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Chuong 1. Hé phwong trinh tuyén tinh va phép khir Gauss -

Chapter 1. Linear Systems and Gaussian Elimination

Muc tiéu chwong — Chapter objectives

« Dung ba phép bién ddi so cip trén hang dé dua ma tran mé rong ctia mot hé vé dang
bac thang, r6i thé ngugc dé tim nghiém
Use the three elementary row operations to bring an augmented matrix to echelon form, then
back-substitute to find the solution

« Phan biét an chinh v&i an tu do, tir 46 két luan hé v6 nghiém, c¢6 nghiém duy nhat hay
v6 s0 nghi€m va viét tdp nghi€ém bang tham so hodc dang vecto
Tell leading variables from free variables, decide whether a system has no solution, one
solution or infinitely many, and write the solution set with parameters or in vector form

* Bién luan sb nghiém cua h¢ chira tham s6 m va viét nghi¢m téng quat cua hé dudi
dang nghiém riéng cong nghiém cua hé thuan nhat
Discuss the number of solutions of a system with a parameter m and write the general
solution as a particular solution plus a solution of the homogeneous system

1.1. Phwong trinh tuyén tinh, hé phwong trinh va nghiém - 1.1. Linear

Equations, Systems and Their Solutions

Phuong trinh myén tinh 1a phuong trinh ma moi an chi xut hién & bac mét, nhan véi mot
s6 ¢ dinh, 1i cong lai. Vi du: 2 ly tra va 3 cai banh gia 70 nghin dong. Goi gia mot ly tra
1a x, mot cai banh 13 y, ta ¢6 2x + 3y = 70. Dang tong quat v&i n 4n: aixi + axx2 + ... +
anXn = b, trong do au, ..., a, la h¢ sb,b 1a hang tir tu do.

A linear equation is one where each unknown appears only to the first power, multiplied by a
fixed number, and the terms are added. Example: 2 cups of tea and 3 pastries cost 70 thousand
dong. Let x be the price of a cup and y the price of a pastry, so 2x + 3y = 70. The general form
with n unknowns is aix: + ax: + ... + a.x, = b, where ai, ..., a, are the coefficients and b is the
constant term.

Céc phuong trinh xy = 3, X2 + y = 1 hay sin x = y khong tuyén tinh, vi c6 tich céc an,
binh phuong hodc hiam cua an.

The equations xy = 3, x> + y = 1 and sin x = y are not linear: they contain a product of
unknowns, a square, or a function of an unknown.

Nghiém ctia mot phuong trinh 1a b sé thay vao cac an lam hai vé bang nhau. Véi 2x +
3y =70,b0 (x,y) = (20, 10) 1a nghi¢m vi 40 + 30 = 70. Bo (10, 10) khong phai nghiém vi
20 +30=50.

A solution of an equation is a list of numbers that, put in place of the unknowns, makes both
sides equal. For 2x + 3y = 70, the pair (x, y) = (20, 10) is a solution because 40 + 30 = 70. The
pair (10, 10) is not, because 20 + 30 = 50.

Hé phuong trinh tuyén tinh 1a nhiéu phuong trinh tuyén tinh cing dung mot nhém an.
Nghiém ciia hé 14 bo s thoa man tat ca cac phuong trinh cung lac. Tap nghiém 1a tap
moi nghiém nhu vay. Giai hé nghia la tim ra tdp nghiém nay.
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A system of linear equations is several linear equations sharing the same unknowns. A solution
of the system is a list of numbers that satisfies every equation at the same time. The solution set
is the collection of all such solutions. Solving the system means finding this set.

Hé c6 nghiém khi tip nghiém khac rdng. Hé vo nghiém khi khong b s nao théoa méan
moi phuong trinh. Chi c6 ba kha nang: khong c6 nghi¢ém, ding mét nghi€ém, hodc vo sb
nghiém. Khong bao gio c6 dung hai hay ding ba nghiém.

A system has solutions when its solution set is not empty. It has no solution when no list of

numbers satisfies all equations. There are only three possibilities: no solution, exactly one
solution, or infinitely many. There is never exactly two or exactly three.

Kiém tra mot bo so ¢6 1a nghiém khong — Checking whether a list of numbers is a solution
1. Viét bo s6 can thi, ghép timg sé voi ding an ciia no.
Write the list to test and match each number with its unknown.
2. Thay vao phuong trinh thir nhat, tinh vé trai, so véi vé phai.
Substitute into the first equation, compute the left side and compare it with the right side.
3. Lam tuong tu vdi ting phuong trinh con lai.
Repeat for every remaining equation.

