang tu do, coi nhu x°)
thi ham chén. Néu moi s6 mii déu 1é thi ham 1é¢. S mil 14n 16n, nhu x2 + X, thuong cho
ham khong chén khong 1é.

A quick tip for polynomials: if every exponent of x is even (the constant term counts as x°), the
function is even. If every exponent is odd, it is odd. Mixed exponents, like x*> + x, usually give a

function that is neither.

Ham tang, ham giam - Increasing and decreasing functions

Doc db thi tir trai sang phai. Puong di 1én 13 ham ting, di xudng 1a ham giam. Chinh xac
hon, f ting trén mot khoang néu véi xi < x2 trong khoang d6 thi f(x:) < f(x2). Ham giam
thi f(x1) > f(x2). V&i [x|: gidm trén (—oo; 0], tang trén [0; +oo).

Read the graph from left to right. A rising curve is increasing, a falling one is decreasing.
Precisely, fis increasing on an interval if x: < xz there gives f(x1) < f(xz). For decreasing, f(x:) >
f(xz). For |x|: decreasing on (—o, 0], increasing on [0, +x).

LOI HAY GAP / COMMON MISTAKE — Ghi khoang ting, giam bang gié tri y. Khoang
nay luon la khoang cua x. Tranh cling gop hai khoang thanh mot, vi du néi |x| "tang trén R".
Writing intervals of increase or decrease in terms of y. They are always intervals of x. Also do not

merge two intervals into one, such as saying |x| is "increasing on R".

LOI HAY GAP / COMMON MISTAKE — Két luan chin chi vi vai cip sb trong bang khép
nhau. Bang chi goi ¥, mudn chic phai kiém tra f(—x) = f(x) cho moi x.
Declaring a function even because a few pairs in a table match. A table only hints; to be sure, check

f(—x) = f(x) for every x.

Luyén tap (dap 4n ngay sau mdi cAu) — Practice (answer follows each item)

« Dung db thi parabol & trén: tim x dé f(x) = 5 va néu khoang giam. Pap an: x = —3 hoic
x = 3; gidm trén [—3; 0], tang trén [0; 3].
Using the parabola above: find x with f(x) = 5 and state where it decreases. Answer: x = —3
or x = 3; decreasing on [—3, 0], increasing on [0, 3].

*Bangx=-2,-1,0,1,2c6f=3,0,—1, 0, 3. Bang c6 phu hop véi ham chin khong?
Pap an: ¢, vi f(—1) = f(1) = 0 va f(-2) = f(2) = 3; nhung chua du dé két luan.
A table withx = =2, —1, 0, 1, 2 has f = 3, 0, —1, 0, 3. Is it consistent with an even function?
Answer: yes, since f(—1) = f(1) = 0 and f(—2) = f(2) = 3, but this alone does not prove it.

» Xét k(x) = x[x|. Bap an: k(—x) = (—x)|—x| = —x|x| = —k(x), nén k 1&.
Test k(x) = x|x|. Answer: k(—x) = (—x)|—x| = —x|x| = —k(x), so k is odd.

« m(x) = x? xét trén [—1; 3] c¢6 chan khong? Dép an: khong, vi mién xac dinh khong ddi
xtng quanh 0 (c6 3 ma thiéu —3).
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Is m(x) = x?on [—1, 3] even? Answer: no, because the domain is not symmetric about 0 (it
has 3 but not —3).

* Cho f(x) =2x?>—3x + 1, tinh f(—1) va f(3). Bap an: f(-1)=2+3+1=6;1(3)=18 -9
+1=10.
Given f(x) = 2x? — 3x + 1, find f(—1) and f(3). Answer: f(—1) =2 +3 +1=6;f(3) =189
+1=10.

* V6i C(t) & phan giri xe, tinh C(5) va C(5,5). Pap an: C(5) = 15 vi méc 5 thudc khic
hai (c6 <); C(5,5) = 20.
With C(t) from the parking example, find C(5) and C(5.5). Answer: C(5) = 15 because the
point 5 belongs to the second piece (it has <); C(5.5) = 20.

1.3. Phép toan trén ham, ham hop va bién d6i do thi — 1.3. Combining Functions
and Transforming Graphs

Ban di biét mot ham giéng nhu mot cai may: bo sb vao, may tra s6 ra. Muc nay cho ban
hai viéc. Mot 1a ghép cac may lai v6i nhau dé duoc ham méi. Hai 1a bién do thi co sin
thanh d6 thi khac ma khong phai vé lai tir dau.

A function works like a machine: you feed in a number and get a number out. This section gives

you two skills. One is wiring machines together to build new functions. The other is turning a
known graph into a new one without redrawing it from scratch.

Cong, trir, nhan, chia ham - Adding, subtracting, multiplying and dividing functions

Hai ham f va g cung nhan mot gia tri x. Ban tinh f(x) va g(x) trudc, r0i cong, trir, nhan
hodc chia hai két qua. Giéng nhu hai ngudi cing cham mot bai thi, ban iy tong hodc tich
hai s6 diém. Mién x4c dinh ctia ham méi 14 phan chung ctia hai mién. Véi phép chia, ban
con phai loai cac x lam g(x) = 0.

Two functions f and g take the same input x. You compute f(x) and g(x) first, then add, subtract,
multiply or divide the two results. It is like two graders marking the same exam, and you
combine their scores. The domain of the new function is the overlap of the two domains. For
division, you must also remove every x that makes g(x) = 0.

VI DU / EXAMPLE — Cho f(x) = 2x + 1 va g(x) = x2 Khi d6 (f+ g)(x) =x2+2x + 1,
(fg)(x) = 2x3 + x2, va (f/g)(x) = (2x + 1)/x2 v6i x # 0. Kiém tra tai x = 2: f(2) = 5, g(2) = 4,
nén tong 13 9, tich 1a 20, thwong 13 5/4. Ca ba két qua khép véi cong thirc.

Letf{x) = 2x + I and g(x) = x°. Then (f + g)(x) =x*>+ 2x + 1, (fg)(x) = 2x° + x2 and (f/g)(x) = (2x +
D/x? for x # 0. Check at x = 2: f(2) = 5 and g(2) = 4, so the sum is 9, the product is 20 and the
quotient is 5/4. All three match the formulas.

Vi DU/ EXAMPLE — Cho f(x) = \(x + 1) va g(x) = x — 3. Mién cua f can x + 1 > 0, tirc x >
—1. Mién ciia g 1a moi s6 thyc. Phan chung 1a x > —1. Vi phép chia, g(x) = 0 khi x = 3, nén
loai diém nay. Vay (f/g)(x) = V(x + 1)/(x — 3) ¢6 mién xac dinh 1a x > —1 va x # 3. Thir tai x =
8: f(8) =3, g(8) =5, thuong 1a 3/5.

Let f{x) = (x + 1) and g(x) = x — 3. The domain of f needs x + 1 >0, that is x > —1. The domain of g
is all real numbers. The overlap is x > —1. For division, g(x) = 0 when x = 3, so remove that point.
Hence (f/g)(x) = V(x + D/(x — 3) has domain x > —1 with x # 3. Test at x = 8: f{8) = 3 and g(8) = 5,
so the quotient is 3/3.
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Ham hop: hai cong doan noi nhau — Composition: two stages on one assembly line

Hay hinh dung mot day chuyén lam banh. Céng doan mot 1a nhao bdt, cong doan hai 1a
nuéng. Bot ra khoi cong doan mot réi méi vao cong doan hai. Ham hop f(g(x)) 1am dung
nhu vay: s6 x vao may g trudc, két qua g(x) di tiép vao may f. Ta doc 1a "f ctia g ciia X",
va viét (fog)(x). Him nam trong ngoic ludn chay trudc.

Picture a bakery line. Stage one kneads the dough and stage two bakes it. The dough leaves
stage one before it enters stage two. The composition f(g(x)) works the same way: x goes into
machine g first, and the output g(x) moves on into machine f. We read it "f of g of x" and write
(fog)(x). The function inside the parentheses always runs first.

1. Xac dinh ham trong cung, d6 1a cong doan mot. Véi f(g(x)), no 1a g.
Identify the innermost function, that is stage one. In f(g(x)), it is g.

2. Viét g(x) ra thanh biéu thirc cu thé.
Write g(x) out as an explicit expression.

3. Thay nguyén biéu thirc 6 vao chd moi chir x trong cong thirc cta f.
Substitute that whole expression wherever x appears in the formula for f.

4. Rt gon, roi tim mién xac dinh: x phai thudc mién cua g, va g(x) phai thudc mién cia
f.
Simplify, then find the domain: x must lie in the domain of g, and g(x) must lie in the domain

of f.

Vi DU/ EXAMPLE — Cho f(x) = 2x + 1 va g(x) = x Ta ¢c6 f(g(x)) = f(x?) = 2x> + 1. Déi thir
tu: g(fix)) =g(2x + 1) =(2x + 1)*=4x>+4x + 1. Tai x = 3: f(g(3)) = f(9) = 19, con g(f(3)) =
g(7) = 49. Hai thtr tu cho hai két qua khac nhau.

Let f{(x) = 2x + I and g(x) = x°. Then f(g(x)) = f(x?) = 2x*> + 1. Swap the order: g(f(x)) = g(2x + 1) =
(2x + 1)? =4x?+ 4x + 1. At x = 3: f(2(3)) = f(9) = 19, while g(f(3)) = g(7) = 49. The two orders give
different results.

Vi DU/ EXAMPLE — Cho f(x) = Vx va g(x) = x — 4. Khi d6 f(g(x)) = V(x — 4). Can chi nhan
s6 khong am, nén x — 4 > 0, tirc 13 x > 4. Mién xéc dinh 14 [4; +o0).

Let f{x) = x and g(x) = x — 4. Then f{g(x)) = \(x — 4). A square root accepts only non-negative
numbers, so x — 4 > 0, that is x > 4. The domain is [4, +©).

Day chuyén c6 thé dai hon hai cong doan. Vi ba ham, ban lip lai cach 1am trén tir trong
ra ngoai, mdi lan g& mot 16p.

An assembly line can have more than two stages. With three functions, repeat the same routine
from the inside out, peeling one layer at a time.

VI DU/ EXAMPLE — Cho h(x) = x2, g(x) = 2x va f(x) = x + 1. Tinh f(g(h(x))). L6p trong
cung: h(x) = x2 Ldp gilra: g(x?) = 2x%. Lop ngoai: f(2x?) = 2x*> + 1. Thu tai x =3: h(3) =9,
g(9) = 18, f(18) = 19. Cong thurc cho 2-9 + 1 =19. Khop.

Let h(x) = x? g(x) = 2x and f(x) = x + 1. Compute f(g(h(x))). Innermost layer: h(x) = x°. Middle layer:
g(x?) = 2x2 Outer layer: f(2x?) = 2x? + 1. Test at x = 3: h(3) = 9, g(9) = 18, f(18) = 19. The formula
gives 2-9 + 1 = 19. It matches.
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Bién doi d6 thi tr y = x* — Transforming graphs, starting from y = x?
D6 thi y = x2 1a parabol ¢ dinh & gdc (0; 0), mé 1én trén. Mdi thay doi nhé trong cong
thirc 1am parabol nay truot, gian, co hoac lat. Dung bang sau dé tra:

The graph of y = x? is a parabola with its vertex at the origin (0, 0), opening upward. Each small
change in the formula slides, stretches, squeezes or flips it. Use this table to look things up:

Cong thire
méi Phép bién doi Vi du véi x2

New Transformation Example with x?
formula

y=1f(x— Dich sang phai h don vi y = (x —2)* dinh ¢ (2; 0)
h), h>0 Shift right by h units v =(x—2)% vertex at (2, 0)
y=f(x+ Dich sang trai h don vi y = (x + 3)* dinh ¢ (-3; 0)
h),h>0 Shift left by h units y=(x+ 3)% vertex at (—3, 0)
y=1f(x)+  Dich lénk don vi y=x>+1:dinh ¢ (0; 1)
k,k>0 Shift up by k units y=x2+ 1:vertex at (0, 1)
y=1f(x)—  Dich xudng k don vi y =x2—4: dinh & (0; —4)
k,k>0 Shift down by k units y =x?—4: vertex at (0, —4)

n <A An- () < g < .
y = a-f(x), ((i.lan theo chiéu doc alan; 0 <a <1 thi y = 3% hep hon: y = X2 rong hon

a>1 . . v = 3x?is narrower, y = x%2 is wider
Stretch vertically by a; if 0 < a < 1, squeeze
Co theo chiéu ngang ¢ 14n; 0 < ¢ < 1 thi
y=flex),c gian

| | y = @xp=4x
>1 Squeeze horizontally by c; if 0 < ¢ < I,
stretch
- f(x) Déi ximg qua truc hoanh y = —x%: m¢ xudng
y Reflect about the x-axis y = —x? opens downward
— f(—x) Déi xting qua truc tung y=(—x—2)*=(x+2)* dinh ¢ (-2; 0)
y Reflect about the y-axis y=(—x—2)=(x+ 2)% vertex at (—2, 0)

Véiy = x2, 1at qua truc tung khong doi gi, vi (—x)? = x2 Ham nhu vay goi 1a ham chin: do
thi da d6i xing san qua tryc tung.

For y = x? reflecting about the y-axis changes nothing, because (—x)? = x2 Such a function is
called even: its graph is already symmetric about the y-axis.

1. Pua cong thirc vé dang a-f(c(x — h)) + k. Néu x ¢6 hé sd, rat hé sb d6 ra khoi ngoic.
Rewrite the formula as a‘f(c(x — h)) + k. If x has a coefficient, factor it out of the bracket.

2. Poc bén sd: h 12 d6 dich ngang, ¢ 13 hé s co gidn ngang, a 1a hé sb co gidn doc (ddu
am nghia 14 1at), k 1a d¢ dich doc.
Read off four numbers: h is the horizontal shift, ¢ the horizontal scaling factor, a the vertical
scaling factor (a negative sign means a flip), and k the vertical shift.

Tai liéu nay dugc bién soan boi ddi ngli ciia website: https://tailicuso.vin
Trang 16



Dé cuong on tdp Toan cao cip F1 / Calculus I Exam Review: Single-Variable Calculus

3. Chon mot diém dé theo ddi trén do thi gbc, vi du dinh hodc diém (1; 1).
Pick an easy point on the original graph to follow, such as the vertex or the point (1, 1).

4. Ap dung timg phép theo th tu & khung sau, ghi lai toa d6 diém sau mdi phép.
Apply each operation in the order given in the note after the example, writing down the
point's coordinates after each step.

ViDU/EXAMPLE — V& y = —2(x + 1)? + 3 tir y = x% Lam bén budc theo thi tu: dich trai 1
don vi dugc (x + 1)?; gian doc 2 lan duoc 2(x + 1)% lat qua truc hoanh dugc —2(x + 1)?; dich
1én 3 don vi duge két qua cudi. Theo ddi diém (1; 1) trén parabol gdc: sau dich trai 1a (0; 1),
sau gian 1a (0; 2), sau lat 1a (0; —2), sau dich 1én 14 (0; 1). Thé x = 0 vao cong thue: —2-1+3 =
1. Khép. Dinh & (—1; 3), parabol mé xudng.

Sketchy = —=2(x + 1)? + 3 from y = x2 Do four steps in order: shift left I to get (x + 1) stretch
vertically by 2 to get 2(x + 1)? reflect about the x-axis to get —2(x + 1) shift up 3 for the final graph.
Track the point (1, 1) on the original parabola: after the left shift it is (0, 1), after the stretch (0, 2),
after the reflection (0, —2), after the up shift (0, 1). Substitute x = 0 into the formula: —2-1 + 3 = 1. It
matches. The vertex is at (—1, 3) and the parabola opens downward.

Vi DU /EXAMPLE - VEy=(2x—4)>+ 1. Ruth¢ s6: y=2x—2))*+1.Docrah=2,c=
2,a=1,k=1.Theo ddi diém (1; 1): dich phai 2 duoc (3; 1); co ngang 2 lan thi 1am trén dd
thi géc trudc nén xép co ngang trudc dich: (1; 1) co thanh (0,5; 1), dich phai 2 thanh (2,5; 1),
dich 1én 1 thanh (2,5; 2). Thé x =2,5: (5 — 4)2 + 1 = 2. Khdp. Pinh ¢ (2; 1).

Sketchy = (2x — 4)? + 1. Factor: y = (2(x — 2))>+ 1. Read off h =2, c =2, a =1, k= 1. Track the
point (1, 1) on y = x2: squeeze horizontally by 2 to get (0.5, 1), shift right 2 to get (2.5, 1), shift up 1 to
get (2.5, 2). Substitute x = 2.5: (5 — 4)? + 1 = 2. It matches. The vertex is at (2, 1).

PHAI THUQC / MEMORISE — Thir ty an toan: co giin ngang, dich ngang, co gidn doc (ké
cé lat), dich doc. Mdi phép chi tac dong 1én két qua cua phép trudc.

A safe order: horizontal scaling, horizontal shift, vertical scaling (including flips), vertical shift. Each
step acts only on the result of the previous one.

LOI HAY GAP / COMMON MISTAKE — Nham thtr ty hop ham. Viét f(g(x)) ma thay
nguoc, dua fvao g, s& ra két qua khac (xem 19 va 49 ¢ trén). Ludn 1am ham trong ngodc
trudc.

Mixing up the order of composition. Writing f(g(x)) but substituting the other way round, putting f'into
g, gives a different result (see 19 and 49 above). Always run the function inside the parentheses first.

LOI HAY GAP / COMMON MISTAKE — Nhim chiéu dich. y = (x — 2)? dich sang PHAI,
khong phai trai, vi dinh ndm & x = 2, noi biéu thirc trong ngodc bang 0. Dau cong trong ngoic
thi dich trai. Ngoai ngodc thi nguoc lai: x> + 1 dich Ién.

Getting the shift direction wrong. y = (x — 2)? shifts RIGHT, not left, because the vertex sits at x = 2,
where the bracket equals 0. A plus inside the bracket shifts left. Outside the bracket it is the other way:
x? + 1 shifis up.

LOI HAY GAP / COMMON MISTAKE — Véi y = (2x — 4)?, nhiéu ban dich phai 4. Hay
dua vé dang (2(x — 2))* dich phai 2, rdi co ngang 2 lan. Phai rt hé sb cta x ra ngoai trudc
khi doc @0 dich.

With y = (2x — 4)?, many students shift right by 4. Rewrite it as (2(x — 2))?: shift right by 2, then
squeeze horizontally by 2. Factor the coefficient of x out before reading the shift.
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LOI HAY GAP / COMMON MISTAKE — Nhim chd dit s6 hang cong. 2x2 + 3 13 gidn rdi
dich 1én 3, dinh & (0; 3). Con 2(x2 + 3) = 2x2 + 6, dinh & (0; 6). S6 cong nim trong hay ngoai
ngoic cua hé sé dung trudc 1am két qua khac di.

Misplacing an added number. 2x? + 3 is a stretch followed by a shift up 3, with the vertex at (0, 3). But
2(x? + 3) = 2x? + 6, with the vertex at (0, 6). Whether the number sits inside or outside the bracket of
the leading factor changes the result.

LOI HAY GAP / COMMON MISTAKE — Quén loai diém 1am mAu bang 0 khi chia ham.
(f/g)(x) chi c6 nghia khi g(x) # 0, du cong thirc sau khi rat gon trong khong con mau. Hay tim
mién trude khi rat gon.

Forgetting to remove points where the denominator is 0 when dividing functions. (f/g)(x) makes sense

only when g(x) # 0, even if the simplified formula no longer shows a denominator. Find the domain
before simplifying.

1.4. Pa thirc, ham hiru ti, ham can va ham dai sO — I1.4. Polynomial, Rational, Root

and Algebraic Functions

Da thuc 1a biéu thuec gom cac s6 nhan véi lily thira nguyén khong am cua x, cdng hodc tru
v6i nhau, vi du f(x) = —2x3 + 5x — 7. Mdi s6 dimg trude xk goi 1a hé s6. S6 mil 16n nhat
cua x goi la bac, hé so di kem n6 goi 1a hé so cao nhat. SO hang khong chira x goi 1a hé so
tu do.

A polynomial is a sum of terms, each a number times a whole-number power of x, such as f(x) =
—2x% + 5x — 7. The number in front of x"k is a coefficient. The largest exponent is the degree,
and its coefficient is the leading coefficient. The term without x is the constant term.

Véi f(x) = —2x3+ 5x — 7: bac 1a 3, hé sb cao nhat 1a —2, hé s6 tu do 1a —7. Hé sb cua x?
bang 0 vi khong c6 s6 hang d6. P4 thi cat tryc tung tai y = f(0) = —7.
For f(x) = —2x* + 5x — 7, the degree is 3, the leading coefficient is —2 and the constant term is

—7. The coefficient of x? is 0 because that term is missing. The graph meets the y-axis at y = f(0)
=—7.

Nghiém cua da thuc 1a sb x 1am f(x) = 0. Vé hinh hoc, d6 1a chd d6 thi cham hodc cit truc
hoanh. Pa thic bac n c6 ti da n nghiém thyec.

A root (or zero) of a polynomial is a number x that makes f(x) = 0. Geometrically, it is where the
graph touches or crosses the x-axis. A polynomial of degree n has at most n real roots.

Tim nghiém bang phan tich nhin ti — Finding roots by factoring

Y tuong doi thuong: tich ciia cac s6 bang 0 thi it nhat mot sb trong d6 bang 0. Vi vy ta
viét da thic thanh tich cac thira s6 rdi cho ting thira s6 bang 0.

Everyday idea: if a product is zero, at least one factor is zero. So we write the polynomial as a
product of factors and set each factor equal to 0.

1. it thira s6 chung ra ngoai néu co (vi du x, hoac mot sé).
Pull out any common factor first (for example x, or a number).

2. Phan tich phan con lai. Vi bac hai x2 + bx + ¢, tim hai s ¢6 tich bang ¢ va tong bang
b.

Tai li€u nay duogc bién soan boi doi ngli ciia website: https://tailieuso.vin
Trang 18



Dé cuong on tdp Toan cao cip F1 / Calculus I Exam Review: Single-Variable Calculus

Factor what remains. For x? + bx + ¢, find two numbers whose product is ¢ and whose sum
is b.

3. Néu khong phan tich dugc, tinh A = b* — 4ac cho bac hai ax? + bx + ¢. A > 0 ¢6 hai
nghiém, A = 0 c6 mot nghiém, A < 0 khong c6 nghi¢m thyc. Nghiém l[a x = (b £ \/A)
/ (2a).
If it will not factor, compute A = b? — 4ac for ax? + bx + c. A > 0 gives two roots, 4 = 0
gives one, 4 < 0 gives no real roots. The roots are x = (—b + NA) / (2a).

4. Cho ting thira s6 bang 0, giai ra x.
Set each factor equal to 0 and solve for x.

5. Thay lai timg nghiém vao f(x) dé kiém tra.
Substitute each root back into f(x) to check.

VI DU/ EXAMPLE — Tim nghiém cua f(x) = x* — 2x2 — 3x. it x ra ngoai: f(x) = x(x* — 2x
— 3). Tim hai s6 c6 tich —3 va tong —2: d6 1a —3 va 1. Vay f(x) = x(x — 3)(x + 1). Cho timg
thira s6 béng 0:x=0,x=3,x=—1.Kiémtrax=3:27-18-9=0, dang.

Find the roots of f(x) = x* — 2x? — 3x. Pull out x: f(x) = x(x*> — 2x — 3). Two numbers with product —3
and sum —2 are —3 and 1. So f(x) = x(x — 3)(x + 1). Setting each factor to 0 gives x = 0, x =3, x =
—1. Checkx =3:27—18 — 9 = 0, correct.

Vi DU/ EXAMPLE — Giai x> — 4x + 1 = 0. Khong c6 hai s6 nguyén nio c6 tich 1 va tong
—4, nén dung cong thirc. O ddya=1,b=—4,¢c=1.A=16—4=12>0, va V12 =2V3. Vay x
=(4+2\3)/2=2+\3. Kimtrax=2+V3: x2=7+4\3, —4x =—8 — 43, nén x> —4x + 1 =
7+4\3 — 8 — 43 + 1 =0, ding.

Solve x? — 4x + 1 = 0. No two integers have product 1 and sum —4, so use the formula. Here a = 1, b
=—4c=14=16—4=12>0,and 12 =2V3. Sox = (4 +2V3) /2 =2 +\3. Check x = 2 + \3: x?
= 7+4\/3, —4x:—8—4\/3, sox’—dx+1=7+43-8— 43 +1 = (), correct.

VIDU / EXAMPLE — Giai x>+ 2x + 5=0. Tac6 A =4 — 20 = —16 < 0, nén khong c6
nghiém thyc. D6 thi mé 1én, dinh tai x =—1 véiy=1-2+5=4>0, nén ca do thi nam trén
truc hoanh.

Solve x? + 2x + 5 =0. Here A = 4 — 20 = —16 < 0, so there are no real roots. The parabola opens
upward with its vertex at x = —1, wherey = 1 — 2 + 5 = 4 > (), so the whole graph stays above the x-
axis.

Phac do thi tir nghiém va h¢ s0 cao nhit — Sketching a graph from roots and the leading
coefficient

Nghiém cho biét do thi cit truc hoanh & dau. DAu cia hé sb cao nhit cho biét hinh dang
hai dau. Bac chéan: hai dau cing huéng, 1én néu hé sb cao nhat dwong, xudéng néu am. Bac
1é: hai ¢au ngugc hudng, dau phai 1én néu hé sd cao nhat duong.

The roots tell you where the graph meets the x-axis. The sign of the leading coefficient tells you
what the ends do. Even degree: both ends point the same way, up if the leading coefficient is
positive, down if negative. Odd degree: the ends point opposite ways, and the right end goes up
if the leading coefficient is positive.

Vi DU /EXAMPLE — Bic hai y = —x2 + 2x + 3 = —(x — 3)(x + 1). Nghiém —1 va 3. Hé s
cao nhit —1 < 0 nén parabol m¢ xuéng. Pinh nim gitra hai nghiém, taix =1, véiy=—-1+2+
3 =4, Cit truc tung tai y = 3. Vé&: di lén tir (—1; 0), dat dinh (1; 4), roi di xuéng qua (3; 0).
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Quadraticy = —x?+ 2x + 3 = —(x — 3)(x + 1). The roots are —1 and 3. The leading coefficient —1 <
0, so the parabola opens downward. The vertex sits midway between the roots, at x = I, withy = —1 +
2 + 3 = 4. It meets the y-axis at y = 3. Draw it rising from (—1, 0), peaking at (1, 4), then falling
through (3, 0).

Vi DU/ EXAMPLE — Bic ba y = x* — 2x2 — 3x, nghiém —1, 0, 3, hé s cao nhit 1 > 0. Pau
trai di xuéng, dau phai di 1én. Twr dudi, dd thi cét truc tai —1 di 1én, cit tai 0 di xuéng, cit tai 3
di 1én. Kiém tra: f(-0,5) = 0,875 > 0 va f(1) = —4 < 0, khép véi hinh vé.

Cubic y = x3 — 2x? — 3x has roots —1, 0, 3 and leading coefficient 1 > 0. The left end goes down and

the right end goes up. Starting low, the graph crosses at —1 going up, crosses at 0 going down, and
crosses at 3 going up. Check: f(—0.5) = 0.875 > 0 and f(1) = —4 < 0, matching the sketch.

GHI CHU / NOTE - Nghiém ldp, nhu (x — 2)? trong tich, lam dd thi cham truc tai 2 roi quay
lai, khong cét qua.

A repeated root, such as (x — 2)? in a product, makes the graph touch the axis at 2 and turn back
without crossing.

Ham can va ham dai s0 — Roof and algebraic functions

Ham céan c6 dang m/x. Can bac chin nhu Vx chi xac dinh khi x > 0. Can béc 1é nhu Vx
xéac dinh v6i moi x. Ham dai s6 13 ham tao tir x bang cong, trir, nhan, chia, liy thira hitu ti
vacan, viduy =V(x*+ 1)/ (x — 3).

A root function has the form "\x. An even root such as \x is defined only for x > 0. An odd root
such as Vx is defined for every x. An algebraic function is built from x using addition,
subtraction, multiplication, division, rational powers and roots, for example y = N2+ 1)/ (x —

3).

Vi DU/ EXAMPLE — Tim mién x4c dinh ciia y = V(6 — 2x). Biéu thtrc dudi cin phai khong
am: 6 —2x >0, suy ra 2x < 6, tuc x < 3. Mién xac dinh 1a moi x < 3. Véi y= \3/(6 — 2x), can
bac 1¢ nén khong cé diéu kién, moi x déu dung dugc.

Find the domain of y = \(6 — 2x). The expression under the root must be non-negative: 6 — 2x > 0, so
2x <6, that is x < 3. The domain is every x < 3. Fory = 13/(6 — 2x) the root is odd, so there is no
condition and every x works.

Ham hiru ti va tiém can ban dau - Rational functions and first look at asymptotes

Ham hiru ti 12 thuong cua hai da thuc, f(x) = P(x) / Q(x), giéng nhu phan sd 1a thuong
ctia hai s6 nguyén. Mién xac dinh 13 moi x 1am Q(x) # 0.

A rational function is a quotient of two polynomials, f(x) = P(x) / Q(x), just as a fraction is a
quotient of two integers. Its domain is every x with Q(x) # 0.

Tiém cén 1a dudng thang ma do thi tién sat v6 han nhung khong cham t6i. Néu Q(a) = 0
con P(a) # 0, dudong x = a 13 tiém cén ding. Néu bac P nho hon bac Q, dudng y = 0 1a
tiém can ngang. Néu hai bac bé‘mg nhau, tiém cén ngang la y = ti s6 hai hé sb cao nhét.

An asymptote is a line the graph gets endlessly close to without reaching. If Q(a) = 0 while P(a)
# 0, the line x = a is a vertical asymptote. If the degree of P is less than the degree of Q, y = 0 is
a horizontal asymptote. If the degrees are equal, the horizontal asymptote is y = the ratio of the
leading coefficients.

Tai li€u nay duogc bién soan boi doi ngli ciia website: https://tailieuso.vin
Trang 20



Dé cuong on tdp Toan cao cip F1 / Calculus I Exam Review: Single-Variable Calculus

ViDU /EXAMPLE — f(x) = (2x + 1) / (x — 2). Mu bang 0 tai x = 2, tir tai d6 bang 5 # 0,
nén mién xéac dinh 12 x # 2 va x = 2 1 tiém can dtrng. Hai bac déu béng 1, hé s6 cao nhét 1a 2
va 1, nén tiém can ngang la y = 2.

fx) = (2x + 1)/ (x — 2). The denominator is 0 at x = 2, where the numerator is 5 # 0, so the domain is
x # 2 and x = 2 is a vertical asymptote. Both degrees are 1, with leading coefficients 2 and 1, so the
horizontal asymptote is y = 2.

Vi DU/ EXAMPLE — f(x) = (3x2 + 1) / (x2 — 4). Dé thay d0 thi lam gi khi x rat 16n, chia ca
tir va mau cho x2 f(x) = (3 + 1/x2) / (1 — 4/x). Khi x 16n, 1/x2 va 4/x> gan 0, nén f(x) gan 3.
Tiém can ngang 14 y = 3. MAu bang 0 tai x =2 va x = —2, tir tai ¢6 bang 13 # 0, nén ca hai la
tiém can dung.

fx) = (3x?>+ 1)/ (x* — 4). To see what the graph does for very large x, divide numerator and
denominator by x%: f(x) = (3 + 1/x?) / (1 — 4/x?). For large x, 1/x? and 4/x? are close to 0, so f{(x) is
close to 3. The horizontal asymptote is y = 3. The denominator is 0 at x = 2 and x = —2, where the
numerator is 13 # 0, so both are vertical asymptotes.

LOI HAY GAP / COMMON MISTAKE — Thiy miu bang 0 14 két ludn ngay co tiém can
dung. Véi g(x) = (x2— 1)/ (x — 1) =x + 1 khi x # 1, tr ciing bang 0 tai x = 1, nén db thi chi
thing mot diém, khong c6 tiém can dimg. Hiy rat gon nhén tir chung trude.

Assuming a zero denominator always means a vertical asymptote. For g(x) = (x*—1)/(x— 1) =x + I
when x # 1, the numerator is also 0 at x = 1, so the graph just has a hole, not an asymptote. Cancel
common factors first.

LOI HAY GAP / COMMON MISTAKE — Quén rang chia ca hai vé cho x 1am mat nghiém
x = 0. Hiy dit x ra ngoai thay vi chia. Mt 13i nita: nham dau khi viét nghiém, vi (x + 1) cho
nghiém —1, khong phai 1.

Dividing both sides by x and losing the root x = 0. Pull x out as a factor instead of dividing. Another
slip is the sign of a root: (x + 1) gives the root — 1, not 1.

LOI HAY GAP / COMMON MISTAKE — Nham huéng hai dau khi hé s6 cao nhat 4m. Vi
y =—x3 (bac 1&, hé s6 4m), dau trai di 1én va dau phai di xubng, ngugc véi y = x*. Hiy nhin
bac va diu cta hé s6 cao nhat trude khi vé.

Getting the ends backwards when the leading coefficient is negative. For y = —x?* (odd degree,
negative coefficient), the left end goes up and the right end goes down, the opposite of y = x3. Check
the degree and the sign of the leading coefficient before you draw.