4. Chi két luan 1a nghiém khi moi phuong trinh déu dting. Sai mot phuong trinh 14 loai.
Conclude it is a solution only if every equation holds. One failure rules it out.

ViDU/EXAMPLE—Héx+y+z=6,2X—y+Z=3,X—y=—1.Thfl’(l,2,3): 1+2+3=
6 ding; 2 —2 + 3 =3 dung; 1 — 2 =—1 dang. Vay (1, 2, 3) la nghiém. Thu (2, 3, 1): phuong
trinh dau 2 + 3 + 1 = 6 diing, nhung phuong trinh hai cho 4 — 3 + 1 =2, khac 3. Vay (2, 3, 1)
khong phai nghiém.

System:x +y+z=6,2x—y+z=3,x—y=—1Test(l,2,3):1+2+3=06holds;2—-2+3=3
holds; 1 — 2 =—1 holds. So (1, 2, 3) is a solution. Test (2, 3, 1): the first equation gives 2 + 3 + 1 = 6,
which holds, but the second gives 4 — 3 + 1 = 2, not 3. So (2, 3, 1) is not a solution.

Hé thuan nhat 1a hé ma moi vé phai déu bang 0, nhu 3x + 4y = 0 va 2x — y = 0. Hé nay
ludn c6 it nhat mot nghiém: dit moi 4n bang 0. Vi vay hé thuan nhat khong bao gio vo
nghiém. N6 chi co thé co ding nghiém 0, hodc vo sb nghiém.

A homogeneous system is one where every right side is 0, such as 3x + 4y = 0 and 2x —y = 0. It

always has at least one solution: set every unknown to 0. So a homogeneous system is never
without a solution. It has either only the all-zero solution, or infinitely many.

Hai an: h¢ 12 hai dwong thing — Two unknowns: the system is two lines

Trén mit phang, mdi phuong trinh hai an 14 mot duong thang. Piém chung cia cac
duong thiang chinh 12 nghiém cta hé. Vi vay hai duong thiang c6 ding ba cach dit canh
nhau, ing véi ba kha ning vé nghiém.

In the plane, each equation in two unknowns is a line. A point shared by the lines is a solution of

the system. Two lines can be placed in exactly three ways, matching the three possibilities for
solutions.
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Hai dwong thing S6 nghiém Vi du
Two lines Number of solutions Example

Cit nhau tai mot diém Ding mot nghiém x+y=5vax—y=1,nghiém (3, 2)
Cross at one point Exactly one solution x+y=5andx —y =1, solution (3, 2)
Song song, khac nhau Vo6 nghiém Xx+2y=4va2x+4y=9

Parallel and distinct No solution x+2y=4and2x +4y =9

Trung nhau V6 s6 nghiém x+2y=4va2x+4y=38

Same line Infinitely many solutions x+2y=4and2x +4y =38

VIDU/EXAMPLE —Hé x +y =5, x —y = 1. Cong hai phuong trinh: 2x = 6, nén x = 3.
Thé vao phuong trinh dau: 3 + y =5, nén y = 2. Thir lai: 3 — 2 = 1 dng. T4p nghiém 1a {(3,
2)}.

System x +y =35, x —y = 1. Add the equations: 2x = 6, so x = 3. Substitute into the first: 3 +y =5, so
y =2. Check: 3 — 2 = 1 holds. The solution set is {(3, 2)}.

Vi DU /EXAMPLE — Hé x + 2y =4, 2x + 4y = 9. Nhan phuong trinh dau véi 2 duge 2x +
4y = 8. Vé trai gidng phuong trinh hai nhung vé phai 8 khac 9, nén khong c6 bd (x, y) nao
thoa ca hai. Hé vo nghiém, hai dudng thing song song.

System x + 2y = 4, 2x + 4y = 9. Multiplying the first equation by 2 gives 2x + 4y = 8. The left side
matches the second equation but 8 differs from 9, so no pair (x, y) satisfies both. The system has no
solution; the lines are parallel.

VI DU/ EXAMPLE — Hé x + 2y = 4, 2x + 4y = 8. Phuong trinh hai gip d6i phuong trinh
mot nén hai dudng thang tring nhau. Pit y =t tuy ¥ thi x = 4 — 2t. Tap nghiém 13 {(4 — 2, t)
v6i t 14 s6 thuc bat ky}. Chang hant=1cho (2, 1):2+2 =4 va 4 + 4 =8, dung.

System x + 2y = 4, 2x + 4y = 8. The second equation is twice the first, so the lines coincide. Let y =t

be arbitrary, then x = 4 — 2t. The solution set is {(4 — 2t, t) with t any real number}. For t = 1 we get
(2, 1):2+2=4and 4+ 4 =8, both true.