PHAI THUQC / MEMORISE — Béc 13 s6 mii 16n nhat. Nghiém 1a x 1am f(x) = 0. Hé s6 cao
nhét quyét dinh hudng hai dau do thi. Ham hiru ti xac dinh khi mau khac 0. Tiém cén dung &
nghiém ctia mau (sau khi rat gon).

The degree is the largest exponent. A root is an x with f(x) = 0. The leading coefficient decides the
direction of the ends. A rational function is defined where the denominator is not 0. Vertical
asymptotes sit at roots of the denominator (after cancelling).
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1.5. Ham lwong giac va cac dang thire can thudc - 1.5. Trigonometric Functions
and Essential Identities

Ham lugng gidc dung mot géc dé cho ra mot con s, va cac con sd do 1ap lai theo vong.
Vi vay chung mo ta séng am, dong dién xoay chiéu, con lac, tirc moi chuyén dong lap di
1ap lai. Diém xuat phét 1a duong tron don vi: dudng tron tim O(0, 0), ban kinh 1.

Trigonometric functions turn an angle into a number, and those numbers repeat in cycles. That

is why they describe sound waves, alternating current and pendulums, anything that moves in a
loop. The starting point is the unit circle: a circle centered at O(0, 0) with radius 1.

Radian: do goc bang dd dai cung — Radians: measuring an angle by arc length

Hay tuong tuong ban di by doc mép mot san tron ban kinh 1 mét. Quang ban da di chinh
1a s6 do goc ban dd quét, tinh bang radian (rad). i hét mot vong dai 2n mét, nén mot
vong day 1a 2x rad, ntra vong 1a @ rad.

Picture yourself walking along the edge of a round yard with a 1-meter radius. The distance you

walk is the angle you have swept, measured in radians (rad). One full lap is 2 meters, so a full
turn is 2r rad and a half turn is 7 rad.

PHAI THUQC / MEMORISE — 180° = © rad. P6i d6 sang radian: nhan vé6i n/180. Doi
radian sang d9: nhan véi 180/x.
180° = mw rad. Degrees to radians: multiply by n/180. Radians to degrees: multiply by 180/x.

VI DU/ EXAMPLE — Déi 150° ra radian: 150 - /180 = 51/6. Ddi 7n/4 ra do: (7n/4) - 180/n
=7-45=315°
Convert 150° to radians: 150 - n/180 = 5/6. Convert 7n/4 to degrees: (7n/4) - 180/m =7 - 45 = 315°.

Véi san tron ban kinh r bat ky, quing duong di duge 1a s =r - 0, trong d6 0 tinh bang
radian. Cong thirc ndy chi ding khi dung radian, khong dung cho do.

On a yard of any radius r, the distance walked is s = r - 0, where 0 is in radians. This formula
works only with radians, not degrees.

Vi DU / EXAMPLE — Mot banh xe ban kinh 5 cm quay mot goc 27/3 rad. Do dai cung mép
banh diqualas=15 - 2n/3 = 10n/3 cm, khoang 10,47 cm.

A wheel of radius 5 cm turns through 27/3 rad. The arc length along its rimis s =5 - 2r/3 = 107/3 cm,
about 10.47 cm.

sin, cos, tan trén dwong tron don vi — Sine, cosine and tangent on the unit circle

Tir diém (1, 0), quay ngugc chiéu kim dong hé mét goc 0. Ban dimg ¢ diém P(x, y) trén
duong tron. Khi do cos 6 = x (hoanh d9), sin 6 =y (tung d9), va tan 6 = y/x voi x khac 0.
From the point (1, 0), rotate counterclockwise by an angle 0. You stop at a point P(x, y) on the

circle. Then cos 0 = x (the horizontal coordinate), sin 8 =y (the vertical coordinate), and tan 6
= y/x when x is not 0.

Vi x vay luén nam gitra —1 va 1, nén sin va cos ludén nam trong doan [—1, 1]. Con tan co
thé nhan moi gia tri, va khong xéc dinh khi cos 6 = 0.
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Since x and y always lie between —1 and 1, sine and cosine always stay in [—1, 1]. Tangent can
take any value, and it is undefined when cos 6 = 0.

Ba ham con lai 1a nghich d4do ctia ba ham trén: csc 6 = 1/sin 0, sec 6 = 1/cos 0, cot 6 =
1/tan © = x/y. Mdi ham chi xac dinh khi mau s6 khac 0.

The other three are reciprocals of the first three: csc 6 = 1/sin 0, sec 8 = 1/cos 6, cot 0 = 1/tan 0
= x/y. Each is defined only when its denominator is not 0.

Vi DU/ EXAMPLE — Biém P(-3/5, 4/5) nam trén duong tron don vi vi 9/25 + 16/25 = 1. Ta
c6 sin O = 4/5, cos 6 = —3/5, tan 6 = (4/5)/(—=3/5) = —4/3. Ba ham nghich ddo: csc 6 = 5/4, sec 0
=—5/3, cot 0 =—3/4.

The point P(—3/5, 4/5) lies on the unit circle because 9/25 + 16/25 = 1. So sin 0 = 4/5, cos 6 = —3/5,
tan 6 = (4/5)/(—3/5) = —4/3. The reciprocals: csc 8 = 5/4, sec 0 = —5/3, cot § = —3/4.

Goéc 0
0 12 I

sin 0 \2/2 V3/2
cos 0 1 V3/2 \2/2 12 0
khong xac
tan 0 0 \3/3 1 3 dinh
undefined

MEO / TIP — Nhé sin ciia nam goc trén theo diy V0/2, V1/2, N2/2, \3/2, N4/2. Cos 1a diy
nguoc lai.

Remember sine for the five angles as the sequence N0/2, N1/2, N2/2, N3/2, N4/2. Cosine is the same
sequence in reverse.

Véi goc & phan tu khac, 1ay goc nhon twong Gng roi gin dau theo vi tri diém P. Phan tu I:
sin, cos déu duong. Phan tu II: chi sin dwong. Phan tu III: chi tan dwong. Phan tu IV: chi
cos duong.

For angles in other quadrants, take the matching acute angle and attach a sign based on where

P lies. Quadrant I: sine and cosine are both positive. Quadrant II: only sine is positive.
Quadrant I11: only tangent is positive. Quadrant IV: only cosine is positive.

VI DU/ EXAMPLE — Tinh sin va cos ctia 57/6. Goc nay ¢ phan tu II, géc nhon twong tng 1a
n— 51/6 = /6. Sin dwong nén sin 57/6 = 1/2. Cos 4m nén cos 51/6 = —3/2.

Find sine and cosine of 5n/6. This angle is in quadrant 11, and the matching acute angle is # — 5m/6 =
/6. Sine is positive, so sin 57/6 = 1/2. Cosine is negative, so cos 57/6 = —3/2.

Cac dang thirc can thudc - Identities you must know

PHAI THUQC / MEMORISE — sin?0 + cos?0 = 1. Ly do: diém (cos 6, sin 8) nim trén
duong tron x>+ y? = 1.
sin’0 + cos?0 = 1. Reason: the point (cos 0, sin 0) lies on the circle x> + y> = 1.
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Chia ca hai vé cho cos?0 (khi cos 0 khac 0), ban dugc tan®0 + 1 = sec?0. Chia cho sin?0
(khi sin 0 khac 0) thi dugc 1 + cot?0 = csc?0.
Divide both sides by cos?0 (when cos 0 is not 0) and you get tan’0 + 1 = sec?6. Divide by sin’0
(when sin 0 is not 0) and you get 1 + cot’0 = csc?0.

sin(a + b) = sin a cos b + cos a sin b

cos(a + b) = cos a cos b - sin a sin b

sin 2a 2 sin a cos a
cos 2a cos?a - sin?a = 1 - 2 sin®a = 2 cos?a - 1

Vi DU / EXAMPLE - Tinh sin 75°. Viét 75° = 45° + 30°. Ta c6 sin 75° = (N2/2)(N3/2) +
(N2/2)(1/2) = (N6 + \2)/4.
Find sin 75°. Write 75° = 45° + 30°. Then sin 75° = (N2/2)(N3/2) + (N2/2)(1/2) = (N6 + \2)/4.

Vi DU/ EXAMPLE — Tinh cos 105°. Vit 105° = 60° + 45°. Ta c¢6 cos 105° = (1/2)(N2/2) —
(N3/2)(N2/2) = (N2 — V6)/4. Két qua 4m, khdp v6i viée 105° ndm & phan tu I1.

Find cos 105°. Write 105° = 60° + 45°. Then cos 105° = (1/2)(N2/2) — (N3/2)(N2/2) = N2 — N6)/4.
The result is negative, matching the fact that 105° is in quadrant I1.

Vi DU/ EXAMPLE — Cho sin x = 3/5 va x ¢ phan tu IL. Tir sin?x + cos?x = 1 ta cd cos?x =
16/25. O phan tu II cos 4m, nén cos x = —4/5. Vay sin 2x =2 - (3/5) - (—4/5) = —24/25.
Given sin x = 3/5 with x in quadrant II. From sin’x + cos®x = 1, cos’x = 16/25. Cosine is negative in
quadrant II, so cos x = —4/5. Then sin 2x = 2 - (3/5) - (—4/5) = —24/25.

Bién d¢ va chu ky — Amplitude and period

Sin va cos lap lai sau mdi 2, con tan lip lai sau moi m. Véi ham y = A sin(Bx + C) + D,
ban doc bbn dai lugng sau: bién dd 1a |[A| (dd cao cua song so voi dudong gitra), chu ky 1a
27/|B|, d6 dich ngang 1a —C/B, va duong gitra la y = D.

Sine and cosine repeat every 2w, while tangent repeats every r. For y = A sin(Bx + C) + D, read

off four quantities: the amplitude is |A| (the height of the wave above its midline), the period is
2w/\B|, the horizontal shift is —C/B, and the midline is y = D.

VIiDU / EXAMPLE — Xét y = 3 sin(2x — n/2) + 1. Bién d¢ 1a 3. Chu ky 1a 2/2 = n. B¢ dich
ngang 1a —(—7/2)/2 = n/4, tirc dich sang phai 7/4. Dudng giita y = 1, nén gia tri 16n nhatla 1 +
3=4vanhénhatlal—3=-2.

Take y = 3 sin(2x — n/2) + 1. The amplitude is 3. The period is 2r/2 = r. The horizontal shift is
—(—n/2)/2 = 7/4, so the graph moves right by /4. The midline is y = 1, so the maximum is 1 + 3 =4
and the minimum is 1 — 3 = —2.

Véi tan, hé s6 B d6i chu ky thanh 7/|B|. Vi du y = tan 3x lip lai sau mdi n/3.
For tangent, the factor B changes the period to n/|B|. For example, y = tan 3x repeats every /3.

VI DU / EXAMPLE — Mot thanh phd ¢6 s gid ban ngay dao dong quanh muc 12 gid, ngay
dai nhét c6 14 gid va ngay ngan nhit c6 10 gio. Puong giita 1a 12, bién do 1a 14 — 12 =2, chu
ky 13 365 ngay nén B = 21/365. M6 hinh: y = 2 sin(27/365 - (t — to)) + 12, v&i to 12 ngay dé
song bit dau di 1én qua dudng giira.

A city has daylight hours that swing around 12 hours, with 14 hours on the longest day and 10 on the
shortest. The midline is 12, the amplitude is 14 — 12 = 2, and the period is 365 days, so B = 2w/3635.
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The model is y = 2 sin(2w/365 - (t — to)) + 12, where to is the day the wave starts rising through the
midline.

Giai phwong trinh lwgng giac don gian — Solving simple trigonometric equations

1. Pua phuong trinh vé dang sin(...) = sd, cos(...) = s6 hoic tan(...) = s6.
Rewrite the equation as sin(...) = number, cos(...) = number or tan(...) = number.

2. Tim goc nhon c6 gia tri d6 trong bang goc dac biét.
Find the acute angle with that value in the special-angle table.

3. Dung dau theo phan tu dé tim moi goc trong mot vong [0, 27).
Use the quadrant signs to find every angle within one turn [0, 2x).

4. Néu bén trong c6 hé s6 nhu 2x, hdy cong thém cac vong 27 trudc, réi méi chia,
If the inside has a factor like 2x, add the extra turns of 2x first, then divide.

Vi DU / EXAMPLE — Giai 2 sin x = 1 trén [0, 27). Ta ¢6 sin x = 1/2. Géc nhon 13 7/6. Sin
duong & phan tu I va I, nén x = 7/6 hoidc x =1 — 1/6 = 51/6.

Solve 2 sin x = 1 on [0, 2r). Then sin x = 1/2. The acute angle is 7/6. Sine is positive in quadrants [
and Il, so x = /6 or x = & — /6 = 57/6.

Vi DU / EXAMPLE — Giai cos 2x = 1/2 trén [0, 27). Khi x chay trong [0, 27), goc 2x chay
trong [0, 4m). Cos bﬁng 1/2 tai /3 va 57/3, rdi 13p lai tai 7n/3 va 11xn/3. Chia do6i: x = /6,
5n/6, Tr/6, 1171/6.

Solve cos 2x = 1/2 on [0, 2x). As x runs through [0, 2xn), the angle 2x runs through [0, 4x). Cosine
equals 1/2 at /3 and 57/3, then again at 7r/3 and 117/3. Halving gives x = /6, 57/6, 7m/6, 117/6.

VI DU/ EXAMPLE — Giai sin 2x = sin x trén [0, 27). Dung géc nhan d6i: 2 sin x cos x — sin
x =0, tic sin x (2 cos x — 1) = 0. Néu sin x = 0 thi x = 0 hodc 7. Néu cos x = 1/2 thi x = 7/3
hoac 5n/3.

Solve sin 2x = sin x on [0, 2r). Use the double angle: 2 sin x cos x — sinx = 0, so sinx (2cosx — 1) =
0. If sinx = 0 then x = 0 or w. If cos x = 1/2 then x = /3 or 57/3.

Vi DU/ EXAMPLE — Giai tan x = —1 trén [0, 21). Goc nhon c6 tan bang 1 1 /4. Tan 4m &
phﬁn tu [T va IV, nén x = n — w/4 = 31/4 hodc x = 21 — n/4 = 7n/4. Hai nghiém céch nhau
dtng nt, khép véi chu ky cia tan.

Solve tan x = —1 on [0, 2r). The acute angle with tangent 1 is /4. Tangent is negative in quadrants 11
and 1V, sox =g — /4 = 3n/4 or x = 2 — n/4 = 7n/4. The two solutions are exactly w apart, matching
the period of tangent.

LOI HAY GAP / COMMON MISTAKE — Chia hai vé cho sin x & vi du trén s& lam mét
nghiém sin x = 0. Hiy d3t thira s6 chung thay vi chia.

Dividing both sides by sin x in the last example would lose the solutions where sin x = 0. Factor
instead of dividing.

LOI HAY GAP / COMMON MISTAKE — Viét sin(a + b) =sin a + sin b 1a sai. Thira=b =
/2: vé trai bang sin = 0, vé phai bang 2. Ciing nhé (sin x)? viét 1a sin%, khac sin(x?).
Writing sin(a + b) = sin a + sin b is wrong. Try a = b = w/2: the left side is sin & = 0, the right side is

2. Also remember that (sin x)? is written sin’x, which differs from sin(x?).

LOI HAY GAP / COMMON MISTAKE — Quén dbi may tinh sang ché d6 radian khi dé
cho goc dang /6, hodc bo sot nghiém & phan tu thi hai.
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Forgetting to switch the calculator to radian mode when the angle is given like /6, or missing the
solution in the second quadrant.

LOI HAY GAP / COMMON MISTAKE — Tinh chu ky ctia y = sin 4x 13 4 - 27 thay vi 2n/4
= /2. Hé s6 B cang 16n thi séng cang day, chu ky cang ngan.

Computing the period of y = sin 4x as 4 - 2r instead of 2r/4 = n/2. The larger B is, the denser the
wave and the shorter the period.

1.6. Ham ngwoc va ham lwgng giac ngwgc — 1.6. Inverse Functions and Inverse

Trigonometric Functions

Hay nghi dén viéc chay phim nguoc. Ham f bién d6 C thanh d6 F, con ham nguoc bién
do F tro lai dung do C ban dau. Noi gon: f lam gi thi ham nguoc, ky hi¢u !, hoan tac
viéc d6. Pau vao cua f1a diu ra cia £ va nguoc lai.

Think of playing a film backwards. A function f turns Celsius into Fahrenheit, and its inverse

turns Fahrenheit back into the original Celsius. In short, f* undoes whatever f does. The inputs
of f are the outputs of f, and the other way round.

Vi DU / EXAMPLE — Cho f(C) =9C/5 + 32. bat F =9C/5 + 32. Tru 32 hai vé: F-32=
9C/5. Nhan hai vé véi 5/9 thi duoc C = 5(F — 32)/9. Kiém tra: f(100) = 180 + 32 =212, va
5(212 —32)/9=5 - 180/9 = 100, dung la vé lai 100 do C.

Let f(C) = 9C/5 + 32. Set F = 9C/5 + 32. Subtract 32 from both sides: F' — 32 = 9C/5. Multiply both
sides by 5/9 to get C = 5(F — 32)/9. Check: f(100) = 180 + 32 =212, and 5(212 — 32)/9 =5 - 180/9 =
100, so we land back on 100 degrees Celsius.

Khi nao ham c¢6 ham ngwgc — When a function has an inverse

Chay nguogc chi duge néu tir két qua suy ra duy nhat mot dau vao. Ham nhu vay goi 1a
ham mot-mot: hai dau vao khac nhau luén cho hai dau ra khac nhau. Him y = x2 khong
thé: f(2) = f(—2) = 4, nén biét két qua 4 thi khong rd dau vao 1a 2 hay —2.

Running backwards works only if each result points to exactly one input. Such a function is
called one-to-one: different inputs always give different outputs. The function y = x? is not one-

to-one, since f(2) = f(—2) = 4. Knowing the result 4, you cannot tell whether the input was 2 or
2.

Nhin db thi, ban dung phép kiém tra duong nam ngang: ké moi dudng ngang cé thé. Néu
c6 duong cat dd thi tir hai diém trd 1én thi ham khong mot-mot. Néu mdi duong ngang
cat nhidu nhat mot diém thi ham mot-mot va c6 ham nguoc.

On a graph, use the horizontal line test: draw every horizontal line you can. If some line meets

the graph at two or more points, the function is not one-to-one. If every horizontal line meets it
at most once, the function is one-to-one and has an inverse.

Céach tim cong thirc ngwoc — Finding the inverse formula

1. Kiém tra ham mot-mot trén mién dang xét (bang duong nam ngang hodc bang cach
giai ra dugc duy nhat mot x).
Check that the function is one-to-one on the domain you are using (horizontal line test, or
solving and getting a single x).
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2. Viét y = f(x).
Write y = f(x).
3. Giai phuong trinh dé rut x theo y.
Solve the equation for x in terms of y.
4. Poi tén: thay x bang y va y bang x. Két qua 1a y = f1(x).
Swap the letters: replace x with y and y with x. The result is y = f(x).
5. Ghi mién: mién xé4c dinh cua ! 1a mién gia tri cua f, va mién gia tri cua f' Ia mién
xac dinh cua f.
State the domains: the domain of [ is the range of f, and the range of ' is the domain of f.
6. Thtr lai bang mot s6 cu thé: tinh f rdi dua két qua vao £, phai ra ding s6 ban dau.
Test with one concrete number: compute f, feed the result into ', and you must get the
starting number back.

Vi DU/ EXAMPLE - Cho f(x) = (2x + 1)/(x — 3), voi x # 3. Pat y = (2x + 1)/(x — 3). Nhan
chéo: y(x — 3) =2x + 1, tirc xy — 3y =2x + 1. Gom x vé mot vé: x(y — 2) 3y+1,nénx=
By + )/(y — 2). Dbi tén ta duoc fi(x)= (3x + 1)/(x — 2), voi x ;é 2. Kiém tra: f(4) = 9/1 =9
va £1(9) = 28/7 = 4, dung 1a vé lai 4. Mién gi4 tri cua f 12 moi s6 khac 2, khép voi mién xéac
dinh cua .

Letf(x) = 2x + 1)/(x — 3), x# 3. Sety = (2x + 1)/(x — 3). Cross-multiply: y(x —3) =2x + 1, soxy —
3y =2x + 1. Collect x on one side: x(y — 2) =3y + 1, sox = (3y + 1)/(y — 2). After swapping letters,
fix) =Cx+ D/x — 2), x # 2. Check: f(4) = 9/1 = 9 and f7(9) = 28/7 = 4, so we land back on 4. The
range of fis every number except 2, which matches the domain of .

Do thi doi xirng qua y = X — Graphs are mirror images across y = x

Néu diém (a, b) ndm trén d thi cua f thi (b, a) nam trén dd thi cua f'. Hai diém nay dbi
xtng nhau qua duong thang y = x. O vi du trén, (4, 9) thudc f con (9, 4) thude £!. Mudn
vé& £, ban 1at d6 thi f qua duong y = x nhu gép to gidy doc theo dudng ay.

If the point (a, b) lies on the graph of f, then (b, a) lies on the graph of f. These two points are
mirror images across the line y = x. In the example, (4, 9) is on fand (9, 4) is on f'. To sketch
S flip the graph of facross y = x, as if folding the paper along that line.

Han ché mién va ham luwgng gidc nguwgc — Restricting the domain and inverse
trigonometric functions

Ham khong mot-mot van c6 thé ctru béng cach chi gitr mot khiic ma trén dé n6 mot-mat.
Khuc nay goi la mién bi han ché. Véi x? ta gilt x > 0, va ham nguoc chinh Ia Vx.

A function that fails the test can still be rescued by keeping only a piece on which it is one-to-
one. That piece is the restricted domain. For x* we keep x > 0, and the inverse is .

VI DU/ EXAMPLE — Cho f(x) = (x + 2)* trén mién x > —2. Paty = (x + 2)2. Vix +2>0
nén x + 2 =y, suy ra x =y — 2. Déi tén: f1(x) = Vx — 2. Mién gia tri ctia 14 [0, ), nén f!
xéc dinh trén [0, o) va nhan gi4 tri trong [2, ). Kiém tra: f(1)=9 va f1(9)=3-2=1.

Let f{x) = (x + 2)? on the domain x >—2. Set y = (x + 2)2 Since x + 2 >0, we have x + 2 =y, so x =
Ny — 2. After swapping letters, f(x) = \x — 2. The range of f'is [0, ), so f is defined on [0, ) and
takes values in [—2, ). Check: f(1) =9 andf'(9) =3 —2 = 1.

Tai li€u nay duogc bién soan boi doi ngli ciia website: https://tailieuso.vin
Trang 27



Dé cuong on tdp Toan cao cip F1 / Calculus I Exam Review: Single-Variable Calculus

Sin, cos, tan ldp lai vo han lan nén khong mot-mét. Quy udc chung 1a chon cac khuc sau,
ri 1at qua y = x:

Sine, cosine and tangent repeat forever, so none is one-to-one. The standard convention is to
keep the pieces in this table, then reflect across y = x:

Mién gia
tri

Ham

ngwoc . 5 . . :
sue Piece of the original kept Domain
Inverse Range

Khic gitr 1ai ctia ham goc Mieén xac dinh

sin x trén [—1/2, /2]

sinx on [~n/2, w/2] [-1, 1] [-n/2, m/2]

arcsin x

arccos x eomacliiein 0 o [-1, 1] [0, m]
cos x on [0, ]
tan x trén (—1/2, n/2) moi s thuc

arctan x
tan x on (—n/2, w/2) all real numbers

(—n/2, w/2)
Hiéu don gian: arcsin x 1a goc nam trong khoang cho phép ma sin cia né bang x. Hai bén
bang da ndi 1d goc "cho phép" nam & dau.

In plain words, arcsin x is the angle, inside the allowed interval, whose sine is x. The table says
exactly where the allowed angles live.

VI DU/ EXAMPLE — Tinh arcsin(1/2): gbc trong [—n/2, n/2] ¢6 sin bang 1/2 1 /6. Tinh
arccos(—1/2): goc trong [0, ] c6 cos bang —1/2 14 2n/3. Tinh arctan(—1): goc trong (—/2, 1/2)
c6 tan bang —1 13 —/4. Con arcsin(sin(57/6)): sin(51/6) = 1/2, rdi arcsin(1/2) = n/6, khong
phai 57/6 vi 57/6 nam ngoai [-n/2, w/2].

Evaluate arcsin(1/2): the angle in [—7/2, n/2] with sine 1/2 is n/6. Evaluate arccos(—1/2): the angle in
[0, w] with cosine —1/2 is 2r/3. Evaluate arctan(—1): the angle in (—n/2, ©/2) with tangent —1 is —m/4.
Now arcsin(sin(57/6)): sin(57/6) = 1/2, then arcsin(1/2) = w/6, not 57/6, because 5/6 lies outside
[—7/2, w/2].

PHAI THUQC / MEMORISE — f(f(x)) = x va f'(f(x)) = x khi x ndm trong mién thich
hop. Mién gia trj cta arcsin 1a [-7/2, 7/2], ctia arccos 14 [0, 7], cta arctan 1a (—n/2, 7/2).
f(f'(x)) =x and f(f(x)) = x when x is in the right domain. The range of arcsin is [—n/2, ©/2], of
arccos is [0, w], and of arctan is (—n/2, 7/2).

LOI HAY GAP / COMMON MISTAKE — Nham f(x) v6i 1/f(x). S6 mii —1 & day 13 ky
hiéu ham nguoc, khong phai liy thira. Véi f(x) = 2x thi f'(x) = x/2, con 1/f(x) = 1/(2x), hai
két qua khac nhau. Twong tu sin' x nghia 1a arcsin x, khong phai 1/sin x.

Confusing f(x) with 1/f(x). The exponent —I here marks the inverse function, not a power. For f(x) =
2x, f(x) = x/2 while 1/f(x) = 1/(2x), which are different. Likewise sin~' x means arcsin x, not 1/sin x.

LOI HAY GAP / COMMON MISTAKE — Quén han ché mién rdi van viét ham nguoc,
hodc quén d6i chd x va y & budc cudi. Ngoai ra, nhiéu ban viét arcsin(sin x) = x v6i moi x,
trong khi chi ding khi x thudc [—n/2, n/2].

Forgetting to restrict the domain before writing an inverse, or forgetting to swap x and y at the last
step. Many students also write arcsin(sin x) = x for every x, which holds only when x is in [—7n/2, ©/2].
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LOI HAY GAP / COMMON MISTAKE — Chon khiic mién nao thi ham nguoc di theo
khiic d6. V6i x2 trén x < 0, ham ngugc 1a —Vx chir khong phai Vx. Hay nhin ddu cia mién gbe
trude khi chon diu can.

The piece you keep decides the inverse. For x? on x < 0, the inverse is —\x, not \x. Look at the sign of
the original domain before choosing the sign of the root.

1.7. Ham mii va cac quy tic lily thira — 1.7. Exponential Functions and Rules of
Exponents

Ban giri 100 triéu dong vao ngan hang, 13i 6% mot nam. Sau 1 nim c¢é 100 x 1,06 = 106
triéu. Sau 2 ndm c6 106 x 1,06 = 112,36 triéu. Mdi nam sd tién duoc nhan thém ciing mot
hé s6 1,06. Kiéu ting nhan 1én déu din nay dan t6i ham mi. Sau t nam, sb tién 1a 100 x
1,06"t.

Say you deposit 100 million dong at 6% interest per year. After 1 year you have 100 % 1.06 =
106 million. After 2 years you have 106 x 1.06 = 112.36 million. Each year the balance is

multiplied by the same factor, 1.06. This steady multiplying leads to the exponential function.
After t years the balance is 100 x 1.06"t.

Ham mii co so a va do thi — The exponential function with base a and its graph

Ham mii ¢6 dang y = a”x, trong d6 co sb a 1a hang s6 duong khac 1 va s6 mii x 1a bién.
Ping nham véi ham lity thira y = x*2, noi co sb 1a bién con s6 mii ¢b dinh. Véi x = 10,
ham 2”x cho 1024, con x*2 chi cho 100. V& 1au dai, ham mii vuot ham lity thira.

An exponential function has the form y = a”x, where the base a is a positive constant other than
1 and the exponent x is the variable. Do not mix it up with the power function y = x"2, where the

base varies and the exponent is fixed. At x = 10, 2"x gives 1024 while x"2 gives only 100. Over
the long run the exponential wins.

« Mién x4c dinh 13 moi s thyc. Mién gid tri 1a cac s6 duong, tirc khoang (0; +o).
The domain is all real numbers. The range is the positive numbers, the interval (0, +o).

« P06 thi ludn di qua diém (0; 1) vi a*0 = 1, va nam han phia trén truc hoanh.
The graph always passes through (0, 1) because a™0 = 1, and it stays above the x-axis.
*Néua> 1, ham tang; khi x cang am, dod thi cang sat truc hoanh. Néu0O<a<1, ham
giam,; dd thi sat truc hoanh khi x 16n dan. Truc hoanh y =0 Ia ti¢m can ngang, tuc
duong thang ma dd thi tién sat mai nhung khong cham.
If a > 1 the function increases, and the graph hugs the x-axis as x becomes very negative. If 0

< a < [ the function decreases, and the graph hugs the x-axis as x grows large. The line y =
0 is a horizontal asymptote: a line the graph approaches forever without touching.

Vi DU/ EXAMPLE — Lap bang gia trichoy =2"xvay = (1/2)"x taix=-2,-1,0, 1, 2, 3.
Vi 2*x taduge 1/4, 1/2, 1,2, 4, 8. Vi (1/2)"x ta dugc 4, 2, 1, 1/2, 1/4, 1/8. Ca hai cung qua
(0; 1). Ham dAu tiang vi co s6 2 16n hon 1. Ham sau giam vi co s 1/2 nho hon 1, va hai do thi
d6i xtng nhau qua truc tung.

Make a table of values fory = 2"x andy = (1/2)"x atx = =2, —1, 0, 1, 2, 3. For 2"x you get 1/4, 1/2,
1,2,4,8 For (1/2)"x you get 4, 2, 1, 1/2, 1/4, 1/8. Both pass through (0, 1). The first rises because its
base 2 is greater than 1. The second falls because its base 1/2 is less than 1, and the two graphs
mirror each other across the y-axis.
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Co s0 e va lai kép lién tuc — The base e and continuous compounding

Gia st s6 tién P dugc ghép 13i n 1an mdi nam voi 14i suat nam r (viét dang s thap phan,
6% 1a 0,06). Sau t nim, s6 tién 1a A = P(1 + r/n)"(nt). Cho n tang rat 16n, tic 13i duoc
ghép lién tuc, biéu thirc tién t6i mot sé ¢ dinh: e ~ 2,718282. So e 1a gidi han cua (1 +
1/n)"n khi n tang v han.

Suppose an amount P is compounded n times per year at annual rate r (as a decimal, so 6% is
0.06). After t years the balance is A = P(1 + r/n)Nnt). Let n grow very large, meaning the

interest is compounded continuously, and the expression settles at a fixed number: e = 2.718282.
The number e is the limit of (1 + 1/n)"n as n grows without bound.

| Ghép 1&i n 1lan/ndm: A = P(1 + r/n)”(nt) | Ghép lién tuc: A = P-e”(rt)

Ham y = e”x goi 1a ham mii ty nhién. Do thi ctia n6 ¢ dang nhu moi ham mii co s6 16n
hon 1, di qua (0; 1) va ting dan.

The function y = e’x is called the natural exponential function. Its graph looks like any
exponential with base greater than 1: it passes through (0, 1) and keeps rising.

Quy tic liiy thira — Rules of exponents

PHAI THUQC / MEMORISE — Véi a, b> 0 va x, y 14 s6 thuc: ax - ay = a\(x+y); a”x /

aty = a’\(x—y); (a™x)"y = a’(xy); (ab)"x = ax - b"'x; a0 = 1; a”(—x) = 1/a”x; a”(1/n) 1a can

bac n cua a.

Fora, b> 0andreal x, y: a”x - a™y = a™x+y); a’™x/a™y = a™(x—y), (a"x)"y = a’(xy), (ab)"x = a"x -
b™x; a™0 = 1; a™(—x) = 1/a’x; a™(1/n) is the nth root of a.

Vi DU/ EXAMPLE — Rut gon (273 - 274) /275, Cong mil & tu: 277. Tra mii: 2N(7-5) =272
=4,
Simplify (23 - 2°4) / 2°5. Add the exponents on top: 27. Subtract: 2N(7—5) = 22 = 4.

Giai phwong trinh mi - Solving exponential equations
Khi hai vé viét duoc thanh lily thira cing co sd, hai sé mil phai bang nhau. Néu a*u = a*v
voia>0,a+# 1 thi u=v. Cac budc nhu sau:
When both sides can be written as powers of the same base, the exponents must be equal. If a™u
=a™vwitha> 0, a# 1, then u =v. The steps:
1. Viét mdi vé thanh lily thira ciia cing mot co sd (thuong 1a sé nguyén t6 nho nhu 2, 3,
5).
Write each side as a power of one common base (often a small prime like 2, 3 or 5).
2. Dung quy tac liiy thira dé gdp mdi vé thanh mot lity thira duy nhat.
Use the exponent rules to collapse each side into a single power.
3. Cho hai s6 mii bang nhau, giai phuong trinh thu duoc.
Set the two exponents equal and solve the resulting equation.
4. Thay nghiém vao d¢ dé kiém tra.
Substitute the solution back into the original equation to check.
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Vi DU / EXAMPLE — Gidi 4M(x+1) =32. Tac6 4 =272 va 32 = 2"5. Vé trai la 2M2(x+1)) =
2°(2x+2). Cho 2x + 2 =5 = x = 3/2. Kiém tra: 4°(5/2) = 25 = 32, dung.