Khi khtr an, hiy nhin dong cudi. Néu mot phuong trinh bién thanh 0 = 0 thi né chi lap lai
cac phuong trinh khac, c6 thé bo di. Néu bién thanh 0 = mot s khac 0, hé vo nghiém. Vi
du x + 3y = 5 va 2x + 6y = 4: 1ay phuong trinh hai trir 2 1an phuong trinh mét, vé trai
thanh 0, vé phai thanh 4 — 10 = —6. Ta dugc 0 = —6, v6 ly, nén h¢ v6 nghiém.

When eliminating unknowns, look at the last row. If an equation turns into 0 = 0, it only repeats
the others and can be dropped. If it turns into 0 = a nonzero number, the system has no solution.
Example: x + 3y = 5 and 2x + 6y = 4. Subtract 2 times the first equation from the second.: the
left side becomes 0 and the right side becomes 4 — 10 = —6. We get 0 = —6, which is impossible,
so the system has no solution.

Véi ba an, mdi phuong trinh 1a mot mat phang trong khong gian, va van chi co ba kha
nang: khong c6 diém chung, mdt diém chung, hodc vo s6 diém chung.

With three unknowns, each equation is a plane in space, and there are still only three outcomes:
no common point, one common point, or infinitely many.
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S0 phwong trinh nhi€u hon s0 an — More equations than unknowns

ViDU/EXAMPLE - Hé x +y=4, x —y =2, 2x + y = 7 ¢6 ba phuong trinh, hai an. Cong
hai phuong trinh dau: 2x = 6, nén x = 3, rdi y = 1. Thir phuong trinh ba: 6 + 1 = 7 ding. Hé ¢6
dung mot nghiém (3, 1). P6i vé phai phuong trinh ba thanh 8 thi 6 + 1 = 7 khac 8, va hé vo
nghiém.

The system x +y =4, x —y =2, 2x + y = 7 has three equations and two unknowns. Add the first two:
2x =6, s0x =3, theny = 1. Test the third: 6 + 1 = 7 holds. The system has exactly one solution, (3,
1). Change the right side of the third equation to 8 and 6 + 1 = 7 no longer matches 8, so the system
has no solution.

LOI HAY GAP / COMMON MISTAKE — Thtr nghiém vao mot phuong trinh rdi dimg. Bo
sd phai dung v6i moi phuong trinh cta hé.
Testing a candidate in one equation and stopping. The list must satisfy every equation in the system.

LOI HAY GAP / COMMON MISTAKE — Cho ring nhiéu phwong trinh hon 4n thi vo
nghiém, hay it phuong trinh hon an thi ludn ¢6 nghiém. Ca hai déu sai: diéu quyét dinh 1a cac
vé trai va vé phai c6 dn khép nhau hay khong. Hé x + 2y = 4, 2x + 4y = 9 ¢6 s6 phuong trinh
bang s6 4n ma van vo nghiém.

Believing more equations than unknowns means no solution, or fewer equations than unknowns means
a solution always exists. Both are wrong: what matters is whether left and right sides fit together. The
system x + 2y = 4, 2x + 4y = 9 has as many equations as unknowns and still has no solution.

LOI HAY GAP / COMMON MISTAKE — Coi phuong trinh ¢6 tich 4n hogc binh phuong
1a tuyén tinh. Chi can thdy xy, x2 hay ham ctia 4n 13 loai.

Treating an equation with a product of unknowns or a square as linear. As soon as you see xy, x> or a
function of an unknown, it is not linear.

PHAI THUQC / MEMORISE — H¢ tuyén tinh chi ¢6 ba kha ning: v nghiém, dung mot
nghiém, v6 s6 nghiém. Vi hai 4n, chung tmg v6i hai dudng thang song song, ct nhau, tring
nhau.

A linear system has only three possible outcomes: no solution, exactly one solution, or infinitely many.
With two unknowns they match parallel lines, crossing lines, and the same line.

1.2. Ba phép bién d6i so Cf’lp trén hang - 1.2. The Three Elementary Row Operations

Giai hé phuong trinh gidng nhu sap xép lai d6 trén ban: ban dugc d6i chd, nhung khong
dugc 1am mét d6. Chi c¢6 ba dong tac cho phép ddi hinh dang hé ma van giir nguyén tap
nghiém, tic 13 tdp moi bd sd thoa ca hé. Ba dong tac 4y goi 1a phép bién doi so cip trén
hang. Mdi phuong trinh g véi mot hang khi ta viét hé thanh bang s6.