Solve 4Nx+1) = 32. Note 4 = 22 and 32 = 2"5. The left side is 2\(2(x+1)) = 2"(2x+2). Set 2x + 2 =
5 =2x = 3/2. Check: 4°(5/2) = 2"5 = 32, correct.

VI DU/ EXAMPLE — Giai 9°x = 27°(x—1). Ta ¢6 9 = 3”2 va 27 = 3/3. V¢é trai 1a 3°(2x), vé
phai 1a 3*(3(x—1)) = 34(3x—3). Cho 2x =3x -3 = x = 3. Kiém tra: 93 = 729 va 272 = 729,
ding.

Solve 9"x = 27Nx—1). Note 9 = 3°2 and 27 = 3"3. The left side is 3"(2x) and the right side is
3N3(x—1)) = 3"(3x—3). Set 2x = 3x — 3 =x = 3. Check: 9"3 = 729 and 272 = 729, correct.

Khi khong dua duoc vé cung co sb, nhu 3”x = 20, ban can logarit, ham ngugc cuia ham
mil. Phan nay nam & myc sau.

When the bases cannot be matched, as in 3"x = 20, you need the logarithm, the inverse of the
exponential. That comes in the next section.

Vi du ing dung - Applications

VI DU/ EXAMPLE — Guri 50 triéu dong, 13i sut 8% mot nim, ghép 1ai mdi quy, trong 3
nam. O day P =50, 1r=0,08, n =4, t=3. S6 tién 1a A = 50(1 + 0,08/4)*12 = 50 x 1,02*12. Vi
1,02°12 ~ 1,268242 nén A =~ 63,41 triéu ddng. Néu ghép lién tuc: A = 50e(0,08x3) =
50e"0,24 = 50 x 1,271249 = 63,56 tri¢u déng.

Deposit 50 million dong at 8% per year, compounded quarterly, for 3 years. Here P = 50, r = 0.08, n
=4,t=3. The balance is A = 50(1 + 0.08/4)"12 = 50 x 1.02"]2. Since 1.02"12 = 1.268242, A =
63.41 million dong. With continuous compounding: A = 50e™(0.08%3) = 50e"0.24 = 50 x 1.271249 =
63.56 million dong.

VI DU/ EXAMPLE — M6t mé nudi ¢6 500 vi khuén, sé lugng nhan d6i sau mdi 3 gid. Sau t
gi0 ¢6 N =500 x 2”(t/3) con. Sau 12 gio: N =500 x 2°4 = 8000 con. Sau 7,5 gid: N = 500 x
272,5 =500 x 5,657 ~ 2828 con. Bao lau thi dat 4000 con? Giai 500 x 2°(t/3) = 4000 =
2Nt/3)=8=2"3 = t/3=3=t=09 gio.

A culture starts with 500 bacteria, and the count doubles every 3 hours. After t hours there are N =
500 x 21/3). After 12 hours: N = 500 x 24 = 8000. After 7.5 hours: N = 500 x 2°2.5= 500 x 5.657
~ 2828. When does it reach 4000? Solve 500 x 2\(t/3) = 4000 = 2Nt/3) =8 =2"3 =2t/3 =3 =2t=9
hours.

Ham mil ciing mo ta sy giam dan. Chu ky ban ri 1a thoi gian dé mot chat phong xa con
lai ding mt nira khéi lugng. Co s6 khi d6 14 1/2, nhé hon 1, nén d6 thi di xudng.
Exponentials also describe steady shrinking. The half-life is the time a radioactive substance
takes to fall to exactly half its mass. The base is then 1/2, less than 1, so the graph goes down.

VI DU/ EXAMPLE — C6 80 g mot chat phong xa voi chu ky ban rd 5 ngay. Sau t ngay, khdi
lugng con M = 80 x (1/2)(t/5). Sau 15 ngay: M = 80 x (1/2)"3 = 80/8 = 10 g. Bao lau thi con
5 g? Giai (1/2)Nt/5) = 5/80 = 1/16 = (1/2)*4 = t/5 =4 = t = 20 ngay.

You have 80 g of a radioactive substance with a half-life of 5 days. After t days the mass left is M = 80
X (172)M1/5). After 15 days: M = 80 x (1/2)"3 = 80/8 = 10 g. When is 5 g left? Solve (1/2)(t/5) =
5/80=1/16 = (1/2)™ =t/5=4 =t =20 days.
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LOI HAY GAP / COMMON MISTAKE — Nhén co s khi nhén hai lity thira cing co sb:
273 - 274 bang 2/7, khong phai 4°7. Ciing dimg cong mii khi co s6 khac nhau, nhu 243 - 374,
Multiplying the bases when multiplying powers of one base: 23 - 24 equals 27, not 4"7. Likewise,
never add exponents when the bases differ, as in 23 - 3/4.

LOI HAY GAP / COMMON MISTAKE — Viét (a + b)*n = a*n + b”n. Quy tic niy sai; vi
du (1 + 1)*2 =4 nhung 1"2 + 12 = 2. Ngoai ra —2"2 = —4 con (—2)"2 = 4.

Writing (a + b)"n = a™n + b"n. This is false: (1 + 1)"2 =4 but 12 + 1"2 = 2. Also —2"2 = —4 while
(—2)"2 = 4.

LOI HAY GAP / COMMON MISTAKE - Thay 13i suit 8% bang 8 thay vi 0,08, hoic 1am
tron e thanh 2,7 gitra ching khién két qua 1éch. Hay dung phim e”x ciia may tinh.

Plugging in 8 instead of 0.08 for an 8% rate, or rounding e to 2.7 midway, throws the answer off. Use
the e”x key on your calculator.

LOI HAY GAP / COMMON MISTAKE — Liy hé s6 tiang 13 0,06 thay vi 1,06 khi 13i 6%
mot nam. Hé s6 nhan mdi ky la 1 cong 1ai suat; vai 0,06 s6 tién sé& co lai chtt khong tang.
Using 0.06 instead of 1.06 as the growth factor for 6% a year. The factor per period is 1 plus the rate;
with 0.06 the balance would shrink instead of grow.

1.8. Ham logarit va cach giiai phwong trinh mii — logarit — 1.8. Logarithmic

Functions and Solving Exponential and Logarithmic Equations

Ban di biét ham mii cho ra két qua khi biét s6 mii. Logarit lam nguoc lai: biét két qua,
hoi s6 mil. Vi dy, "10 lity thira bao nhiéu thi ra 1000?" Pap 4an 1a 3, ta viét logio 1000 = 3.
You already know that an exponential function gives a result when you know the exponent. A

logarithm works backwards: given the result, it asks for the exponent. For example, "10 to what
power gives 1000?" The answer is 3, written logio 1000 = 3.

Chinh xac hon, logarit co s6 b cta x 13 s6 y thoa b’y = x. Co sb b phai duong va khac 1.
Vi by luén duong nén chi lay logarit ciia s6 duong: mién xac dinh 1a x > 0, mién gia tri
12 moi s6 thuc. D6 thi cuay = log bxla d6i xtmg cua y = b*x qua dudng thing y = x.
More precisely, the base-b logarithm of x is the number y with b™y = x. The base b must be
positive and not equal to 1. Since by is always positive, you can only take the logarithm of a
positive number: the domain is x > 0 and the range is all real numbers. The graph of y = 1og b
X is the mirror image of y = b”x across the line y = x.

Co sb quyét dinh hudéng cua d6 thi. Véib> 1, ham y = b"x ting va y = log b x cling
tang. Vi 0 <b < 1, ca hai déu giam.

The base sets the direction of the graph. For b > 1, y = b’x rises andy = 1og b x rises too. For
0<b <1, both fall.

PHAI THUQC / MEMORISE — Hai hé thtc "hity nhau": log b(b"x)=x véi moi X, va
b*(log b x)=xv6ix>0.
Two "cancel-out" identities: 1og b(b"x) = x for every x, and b"(1og b x) = x for x > 0.

Vi du nhanh: logz 8 =3 vi 2° = 8. logs(1/9) =—2 vi32=1/9. logs 1 =0 vi 5°= 1. Ap dung
hé thurc hily nhau: In(e®) = 5 va 10%(log 7) = 7.
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Quick examples: log: 8 = 3 because 2° = 8. logs(1/9) = —2 because 372 = 1/9. logs 1 = 0 because
5% = 1. Using the cancel-out identities: In(e’) = 5 and 10"(log 7) = 7.

Cic quy tic logarit va logarit tw nhién — Logarithm rules and the natural logarithm
Logarit bién phép nhan thanh phép cong, phép chia thanh phép trix, lily thira thanh phép
nhan. Vi x, y > 0 va r 1a s6 thuc bat ky:

Logarithms turn multiplication into addition, division into subtraction, and powers into
multiplication. For x, y > 0 and any real r:

log b(xy) = log b x + log b y
log b(x/y) = log b x - log b y
log b(x*r) = r - log b x

Vi DU/ EXAMPLE — Rit gon log> 12 — logz 3. Dung quy tic thuong: logz(12/3) = log: 4 =
2. Rut gon logs 4 + logs 9. Dung quy tic tich: logs 36 = 2, vi 62 = 36.

Simplify log: 12 — log: 3. Use the quotient rule: log:(12/3) = log> 4 = 2. Simplify logs 4 + logs 9. Use
the product rule: logs 36 = 2, because 6° = 36.

Logarit ty nhién, viét In, 1a logarit co sb e, véi e = 2,718. Moi quy tc trén déu dung duoc
cho In. Mdy tinh bdm tay thudng chi ¢é In va log (co sb 10). Khi can co sd khac, ta doi co
Sé:

The natural logarithm, written In, is the logarithm with base e, where e = 2.718. Every rule
above works for In. Pocket calculators usually have only In and log (base 10). For any other
base, use the change-of-base formula:

| tos bx=1nx/1nb

VI DU/ EXAMPLE — Tinh logs 40. G6 In 40 ~ 3,6889 va In 5 = 1,6094. Chia ra: logs 40 =
2,292. Kiém tra: 52 =25 va 5° = 125, con 40 nam giita 25 va 125, nén dap an giira 2 va 3 1a
hop 1y.

Compute logs 40. Enter In 40 = 3.6889 and In 5 = 1.6094. Divide: logs 40 = 2.292. Sanity check: 5% =
25 and 5° = 125, and 40 lies between them, so an answer between 2 and 3 makes sense.

Giai phwong trinh mi - Solving exponential equations
An nidm ¢ sé mii thi ta "kéo" n6 xudng bang logarit.
When the unknown sits in the exponent, use a logarithm to bring it down.
1. Pua phuong trinh vé dang mét lily thira bang mét sd, vi du b*(biéu thirc) = sd.
Rearrange the equation so one power equals a number, such as b™(expression) = number.
2. Lay In hai vé.
Take In of both sides.
3. Dung quy tic liy thira dé dua sé mil xudng 1am thira s6.
Use the power rule to bring the exponent down as a factor.
4. Giai phuong trinh bac nhét con lai, ri thay lai dé kiém tra.
Solve the remaining linear equation, then substitute back to check.
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Vi DU / EXAMPLE — Giai 3°(2x—1) = 20. L4y In hai vé: (2x — 1) In 3 = In 20. Suy ra 2x — 1
=In20/1n3=2,9957/1,0986 =2,7268. Vay 2x = 3,7268 va x = 1,863.

Solve 3"2x—1) = 20. Take In of both sides: (2x — 1) In3 =In20.So2x — 1 =In20/In 3= 2.9957/
1.0986 = 2.7268. Hence 2x = 3.7268 and x = 1.863.

Vi DU / EXAMPLE — Néu hai vé dwa duoc vé cuing co sb thi khoi can In. Giai 4°x = 32.
Viét 4 =22 va 32 = 25, ta c6 2°(2x) = 2. So s6 mii: 2x = 5, nén x = 5/2. Kiém tra: 4°(2,5) = 25
=32.

If both sides reduce to the same base, you can skip In. Solve 4"x = 32. Write 4 = 2? and 32 = 2°, 50
2N(2x) = 2°. Compare exponents: 2x = 5, so x = 5/2. Check: 4"(2.5) = 2° = 32.

C6 phuong trinh chira ca e”x va e’(—x), ltic ndy ta dit t = e"x (t > 0) dé dwa vé bac hai.

Some equations contain both e”x and e”(—x). Then set t = e"x (t > () to reduce to a quadratic.

VI DU/ EXAMPLE — Giai e"x + 6e(—x) = 5. Nhan hai vé v6i e"x: e’(2x) + 6 = 5¢x. Dit t
=e’x: 22— 5t+ 6 =0, tirc (t — 2)(t — 3) =0, nén t = 2 hodc t = 3. Ca hai déu duong. Viy x = In
2 hodc x =In 3. Kiém tra x = In 2: 2 + 6/2 = 5, dung.

Solve e"x + 6e”(—x) = 5. Multiply both sides by e"x: e™(2x) + 6 = 5e"x. Let t = e"x: t* — 5t + 6 = (),
thatis (t — 2)(t — 3) =0, sot = 2 or t = 3. Both are positive. Sox =In 2 orx =In 3. Checkx =In2:2
+ 6/2 = 5, correct.

Giai phwong trinh logarit — Solving logarithmic equations
1. Tim diéu kién: moi biéu thirc trong logarit phai duong.
Find the conditions: every expression inside a logarithm must be positive.
2. Gop cac logarit vé mot logarit & mdi vé bang quy tic tich, thuong, liy thira.
Combine the logarithms into one on each side using the product, quotient and power rules.
3. Bo logarit: 1og b A =cthi A=b"c, hodc log b A=1log b Bthi A=B.
Remove the logarithm: 1og b A = c gives A = b"c, and 1og b A= 1og b B gives 4 =B.

4. Giai phuong trinh dai sb, roi loai nghiém khong thoa diéu kién & bude 1.
Solve the algebraic equation, then discard any solution that fails the conditions from step 1.

VI DU/ EXAMPLE — Giai In x = 2. Diéu kién x > 0. Bo logarit: x = 2~ 7,389. Nghiém nay
duong nén nhén.
Solve In x = 2. Condition: x > (. Remove the logarithm: x = e’ = 7.389. It is positive, so accept it.

VI DU/ EXAMPLE — Giai log: x + logz(x — 2) = 3. Diéu kién: x > 0 va x — 2> 0, tic x > 2.
Gop: logz[x(x —2)] =3, nénx(x —2)=2>=8. Taco x* —2x — 8 =0, tuc (x —4)(x +2) = 0.
Loai x =—2 vi khong 16n hon 2. Nhan x = 4. Kiém tra: log: 4 + log2 2 =2+ 1 =3.

Solve log: x + log:(x — 2) = 3. Conditions: x > 0 and x — 2 > 0, so x > 2. Combine: log:[x(x — 2)] =
3, s0x(x —2)=2°=8 Thenx?>—2x — 8 =0, that is (x — 4)(x + 2) = 0. Reject x = —2 because it is
not greater than 2. Accept x = 4. Check: log: 4 + log22 =2+ 1 = 3.

Vi DU/ EXAMPLE — Giai In(x + 1) — In(x — 1) = In 3. Diéu kién: x > 1. Dung quy tic
thuong: (x + 1)/(x — 1) = 3. Nhan chéo: x + 1 =3x — 3, nén x = 2. Nghi¢m nay thoa x > 1.
Solve In(x + 1) — In(x — 1) = In 3. Condition: x > 1. By the quotient rule: (x + 1)/(x — 1) = 3. Cross-
multiply: x + 1 = 3x — 3, so x = 2. This satisfies x > 1.
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LOI HAY GAP / COMMON MISTAKE — Quén diéu kién ddi s6 duong. Budc gop logarit
lam mién xac dinh rong ra, nén c6 thé sinh nghiém ngoai lai nhu x = —2 ¢ vi du trén. Ludn ghi
diéu kién trude, hodc thay nghiém vao phuong trinh gdc.

Forgetting that arguments must be positive. Combining logarithms can widen the domain, so it may
produce extraneous solutions such as x = —2 above. Always write the conditions first, or substitute
each answer into the original equation.

LOI HAY GAP / COMMON MISTAKE — Viét sai log(x + y) = log x + log y. Quy tic chi
ap dung cho tich xy, khong ap dung cho tong. Ngoai ra, khi Iy In hai vé ciia mot tong nhu
27x + 1 =7, ban khong duoc ldy In timg s6 hang. Hay chuyén 1 sang phai trudc: 2°x = 6, roi
méi 14y In.

Writing log(x + y) = log x + log y. The rule applies to a product xy, not to a sum. Also, for an
equation like 2"x + 1 = 7, you cannot take In of each term separately. Move the 1 across first: 2"x =
6, then take In.

LOI HAY GAP / COMMON MISTAKE — Pua s6 mii xudng lam méit nghiém. Phuong
trinh loga(x?) = 4 ¢6 hai nghiém x = 4 va x = —4, vi ca hai déu cho x2 = 16. Néu viét thanh 2
logz x = 4 thi chi con x = 4. Khi binh phuong nam trong logarit, hay giai tir x2 = 16 trudc.
Losing a solution when you pull the exponent down. The equation log:(x?) = 4 has two solutions, x = 4
and x = —4, since both give x> = 16. Rewriting it as 2 log: x = 4 leaves only x = 4. When a square sits
inside the logarithm, solve x? = 16 first.

MEO / TIP — Giai xong, hay thir lai bing méy tinh hodc thay vao phuong trinh gdc. Viéc nay
mat chua dén mot phut va bét dugc ca 15i tinh 13n nghiém ngoai lai.

After solving, test your answer with a calculator or by substituting into the original equation. It takes
under a minute and catches both arithmetic slips and extraneous solutions.

1.9. Bai tap van dung c0 10i giai — 1.9. Applied exercises with solutions

Bai 1. Cwére taxi tinh theo ham tirng khiic — Exercise 1. Taxi fares as a piecewise function

Mot hing taxi thu 20.000 dong cho 2 km dau (di it hon 2 km van tra 20.000 d6ng), tir sau
km tht 2 thu thém 15.000 dong mdi km. Viét ham tién cudc C(x) theo quing duong x
km, tinh C(1,5) va C(10), rdi tim quang duong di dugc néu tra dung 95.000 dong.
A taxi company charges 20,000 VND for the first 2 km (trips shorter than 2 km still cost 20,000

VND), then 15,000 VND for each extra km. Write the fare C(x) for a trip of x km, find C(1.5) and
C(10), then find how far you rode if you paid exactly 95,000 VND.

1. Chia quang duong lam hai khac: C(x) =20.000 khi 0 <x < 2; C(x) = 20.000 +
15.000(x — 2) khi x > 2.
Split the trip into two pieces: C(x) = 20,000 for 0 < x <2, and C(x) = 20,000 + 15,000(x —
2) for x > 2.

2. x = 1,5 nam & khuc dau nén C(1,5) = 20.000 dong.
x = 1.5 falls in the first piece, so C(1.5) = 20,000 VND.

3. x = 10 nam ¢ khiic sau: C(10) =20.000 + 15.000 - 8 = 20.000 + 120.000 = 140.000
dong.
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x = 10 falls in the second piece: C(10) = 20,000 + 15,000 - 8§ = 20,000 + 120,000 = 140,000
VND.

4.95.000 16m hon 20.000 nén dung khuc sau: 20.000 + 15.000(x — 2) = 95.000 =
15.000(x —2)=75.000 > x —2 =5.
95,000 is more than 20,000, so use the second piece: 20,000 + 15,000(x — 2) = 95,000 =
15,000(x — 2) = 75,000 =x — 2 =5.

5. Pap s6: C(1,5) = 20.000 dong, C(10) = 140.000 dong, tra 95.000 dong thi di di 7 km.
Answer: C(1.5) = 20,000 VND, C(10) = 140,000 VND, and a 95,000 VND fare means a 7
km trip.

Bai 2. Ham hop va mién xac dinh ctia né — Exercise 2. Composite functions and their
domains

Cho f(x) = V(x — 3) va g(x) = x2 — 1. Tim c6ng thirc va mién xac dinh cua f(g(x)) va
g(f(x)), roi tinh f(g(3)).

Let f(x) = N(x — 3) and g(x) = x? — 1. Find the formula and domain of f(g(x)) and of g(f(x)), then
compute f(g(3)).

1. Thay g(x) vao chd x cua f: f(g(x)) = V(x2— 1 — 3) = (x> — 4).
Substitute g(x) for x in f: f(g(x)) = N2 —1-3) =\N@x?— 4).

2. Can béc hai can biéu thirc bén trong khong am: x> — 4 >0 = x < —2 hodc x > 2. Mién
xac dinh cua f(g(x)) 1a (—o0; —2] U [2; +0).
A square root needs a non-negative inside: x> — 4 >0 =x < —2 or x > 2. The domain of
Ng(x) is (oo, =2] U [2, +0).

3. Thay f(x) vao chd x cua g: g(f(x)) = (V(x — 3))> — 1 = x — 4. Cong thtc gon lai nhung f
phai tinh dugc trudce, nén van can x > 3; mién xac dinh la [3; +00).
Substitute f{x) for x in g: g(f(x)) = (N(x — 3))? — I = x — 4. The formula simplifies, but f must
be computed first, so x > 3 is still required; the domain is [3, +x).

4. Tinh tir trong ra: g(3) =9 — 1 = 8, rdi f(8) = V(8 — 3) = 5.
Work from the inside out: g(3) =9 — 1 =8, then f(8) = (8 — 3) = 5.

5. Pap sb: f(g(x)) = V(x2 — 4) voi x < —2 hodc x > 2; g(f(x)) = x — 4 voi x > 3; f(g(3)) =
V5= 2,236.

Answer: f(g(x)) = N(x? — 4) for x <=2 orx >2; g(f(x)) =x — 4 forx >3, f{g(3)) =5 =
2.236.

Bai 3. Tién gii 13i kép va phwong trinh mii — Exercise 3. Compound interest and an
exponential equation

Ban giri 50 triéu dong, 13i 8% mdi nam, 1di nhap vao gbc cudi mdi nam. Sau bao nhiéu
nam thi s6 tién gap ddi, va sau s6 nam tron d6 ban c6 bao nhiéu tién?
You deposit 50 million VND at 8% per year, with interest added to the balance at the end of each

year. After how many years does the money double, and how much do you have after that whole
number of years?
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1. M&i ndm s tién nhan véi 1,08, nén sau t nim c6 A(t) = 50 - 1,08”t (triéu dong).
Each year the balance is multiplied by 1.08, so after t years you have A(t) = 50 - 1.08"t
(million VND).

2. Gép do6i nghia 1a A(t) = 100: 50 - 1,08"t =100 = 1,08"t = 2.
Doubling means A(t) = 100: 50 - 1.08"t = 100 = 1.08"t = 2.

3. LAy logarit ty nhién hai vé va dua sé mii ra truée: t - In 1,08 =In2=>t=1In2/1In 1,08
~0,6931/0,0770 = 9,01.
Take the natural log of both sides and bring the exponent down: t -In 1.08 =In2 =t=1In2
/In1.08~0.6931/0.0770= 9.01.

4. Lai chi nhap cubi ndm, nén kiém tra s6 nam tron: 1,08"9 =~ 1,999 <2, con 1,08"10 =
2,1589 > 2. Vay can 10 nam.
Interest is only added at year end, so check whole years: 1.08"9 = 1.999 < 2, while 1.08"10
~2.1589 > 2. So you need 10 years.

5. bap sb: sau 10 nam s tién vuot muc gép doi, dat 50 - 2,1589 =~ 107,95 triéu déng.
Answer: after 10 years the money has more than doubled, reaching 50 - 2.1589 = 107.95
million VND.

1.10. Cau héi ty luan va dan y tra loi — 1.10. Essay questions and answer outlines

Céu 1. Ham s6 12 gi? Lam sao nhdn ra mdt dd thi c6 phai do thi ham so, va 1am sao
tim mién xac dinh, mién gia tri?

Question 1. What is a function? How can you tell whether a graph is the graph of a function,
and how do you find the domain and range?

« Ham s 1a quy tac gan cho mdi dau vao x dung mot dau ra y; vi du mdi ngudi co dung
mot ngay sinh.
A function is a rule that assigns exactly one output y to each input x, for example, each
person has exactly one birth date.

« Phép thir duong thang dimg: moi dudng thang dtng cit d thi nhidu nhat mot diém thi
d6 1a @6 thi ham sd; cat hai diém thi mot x ¢6 hai y, khong phai ham.
Vertical line test: if every vertical line meets the graph at most once, it is the graph of a
function, two crossings mean one x has two y-values, so it is not a function.

« Mién x4c dinh 1 tap cdc x ma cong thic tinh duoc: mau khac 0, biéu thirc trong cin
bac chan khong am, biéu thirc trong logarit duong.
The domain is the set of x-values where the formula can be computed: no zero denominator,
nothing negative under an even root, and only positive numbers inside a logarithm.

« Mién gia trj 13 tap cac y ma ham dat téi; doc trén do thi bang cach chiéu d6 thi 1én truc
tung, hodc giai y = f(x) theo x dé xem y nao c6 nghiém.
The range is the set of y-values the function reaches, read it off the graph by projecting onto
the y-axis, or solve y = f(x) for x to see which y-values give a solution.

Céu 2. Tir d0 thi y = f(x), trinh bay cach vé d6 thiy = a-f(x — h) + k va cho mot vi du
cu thé.
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Question 2. Starting from the graph of y = f(x), explain how to draw y = a‘f(x — h) + k and give
a concrete example.
« S6 h trong f(x — h) dich d6 thi theo chiéu ngang: h duong thi sang phai, h 4m thi sang
trai; day 1a chd hay nguoc diu.
The number h in f(x — h) shifts the graph sideways: positive h moves it right, negative h
moves it left; this is where signs often get flipped.
* S6 k cong & ngoai dich do thi 1én khi k duong, xudng khi k am.
The number k added outside moves the graph up when k is positive and down when k is
negative.
« Hé sb a kéo gian theo chiéu dang khi |a| > 1, nén lai khi 0 <|a| < 1, va 14t qua truc
hoanh khi a am.
The factor a stretches the graph vertically when |a| > 1, squashes it when 0 < |a| < 1, and
[lips it over the x-axis when a is negative.
« Viduy=-2(x + 1) + 3: liy parabol y = x2, dich trai 1, kéo gian gap 2, 1at xudng, rdi
dich 1én 3; dinh méi & (—1; 3), md xudng dudi.
Example y = —2(x + 1)? + 3: take the parabola y = x? shift it left 1, stretch it by 2, flip it,
then shift it up 3; the new vertex is (—1, 3) and it opens downward.

Cau 3. Khi nao mot ham c¢6 ham ngwgc? Néu cach tim ham ngwgce va giii thich vi
sao phai giéi han mién ciia sin x trwée khi dinh nghia arcsin x.

Question 3. When does a function have an inverse? Explain how to find an inverse and why the
domain of sin x must be restricted before arcsin x can be defined.

« Ham c¢6 ham nguoc khi né mot-mot: hai dau vao khac nhau ludn cho hai dau ra khac
nhau; kiém tra bang phép thir dudng nam ngang.

A function has an inverse when it is one-to-one: different inputs always give different
outputs, check this with the horizontal line test.

« Cach tim: viét y = f(x), giai ra x theo y, rdi d6i tén bién; vi duy = 3x — 6 cho x = (y +
6)/3, nén f'(x) = (x + 6)/3.

To find it: write y = f(x), solve for x in terms of y, then swap the variable names; for example
y=3x—6givesx = (v +6)/3,s0f(x) =(x+ 6)/3.

« P6 thi ham nguoc 13 anh dbi ximg ciia d6 thi ham gdc qua duong y = x; mién xéac dinh
va mién gia tri d6i chd cho nhau.

The graph of the inverse is the mirror image of the original graph across the line y = x, the
domain and range swap places.

* sin x 1ap lai theo chu ky 21 nén khong mot-mot; chi gitr doan [—n/2; /2] thi sin ting
lién tuc va mot-mot, vi vay arcsin x co mién xac dinh [—1; 1] va mién gia tri [-m/2;
m/2].
sin x repeats with period 2, so it is not one-to-one, keeping only [—r/2, n/2] makes sin

steadily increasing and one-to-one, which is why arcsin x has domain [—1, 1] and range
[—7/2, w/2].

Ciu 4. Logarit 12 gi? Néu cdc quy tic logarit cin thudc va cac buédc giai mot phwong

trinh logarit.
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Question 4. What is a logarithm? State the logarithm rules you need to know and the steps for
solving a logarithmic equation.
*log abla sémﬁcéndétchoadérab(a>0, a#1,b>0); vidulog:8=3vi2*=8.
Ham logarit 1a ham ngugc ctia ham mil clng co s6.
log a bis the exponent you put on a to get b (a > 0, a+ 1, b > 0); for example log: 8§ = 3
because 2° = 8. The logarithm function is the inverse of the exponential function with the
same base.
* Quy tic: log aMN)=1log aM+1log aN;log aM/N)=1log aM~—-1log a
N; log a(M*k)=k-1log a M;ddicosd log ab=Inb/Ina.
Rules: 1og _a(MN) = 1log aM+ log aN; log a(M/N) =1og aM— log aN;
log a(M"k) =klog aM; change of base 1og ab=Inb/Ina.
« Buéc giai: ghi diéu kién dé moi biéu thirc trong logarit duong, gop cac logarit cung co
s6 thanh mot, chuyén log a(A) = cthanh A = a”\c, gidi phuong trinh dai s0.
Steps: write the conditions that keep every expression inside a log positive, combine logs with
the same base into one, turn 10g _a(A) = c into A = a’c, and solve the algebraic equation.
« Cudi cung ddi chiéu nghiém véi didu kién va loai nghiém lam biéu thirc trong logarit
am hodc bang 0; bo budc nay 1a 16i mét diém phd bién nhat.
Finally, check each solution against the conditions and discard any that make an expression
inside a log negative or zero, skipping this check is the most common way to lose marks.

1.11. Cau héi tric nghiém — 1.11. Multiple-choice questions

1. Mién x4c dinh cua ham f(x) = 1/N(4 — x) la:
The domain of f{x) = I/N({# — x) is:
A. (—0;4) / (oo, 4)
B. (4; +0) / (4, +o0)
C. Moisb thuc x #4 / All real x + 4
D. (—o; 4] / (o, 4]

2. Cho f(x) =x*+ 1 va g(x) = 2x — 3. Gia tri f(g(2)) béng:
Let f(x) = x? + I and g(x) = 2x — 3. The value of f(g(2)) is:
A.7
B.1
C.2
D.5

3. P06 thi y = (x — 3)* + 2 nhan duoc tir 6 thi y = x> bang cach:
The graph of y = (x — 3)? + 2 is obtained from the graph of y = x? by:
A. Dich trai 3 don vi, 1én 2 don vi / Shifting left 3 units and up 2 units
B. Dich phai 3 don vi, 1én 2 don vi / Shifting right 3 units and up 2 units
C. Dich phai 2 don vi, 1&€n 3 don vi / Shifting right 2 units and up 3 units
D. Dich trai 3 don vi, xubng 2 don vi / Shifting left 3 units and down 2 units

Tai li€u nay duogc bién soan boi doi ngli ciia website: https://tailieuso.vin
Trang 39



Dé cuong on tdp Toan cao cip F1 / Calculus I Exam Review: Single-Variable Calculus

4. Biét cos x = 3/5 va 0 < x < /2. Gi4 tri tan x 1a:
Given cos x = 3/5 and 0 < x < 7w/2, the value of tan x is:
A. 4/5
B.5/3
C.3/4
D. 4/3

5. Gia tri arcsin(1/2) bang:
The value of arcsin(1/2) is:
A. /6
B. 57/6
C.-n/6
D. n/3

6. Ham nao 14 ham chan (d6 thi d6i xtmg qua truc tung)?
Which function is even (its graph is symmetric about the y-axis)?
A. f(x) =sin x
B. f(x) =x3+x2
C.fx)=x3
D.f(x)=x*-3x>+1

7. Nghiém cua phuong trinh 2*(x + 1) =32 la:
The solution of 2x + 1) = 32 is:

A.x=3
B.x=4
C.x=16
D.x=5

8. Nghi¢m cua phuong trinh logz(x — 1) + loga(x + 1) = 3 la:
The solution of logz(x — 1) + logz(x + 1) = 3 is:

A.x=2
B.x=-3
C.x=3

D.x=3hoacx=-3 / x=3o0rx=-3
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Chll’O'llg 2. Gidi han va tinh lién tuc — Chapter 2. Limits and Continuity

Muc tiéu chwong — Chapter objectives

« Tinh dugc gidi han ctia ham sé bang cach thay sd, phan tich thanh nhan tir, nhan luong
lién hop, dung dinh 1y kep va gidi han sin x / x
Compute limits of functions by substitution, factoring, conjugates, the squeeze theorem and
the limit of sin x / x

* Kiém tra duoc ham sb co lién tuc tai mot diém khong, phan loai dugc chd gian doan
va dung dinh 1y gia tri trung gian dé chtimg minh phuong trinh c6 nghiém
Test whether a function is continuous at a point, classify its discontinuities and use the
Intermediate Value Theorem to show an equation has a root

* Xac dinh dugc tiém can ngang tir gidi han tai v cuc va tim dugc 6 ing voi € cho
trude theo dinh nghia epsilon — delta

Find horizontal asymptotes from limits at infinity and find a o for a given € using the epsilon—
delta definition

2.1. Tir tiép tuyén va van toc tirc thoi dén y twong giéi han — 2.1. From Tangent

Lines and Instantaneous Velocity to the ldea of a Limit

Ban ngdi sau xe may va nhin vao dong hd téc do. Kim chi 40 km/h ngay luc nay, chi
khong phai 40 km/h trung binh ca chuyén. Con s6 d6 goi 1a van tdc tirc thoi: van toc tai
dung mot thoi diém.

You are riding on the back of a motorbike and looking at the speedometer. The needle says 40
km/h right now, not 40 km/h averaged over the whole trip. That number is the instantaneous
velocity: the velocity at one exact moment.

Ric rdi ndm & chd vén tdc 1a quing dudng chia cho thoi gian. Tai mot thoi diém, thoi
gian troi qua bang 0 va quing duong di duoc ciing bang 0, nén ta gip phép chia 0 cho 0,
v6 nghia. Gi6i han ra doi dé vuot qua chd ket nay: thay vi chia ¢ dung thoi diém do, ta
chia trén nhiing khoang thoi gian ngan dan roi xem két qua tién vé dau.

The trouble is that velocity is distance divided by time. At a single moment, no time passes and
no distance is covered, so we get 0 divided by 0, which means nothing. Limits get around this:
instead of dividing at the exact moment, we divide over shorter and shorter time spans and watch
where the result heads.

Vin toc trung binh trén khoang ngin dan — Average velocity over shrinking intervals
Van toc trung binh trong mot khoang thoi gian bang quang duong di thém duoc chia cho
d6 dai khoang thoi gian d6. Néu s(t) 1a vi tri clia xe tai gidy thu t thi trén khoang tir t = a
dén t=a + h, van toc trung binh 1a [s(a + h) — s(a)] / h.

Average velocity over a time span is the extra distance covered divided by the length of the span.
If s(1) is the bike's position at second t, then from t = a to t = a + h the average velocity is [s(a +

h) - s(a)] / h.
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VI DU / EXAMPLE — Mot xe may chay thtr trén duong thing, quing duong tinh tir vach
xudt phat 13 s(t) = 3t2 mét, t tinh bang gidy. Ta mudn biét van tdc tirc thoi tai t = 2. Trudce hét
s(2)=3-4=12m. Véih= 1, xe dén t = 3: s(3) = 27, van tdc trung binh = (27 — 12)/1 = 15
m/s. V61 h=0,5: s(2,5) = 18,75, van tde trung binh = 6,75/0,5 = 13,5 m/s. Vi h =0,1: s(2,1)
= 13,23, van toc trung binh = 1,23/0,1 = 12,3 m/s. V61 h=0,01: s(2,01) = 12,1203, van toc
trung binh = 0,1203/0,01 = 12,03 m/s. Vi h = 0,001: s(2,001) = 12,012003, van tde trung
binh = 12,003 m/s. Day 15; 13,5; 12,3; 12,03; 12,003 ctr tién sat 12. Vay van tde tire thoi tai t
=21a 12 m/s.

A motorbike test-runs along a straight road, with distance from the start line s(t) = 3t°> meters, t in
seconds. We want the instantaneous velocity at t = 2. First, s(2) = 3-4 = 12 m. With h = 1, the bike
reaches t = 3: s(3) = 27, average velocity = (27 — 12)/1 = 15 m/s. With h = 0.5: s(2.5) = 18.75,
average velocity = 6.75/0.5 = 13.5 m/s. With h = 0.1: s(2.1) = 13.23, average velocity = 1.23/0.1 =
12.3 m/s. With h = 0.01: s(2.01) = 12.1203, average velocity = 0.1203/0.01 = 12.03 m/s. With h =
0.001: 5(2.001) = 12.012003, average velocity = 12.003 m/s. The sequence 15, 13.5, 12.3, 12.03,
12.003 keeps closing in on 12. So the instantaneous velocity at t = 2 is 12 m/s.

Ban c6 thé kiém tra bang dai s6. Vi (2 + h)> =4 + 4h + h> nén s(2 + h) — s(2) = 12h + 3h2
Chia cho h duoc vén tdc trung binh bang 12 + 3h. Khi h nho dan, 3h nho dan vé 0 va két
qua tién vé 12, khép véi bang.

You can check this with algebra. Since (2 + h)? =4 + 4h + h? we get s(2 + h) — s(2) = 12h +

3h? Dividing by h gives an average velocity of 12 + 3h. As h shrinks, 3h shrinks toward 0 and
the result heads to 12, matching the table.

Bang trén chi l1ay cac khoang phia sau t = 2. Lay phia truéc ciing dugc: trén khoang tir
1,9 dén 2, s(1,9) = 10,83 nén van tde trung binh 1a (12 — 10,83)/0,1 = 11,7 m/s. Voi
khoang tir 1,99 dén 2 ta dugc 11,97 m/s. Hai phia cung tién vé 12.

The table only used spans after t = 2. Spans before it work too: from 1.9 to 2, s(1.9) = 10.83, so

the average velocity is (12 — 10.83)/0.1 = 11.7 m/s. From 1.99 to 2 we get 11.97 m/s. Both sides
head to 12.

Cach lam theo tirng buwdc — The method step by step

1. Viét ham vi tri s(t) va chon thoi diém a can tim vén tdc. Tinh s(a).
Write the position function s(t) and pick the moment a you care about. Compute s(a).

2. Chon vai gi tri h nho dan, nhu 1; 0,5; 0,1; 0,01; 0,001. Tinh s(a + h) cho ting gia tri.
Choose several shrinking values of h, such as 1, 0.5, 0.1, 0.01, 0.001. Compute s(a + h) for
each.

3. V&i mdi h, tinh [s(a + h) — s(a)] / h r6i ghi vao bang.
For each h, compute [s(a + h) — s(a)] / h and record it in a table.

4. Poc cot két qua: s6 nao dang dugce tién sat? Do 1a van tde tic thoi. Thir thém cac h am
dé kiém tra phia bén kia.
Read the results column: which number is being approached? That is the instantaneous
velocity. Try negative h as well to check the other side.

VI DU/ EXAMPLE — Lam lai v6i mot ham khac cho quen tay. Mot vat chuyén dong c6 s(t)
= 2 + 5t mét. Tim vén tdc tic thoi tai t=3. Tacos(3) =9 + 15 =24 m. V&i h = 1: s(4) = 36,
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van tbc trung binh = (36 — 24)/1 = 12 m/s. V6i h =0,1: s(3,1) = 25,11, van tdc trung binh =
1,11/0,1 = 11,1 m/s. V61 h =0,01: s(3,01) = 24,1101, van toc trung binh = 0,1101/0,01 =
11,01 m/s. Bang dai sd, s(3 + h) — s(3) = 11h + h2, chia h duoc 11 + h. Khi h vé 0, két qua la
11 m/s.

Try another function to get the hang of it. An object has s(t) = t*> + 5t meters. Find its instantaneous
velocity att = 3. We have s(3) =9 + 15 = 24 m. With h = 1: s(4) = 36, average velocity = (36 — 24)/1
=12m/s. Withh = 0.1: 5(3.1) = 25.11, average velocity = 1.11/0.1 = 11.1 m/s. With h = 0.01: 5(3.01)
= 24.1101, average velocity = 0.1101/0.01 = 11.01 m/s. By algebra, s(3 + h) —s(3) = 11h + h? and
dividing by h gives 11 + h. As h goes to 0, the result is 11 m/s.

Hai bai toan goc cia gidi tich — The two founding problems of calculus

Bai toan tiép tuyén: duong cong y = s(t) c6 d6 doc bao nhiéu tai mot diem? Puong cat
tuyén (secant) 1a duong thang cat dudng cong tai hai diém. Po doc cua cat tuyén ndi (2;
12) véi (2 + h; s(2 + h)) chinh 1a 12 + 3h, ttc van tdc trung binh & trén. Cho h tién vé 0,
cat tuyén xoay dan thanh tiép tuyén voi do doc 12. Vay van tde tac thoi 1a do dbc cua tiép
tuyén. Huéng nay din toi dao ham.

The tangent problem: how steep is the curve y = s(t) at one point? A secant line is a line that cuts
the curve at two points. The slope of the secant joining (2, 12) to (2 + h, s(2 + h)) is exactly 12 +
3h, the average velocity above. As h goes to 0, the secant swings into the tangent line with slope
12. So instantaneous velocity is the slope of the tangent. This path leads to the derivative.

Bai toan dién tich: tim dién tich mién nam gitra dd thi va truc hoanh. Ta chia mién thanh
nhiéu hinh chir nhat mong, cong di¢n tich lai, r0i cho cac hinh chir nhat mong dan. Téng
tién vé mot gid tri chinh xac. Hudng nay dan téi tich phan. Vi du, dién tich dudi do thi
van tc chinh 12 quang duong da di. Ca hai bai toan déu giai bang gidi han.

The area problem: find the area of the region between a graph and the x-axis. We cut the region
into many thin rectangles, add their areas, then make the rectangles thinner. The sum heads to

an exact value. This path leads to the integral. For instance, the area under a velocity graph is
the distance traveled. Both problems are solved with limits.

VI DU/ EXAMPLE — Mot xe chay v6i van toc v(t) = 2t m/s trong 4 gidy dau. Quing dudng
1a dién tich dudi do thi tir t = 0 dén t = 4. Dung hinh chit nhat rong 2 gidy, ldy chiéu cao &
mép phai: 24 +2-8 =24 m. Réng 1 gidy: 2 +4 + 6+ 8)-1 =20 m. Rong 0,5 gidy: (1 +2 +3
+4+5+6+7+8)0,5=18 m. Liy chiéu cao & mép trai voi bé rong 1 gidy: (0 +2 + 4 +
6)-1 = 12 m. Mot day thira, mot day thiéu, cung ép vao 16. Pung vy, mién nay la tam giac
day 4, cao 8, dién tich (1/2)-4-8 = 16 m.

A bike travels at v(t) = 2t m/s for the first 4 seconds. The distance is the area under the graph from t =
0 to t = 4. Using rectangles 2 seconds wide with heights at the right edge: 24 + 2-8 = 24 m. At 1
second wide: (2 +4+ 6+ 8)-1 =20 m. At 0.5 seconds wide: (1 +2+3+4+5+6+7+8)0.5=
18 m. With heights at the left edge and 1 second width: (0 + 2 + 4 + 6)-1 = 12 m. One run overshoots,
the other undershoots, and both squeeze toward 16. That matches: the region is a triangle with base 4
and height 8, so its area is (1/2)4-8 = 16 m.

LOI HAY GAP / COMMON MISTAKE — Thay h = 0 thiang vao [s(a + h) — s(a)] / h. Ban
nhan 0/0 va két luan "khong ton tai". Hay rt gon h truéc (nhu 12h + 3h? chia h) rdi méi cho
h tién vé 0.
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Plugging h = 0 straight into [s(a + h) — s(a)] / h. You get 0/0 and conclude "does not exist". Simplify
first (as with 12h + 3h? divided by h), then let h go to 0.

LOI HAY GAP / COMMON MISTAKE — Liy vén t4c trung binh trén mot khoang dai roi
goi do 1a van tde tire thoi. Voih=1 & vi du ta duwoc 15 m/s, léch xa 12 m/s.

Taking the average velocity over a long span and calling it the instantaneous velocity. With h = 1 in
the example we get 15 m/s, far from 12 m/s.

LOI HAY GAP / COMMON MISTAKE — Chi thir cac h duong r6i két luan. Hay thir ca hai
phia, vi hai phia c¢6 thé tién vé hai s6 khac nhau.

Testing only positive h and then concluding. Test both sides, because the two sides can head to
different numbers.

LOI HAY GAP / COMMON MISTAKE — Dimg bang qua sém khi méi c6 hai ba dong,
hodc 1am tron qua tay nén cac dong cudi tréng gidng nhau du chua 6n dinh. Hiy gitt du chit
s6 thap phan va thtr it nhat bon nam gia trj h.

Stopping the table too early, after only two or three rows, or rounding so hard that the last rows look
alike before the values have settled. Keep enough decimal places and try at least four or five values of

h.

GHI CHU / NOTE — Giéi han 14 s6 ma céc gia tri dang tién sat, khong nhat thiét 1a gid tri ma
ta cham t&i. Hai bai toan gbc, tiép tuyén va dién tich, déu can gi6i han dé c6 dap an chinh xac.
A limit is the number the values are closing in on, not necessarily a value they ever reach. Both
founding problems, tangent and area, need a limit to give an exact answer.

2.2. Giéi han ciia ham so: bang gia tri, d6 thi, giéi han mot phia — 2.2. The Limit
of a Function: Tables, Graphs and One-Sided Limits

Gidi han tra 16i mot cau hoi don gian: khi x tién sat mot sd a, gia tri f(x) tién sat s6 nao?
Gidng nhu ban di dan tdi cira 16p: ta quan tim ban dang tién t&i dau, chit chua can biét
ban c6 budc vao cua hay khong.

A limit answers a simple question: as x gets close to a number a, what number does f(x) get close

to? Think of walking toward a classroom door. We care where you are heading, not whether you
actually step through.

Ky hiéu lim (x=a) f(x) = L doc 13 "gidi han ctia f(x) khi x tién t&i a bang L". Nghia 1a
f(x) gan L ty y khi x du gan a, ké ca khi x khéc a. Gia tri f(a) khong anh hudng, tham chi
f(a) co thé chua xac dinh.

The notation lim (x=a) f(x) = L reads "the limit of f(x) as x approaches a equals L". It means f(x)

can be made as close to L as you like by taking x close enough to a, with x not equal to a. The
value f(a) plays no part, and f(a) may even be undefined.

U'éc lwong gidi han bé‘ing bang s0 — Estimating a limit with a table of values

1. Chon céc gia tri x nam hai bén a va sat dan a, vi du cach a 0,1 rdi 0,01.
Pick x-values on both sides of a, closer and closer to it, for example 0.1 away and then 0.01
away.

2. Tinh f(x) tai tung gia tri d6, ghi vao bang.
Compute f(x) at each value and record it in a table.
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3. Xem céc gié tri f(x) tir hai phia c6 don vé ciing mot s6 khong. Néu cé, d6 1a uwéc
luong cua gidi han.
Check whether the f(x) values from both sides settle toward the same number. If they do, that
number is your estimate.

Vi DU/ EXAMPLE — Uéc lugng giéi han cua f(x) = (x2 — 4)/(x — 2) khi x tién téi 2. Tai x =
2 ham khong xac dinh vi mau bang 0. Ta 1ap bang: f(1,9) = (3,61 — 4)/(—0,1) = 3,9; f(1,99) =
(3,9601 — 4)/(-0,01) = 3,99; £(2,01) = (4,0401 — 4)/0,01 =4,01; f(2,1) = (4,41 — 4)/0,1 =4,1.
Ca hai phia don vé 4, nén giéi han ~ 4, du f(2) khong ton tai.

Estimate the limit of f(x) = (x> — 4)/(x — 2) as x approaches 2. At x = 2 the function is undefined
because the denominator is 0. Build a table: f(1.9) = (3.61 — 4)/(=0.1) = 3.9, f(1.99) = (3.9601 —
4)/(—0.01) = 3.99; f(2.01) = (4.0401 — 4)/0.01 = 4.01; f(2.1) = (4.41 — 4)/0.1 = 4.1. Both sides close
in on 4, so the limit is about 4, even though f(2) does not exist.

C6 thé kiém tra lai bang dai s6. Vi x> — 4 = (x — 2)(x + 2), véi moi x khac 2 ta rat gon
duge f(x) = x + 2. Khi x gan 2 thi x + 2 gin 4. Bang s va phép rat gon cho cing mot két
qua.

You can double-check with algebra. Since x> — 4 = (x — 2)(x + 2), for every x other than 2 the

fraction reduces to f(x) = x + 2. When x is near 2, x + 2 is near 4. The table and the
simplification give the same answer.

Véi d6 thi, ban dat ngon tay 1én dudng cong ¢ hai phia ciia x = a rdi truot dan vé a. Néu
hai ngén gap nhau & ciing mot d6 cao L thi gii han 1a L. Mot chidm rdng hay mot diém 1¢
tai x = a khong 1am doi két qua.

With a graph, put one finger on the curve on each side of x = a and slide both toward a. If they

meet at the same height L, the limit is L. A hollow dot or a stray point at x = a does not change
the result.

Vi DU/ EXAMPLE — Cho g(x) = x + 2 khi x khéc 2, va g(2) = 7. D4 thi 1a dudng thing y =
x + 2 nhung diém tai x = 2 bi doi 1én d6 cao 7. Khi x tién t6i 2, g(x) van tién t6i 4, nén lim
(x=2) g(x) = 4 trong khi g(2) = 7. Gid1 han chi nhin ving xung quanh a, khong nhin chinh a.
Let g(x) = x + 2 for x not equal to 2, and g(2) = 7. The graph is the line y = x + 2 with the point at x =
2 moved up to height 7. As x approaches 2, g(x) still approaches 4, so lim (x=2) g(x) = 4 while g(2) =
7. A limit looks at the surroundings of a, not at a itself.

Gidéi han mot phia — One-sided limits

Gidi han trai, viét lim (x=a") f(x), chi xét x < a. Gi6i han phai, viét lim (x=a") f(x), chi
xét X > a. Giéng nhu hai nguoi di t6i cing mot nga tu tir hai hudng nguoc nhau.

The left-hand limit, written lim (x=a°) f(x), uses only x < a. The right-hand limit, written lim

(x=a") f(x), uses only x > a. It is like two people reaching the same crossroads from opposite
directions.

PHAI THUQC / MEMORISE — Gi6i han lim (x=a) f(x) = L khi va chi khi gidi han trai va
gi6i han phai déu ton tai va cling bang L. Néu hai gi4 tri khac nhau, gi6i han khong ton tai.
lim (x=a) f(x) = L exactly when the left-hand and right-hand limits both exist and both equal L. If the
two values differ, the limit does not exist.
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Vi DU / EXAMPLE — Ham c6 budc nhay: f(x) = x + 1 khi x <2, va f(x) = x + 4 khi x > 2.
Khi x tién t6i 2 tir trai, f(x) tién téi 3. T phai, f(x) tién t6i 6. Hai gi4 tri khac nhau, nén lim
(x=2) f(x) khong ton tai, du f(2) = 6 van c6 nghia. D4 thi bi diit va nhay tir d6 cao 3 1én d6
cao 6.

A function with a jump: f(x) = x + 1 for x < 2, and f{x) = x + 4 for x > 2. As x approaches 2 from the
left, f(x) approaches 3. From the right, f(x) approaches 6. The two values differ, so lim (x=2) f(x) does
not exist, even though f(2) = 6 is defined. The graph breaks and jumps from height 3 up to height 6.

VI DU/ EXAMPLE — Xét h(x) = |x|/x tai x = 0, ham khong x4c dinh & d6. Véix > 0, [x| = x
nén h(x) = 1, chang han h(0,01) = 1. Véi x <0, [x| = —x nén h(x) = —1, chang han h(-0,01) =
—1. Gi6i han phai bang 1, giéi han trai bang —1, hai gia tri 1éch nhau nén lim (x=0) h(x)
khong ton tai.

Take h(x) = |x|/x at x = 0, where the function is undefined. For x > 0, |x| = x, so h(x) = I, for example
h(0.01) = 1. Forx <0, |x| = —x, so h(x) = — 1, for example h(—0.01) = —1. The right-hand limit is 1
and the left-hand limit is — 1. They disagree, so lim (x=0) h(x) does not exist.

Vi DU/ EXAMPLE — Ham dao dong: f(x) = sin(1/x) khi x tién téi 0. Tai x = 2/m ta c6 f=
sin(n/2) = 1. Tai x = 1/z, f = sin(x) = 0. Tai x = 2/(3n), f = sin(31/2) = —1. Cang gan 0, gia tri
cang 1ap lai nhiéu lan gitra —1 va 1, khong don vé& mot sé nao, nén gi6i han khong ton tai.

An oscillating function: f(x) = sin(1/x) as x approaches 0. At x = 2/m, = sin(w/2) = 1. Atx = I/z, [ =
sin(m) = 0. At x = 2/(3n), [ = sin(3n/2) = —1. The closer to 0, the more often the values swing between
—1 and 1 without settling on any number, so the limit does not exist.

Gidi han vo cuc va ti€ém can ding — Infinite limits and vertical asymptotes

Poi khi f(x) ting khong ding khi x tién t&i a. Ta viét lim (x=a) f(x) = +o (hodc —w néu
giam khong dirng). Ky hiéu ndy mé ta cach ham cu xir, con co khong phai 1a mot s6 thye.
Sometimes f(x) grows without bound as x approaches a. We write lim (x=a) f(x) = +o (or —o if

it falls without bound). This symbol describes how the function behaves, and « is not a real
number.

Vi DU / EXAMPLE — Xét f(x) = 1/(x — 3)*. Ta co6 f(3,1) = 1/0,01 = 100; £(3,01) = 1/0,0001
=10 000; £(2,99) = 1/0,0001 = 10 000. Hai phia déu tang khong diung, nén lim (x=3) f(x) =
+o0. Puong thang x = 3 14 tiém can dtmg: do thi tién sat duong nay nhung khong cham.

Take f{x) = 1/(x — 3)> Then f(3.1) = 1/0.01 = 100; f(3.01) = 1/0.0001 = 10,000, f(2.99) = 1/0.0001 =
10,000. Both sides grow without bound, so lim (x=3) f(x) = +o. The line x = 3 is a vertical
asymptote: the graph hugs this line but never touches it.

Vi g(x) = 1/x, gidi han phai tai 0 1a +oo con gidi han trai 1a —oo. Hai phia khac nhau nén
giéi han hai phia khong ton tai, nhung x = 0 van 1a tiém can dimg.

For g(x) = 1/x, the right-hand limit at 0 is +oo and the left-hand limit is —co. The sides disagree,
so the two-sided limit does not exist, yet x = 0 is still a vertical asymptote.

Khi gip mot diém a, chi co ba két cuc. Hai phia don vé cung sb L: gi6i han 13 L. Hai phia
don vé hai s6 khac nhau, hoic dao dong khong dimng: gidi han khong ton tai. Hai phia
cung tang (hodc cung giam) khong dung: gioi han 1a +oo (hoac —).
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At any point a there are only three outcomes. Both sides settle on the same number L: the limit is
L. The sides settle on different numbers, or keep oscillating: the limit does not exist. Both sides
grow (or both fall) without bound: the limit is +oo (or —).

LOI HAY GAP / COMMON MISTAKE — Nham giéi han v6i gia trj ham: lim (x=a) f(x)
khong can bang f(a).
Confusing the limit with the function value: lim (x=a) f{x) need not equal f(a).

LOI HAY GAP / COMMON MISTAKE — Chi thir mot phia rdi két luan. Lu6n kiém tra ca
trai 1an phai.

Testing only one side and concluding. Always check both left and right.

LOI HAY GAP / COMMON MISTAKE — Doc a~ 13 "a 4m". Dau trir nho6 chi huéng dén tir
phia nhé hon a, con ddu cong nho chi huéng tir phia 16n hon a. Chiang han 2~ van gan 2,
khong phai —2.

Reading a as "negative a". The small minus sign only means approaching from the side below a, and
the small plus sign means approaching from above. For example, 2~ is still near 2, not —2.

LOI HAY GAP / COMMON MISTAKE - Tin bang sé qua sém. Vai gia tri dep chua du,
nhu sin(1/x) cho thdy. Hay két hop bang vai do thi.

Trusting a table too early. A few neat values are not enough, as sin(1/x) shows. Combine the table
with a graph.

LOI HAY GAP / COMMON MISTAKE — Viét "giéi han bang " rdi coi 14 ton tai nhu mét
s6. Ta chi noi gidi han 13 v6 cuc dé mo ta xu hudng.

Writing "the limit equals " and treating it as an ordinary number. Saying the limit is infinite only
describes a trend.

2.3. Cac quy tic tinh giéi han — 2.3. The Limit Laws

Gidi han cua ham s 14 gia tri ma f(x) tién sat t6i khi x tién sat mot s6 a. Cac quy tac gidi
han cho phép ban chiat mét bai kho thanh nhiéu bai nho rdi ghép két qua lai, gidng nhu
tinh tién cho: cong tirng mon, nhan ) lugng, roi mdi ra téng.

The limit of a function is the value f(x) gets close to as x gets close to a number a. The limit laws

let you cut a hard problem into small ones and put the answers back together, like adding up a
grocery bill item by item.

Piéu kién chung: mdi giéi han nho phai ton tai (1a mot sé thuc) thi méi duge ap dung quy
tac. Gia st lim f(x) = L va lim g(x) = M khi x tién t6i a, con ¢ 12 mot hang so.

One condition covers every law: each smaller limit must exist as a real number before you use
the law. Suppose lim f(x) = L and lim g(x) = M as x approaches a, and c is a constant.

PHAI THUQC / MEMORISE — Giéi han cia tong bang tong cac giéi han, hiéu bang hiéu.
Hing s ding ngoai dugc. Tich bang tich. Thuong bang thuong, vai diéu kién M khac 0. Lity
thira va can bac n ciing "di qua" du gi6i han.

The limit of a sum is the sum of the limits, and the same holds for differences. Constants can be pulled
out. Products work the same way. Quotients work too, provided M is not 0. Powers and nth roots also
pass through the limit sign.
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lim [f(x) + g(x)] =L + M ; 1lim [f(x) - g(x)] =L - M ; lim [c-f(x)] = cL
lim [f(x) 'g(x)] = LM ; lim [f(x)/g(x)] = L/M (M # 0) ; lim [f(x)]”n = L”*n
lim cdn bdc n cua f(x) = cdn badc n cia L (n chdn thi cdn L > 0)

Hai quy tic dau tién rat don gian: lim ¢ = ¢ (hang sd thi giit nguyén) va lim x = a (x tién
t6i a thi gia tri x tién téi a). Ghép voi cac quy tac trén, ban tinh duoc hau hét gisi han
quen thude.

Two basic facts come first: lim ¢ = c (a constant stays put) and lim x = a (if x approaches a, then
x itself approaches a). Combined with the laws above, they handle most familiar limits.

Thay trwe tiép vao da thirc va ham hiru ti — Direct substitution for polynomials and
rational functions

Ap dung lién tiép cac quy tac tong, boi hang va lily thira cho mét da thirc P(x) s& ra lim
P(x) = P(a) voi moi s6 a. Ham hitu ti 1a thuong cta hai da thirc P(x)/Q(x). Néu Q(a) khac
0 thi lim P(x)/Q(x) = P(a)/Q(a). Nghia la chi cin thay s6 vao.
Applying the sum, constant-multiple and power laws over and over to a polynomial P(x) gives
lim P(x) = P(a) for every number a. A rational function is a quotient P(x)/Q(x) of two
polynomials. If Q(a) is not 0, then lim P(x)/Q(x) = P(a)/Q(a). In other words, you just plug in.
1. Viét 15 ham s6 va s6 a ma x tién toi.
Write down the function and the number a that x approaches.
2. Néu 1a ham hiru ti, tinh mau tai a trude. Mau khac 0 thi di tiép.
For a rational function, compute the denominator at a first. If it is not 0, continue.
3. Thay x = a vao tlr va vao mau, tinh timg phén.
Substitute x = a into the numerator and the denominator and calculate each part.
4. Chia tir cho mau (hodc 1y cin, lity thira néu c6) roi rat gon két qua.
Divide the numerator by the denominator (or take the root or power if there is one) and
simplify.

Vi DU/ EXAMPLE — Tinh lim khi x tién t6i 2 cia (3x2 - 5x + 1)/(x + 4). MAu tai x =2 14 2
+ 4 = 6, khac 0 nén dugc thay tryc tiép. Ta:34-52+1=12-10+1=3. Vay gioi han la
3/6 = 1/2. Theo quy tic: gioi han tir 1a 3 (tong, boi hang, iy thira), giéi han miu 1a 6 khac 0,
nén ding quy tic thuong.

Find the limit as x approaches 2 of (3x? - 5x + 1)/(x + 4). The denominator atx = 2 is 2 + 4 = 6, not
0, so direct substitution is allowed. Numerator: 3-4- 52+ 1=12-10+ 1 = 3. The limit is 3/6 = 1/2.
By the laws: the numerator tends to 3 (sum, constant multiple, power), the denominator tends to 6
which is not 0, so the quotient law applies.

Vi DU/ EXAMPLE — Tinh lim khi x tién t6i 3 ciia can bac hai ctia (x2 + 7). Bén trong cin,
gidi han 12 9 + 7 = 16. S6 16 khong am nén quy tic cin dung duge: két qua 1a cin bac hai cua
16, bang 4.

Find the limit as x approaches 3 of the square root of (x* + 7). Inside the root, the limit is 9 + 7 = 16.
Since 16 is not negative, the root law applies: the answer is the square root of 16, which is 4.

Vi DU/ EXAMPLE — Tinh lim khi x tién t6i -1 ciia (2x® + x)(x? - 4). Péy 1a tich ctia hai da
thirc. Thira sb thir nhét tién t&i 2-(-1) + (-1) = -3. Thra s thi hai tién t6i 1 - 4 = -3. Quy tic
tich cho két qua (-3)-(-3) =9.

Find the limit as x approaches -1 of (2x° + x)(x? - 4). This is a product of two polynomials. The first
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factor tends to 2-(-1) + (-1) = -3. The second factor tends to 1 - 4 = -3. The product law gives (-3)(-3)
=9

VI DU/ EXAMPLE — Tinh lim khi x tién téi 5 cia (x? - 25)/(x2 - 3x - 10). Thay x = 5: tir 25
-25=0, mau 25 - 15 - 10 = 0, ra 0/0. Phan tich tir thanh (x - 5)(x + 5) va mau thanh (x - 5)(x
+2). Rt gon (x - 5), con (x + 5)/(x + 2). Mau mdi tai x = 5 1a 7, khac 0, nén gidi han 1a 10/7.
Find the limit as x approaches 5 of (x? - 25)/(x? - 3x - 10). Substituting x = 5: numerator 25 - 25 = (),
denominator 25 - 15 - 10 = 0, giving 0/0. Factor the numerator as (x - 5)(x + 5) and the denominator
as (x - 5)(x + 2). Cancel (x - 5) to get (x + 5)/(x + 2). The new denominator at x = 5 is 7, not 0, so the
limit is 10/7.

LOI HAY GAP / COMMON MISTAKE — Thay s6 khi miu bang 0 ma khéng kiém tra.
V6i (x2 - 1)/(x - 1) khi x tién t6i 1, thay vao cho 0/0, chwa phai dap an. Phén tich x2 - 1 = (x -
1)(x + 1), rat gon (x - 1) vi x khac 1 khi x chi tién téi 1. Con lai x + 1, gidi han 13 2.
Substituting without checking whether the denominator is 0. For (x?- 1)/(x - 1) as x approaches 1,
substitution gives 0/0, which is not an answer yet. Factor x*>- 1 = (x - 1)(x + 1) and cancel (x - 1),
which is allowed because x only approaches 1 and never equals it. What remains is x + 1, with limit 2.

LOI HAY GAP / COMMON MISTAKE — M4u biang 0 nhung tir khac 0, vi du (x + 1)/(x -
2) khi x tién t6i 2: tir tién téi 3, mau tién t6i 0. Quy tic thwong khong ding duogc va gidi han
nay khong 1a mot s6 thuc. Ban can xét tung phia, s€ hoc & muc sau.

The denominator is 0 but the numerator is not, as in (x + 1)/(x - 2) when x approaches 2: the
numerator tends to 3, the denominator to 0. The quotient law does not apply, and this limit is not a
real number. You will need to check each side, which comes in a later section.

LOI HAY GAP / COMMON MISTAKE — T4ch tong khi mot vé khong c6 gi6i han. Xét
1/x - 1/(x(x + 1)) khi x tién t&i 0: tirg vé khong c6 gidi han nén khong dung duoc quy tic
tong. Quy dong trude: biéu thire bang x/(x(x + 1)) = 1/(x + 1), gi¢i han 1a 1.

Splitting a sum when one part has no limit. Take 1/x - 1/(x(x + 1)) as x approaches 0: neither part has

a limit, so the sum law is off the table. Combine the fractions first: the expression equals x/(x(x + 1))
= 1/(x + 1), with limit 1.

LOI HAY GAP / COMMON MISTAKE — Dung quy tic cin khi biéu thirc trong cin 4m.
V6i can bac hai ciia x khi x tién t6i -1, gia tri x gan -1 déu am, nén cin khong c6 nghia trong
sd thuc va gi6i han nay khong ton tai. Hiy kiém tra ddu cua L trude khi 1iy cin bac chin.
Using the root law when the expression under the root is negative. For the square root of x as x
approaches -1, every x near -1 is negative, so the root is undefined among real numbers and the limit
does not exist. Check the sign of L before taking an even root.

Tuw luyén (dap 4n ngay sau mdi cAu) — Practice (answer follows each question)

« lim khi x tién t6i -2 ctia (x2 + 3x): thay truc tiép, 4 - 6 = -2.
lim as x approaches -2 of (x?> + 3x): substitute directly, 4 - 6 = -2.

« lim khi x tién t6i 4 ctia can bac hai ctia (2x + 1), chia cho (x - 1): tir 13 cin cua 9 = 3,
mau 1a 3, két qua 1.
lim as x approaches 4 of the square root of (2x + 1), divided by (x - 1) the numerator is the
root of 9 = 3, the denominator is 3, so the answer is 1.

« lim khi x tién t6i 3 ctia (x? - 9)/(x - 3): thay vao cho 0/0, phan tich (x - 3)(x + 3), rat
gon con x + 3, két qua 6.
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