P: Solving a system is like rearranging items on a desk: you may move things around, but
nothing may go missing. Exactly three moves change the look of a system while keeping its
solution set, meaning all the number triples that satisfy every equation. They are called
elementary row operations, because each equation corresponds to one row once the system is
written as a table of numbers.
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Ba phép bién doi — The three operations

« P6i chd: hoan d6i hai phuong trinh cho nhau. Vi du ghi p: < p2.
Swap: exchange two equations. For example, write p1 <> p:.
« Nhén: nhan ca hai vé cia mot phuong trinh voi mét sé ¢ khac 0. Ghi cp..
Rescale: multiply both sides of one equation by a number c that is not 0. Write cp..
« Cong boi: 1ay k 1an phuong trinh i cong vao phuong trinh j (i khac j). Ghi kpi + p;;
hang j 1a hang bi thay, hang i git nguyén.
Row combination: add k times equation i to equation j (i different from j). Write kp; + p;; row
J is the one that gets replaced, row i stays as it was.
Ky hiéu p; doc 12 "hang i" (chir tho cia Hy Lap). Khi nhiéu phép cong boi ciing ding mot
hang, ta dugc gop lai trén mot miii tén cho d& viét.
P: The symbol p; stands for "row i" (the Greek letter rho). When several combinations use the
same row, you may write them together over one arrow to save space.

Vi sao tiap nghiém khong ddi — Why the solution set stays the same

Ly do g6i trong mot ¥: ca ba phép déu ddao nguoc duoc. Poi chd hai phuong trinh 1an nita
thi vé lai hé cii. Nhan v6i ¢ dugc hoan lai bang nhan véi 1/c, va d6 1a Iy do ¢ phai khéc 0.
Cong k 1an hang i vao hang j duoc hoan lai bang cong —k 1an hang i vao hang j.

P: The reason fits in one idea: all three operations can be undone. Swapping again returns the

old system. Multiplying by c is undone by multiplying by 1/c, which is why ¢ must not be 0.
Adding k times row i to row j is undone by adding —k times row i to row j.

Tu d6 suy ra hai chiéu. BO sd thoa hé cii thi théa hé mdi, vi hé méi duoc tao tir cac
phuong trinh cli. Nguoc lai, hé cii lai dugc tao tir h¢ moi, nén nghiém ctia hé maéi cling 1a
nghiém cua hé cii. Hai tap nghi€m trung nhau.

P: This gives both directions. A triple that satisfies the old system satisfies the new one, since the
new equations are built from the old ones. Conversely, the old system can be rebuilt from the
new one, so every solution of the new system also solves the old one. The two solution sets
coincide.

VI DU/ EXAMPLE — Xem viéc ddo ngugc trén mot hé nho: x + 2y = 5; 3x + y = 5. Dung
—3p1 + p2: hang 2 thanh 3x +y — 3x — 6y =5 — 15, thc —5y =—10. Suyray =2, rdi x = 5 — 4
= 1. Dé déo lai, dung 3p: + p2: =5y + 3x + 6y =—10 + 15, ra 3x + y = 5, dung hang cii. Thir
nghiém (1, 2) vao hé gbc: 1 +4=5va3+2=>5.

Watch the undo on a small system: x + 2y = 5; 3x +y = 5. Apply —3p: + p2: row 2 becomes 3x +y —
3x—6y=35—15 thatis =5y = —10. Soy =2, thenx = 5 — 4 = 1. To undo it, apply 3p: + pz: =5y +
3x +6y=—10+ 15, giving 3x +y =5, the old row. Check (1, 2) in the original system: 1 + 4 =5 and
3+2=5

Vi du tirng budc — A step-by-step example

Giai hé ba an sau, chi dung ba phép trén: 2y —z=1;x+y+z=6;3x —y+2z="17.
P: Solve this three-unknown system using only the three operations: 2y —z=1; x +y +z =6;
Ix—y+2z=7.
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1. Hang 1 khéng c6 x, nén d6i chd hang 1 va hang 2 (p1 <> p2). Hé thanh: x +y + z = 6;
2y—z=1;3x—y+2z=".
Row [ has no x, so swap rows I and 2 (p: <> pz). The system becomes: x +y +z =06, 2y — z
=1L;3x—-y+2z=7.

2. Khir x & hang 3 bang —3p: + ps. Tinh: —y — 3y =—4y; 2z —3z=—2; 7 — 18 =—11.
Hang 3 méi: -4y —z=—11.
Remove x from row 3 with —3p: + ps. Compute: =y — 3y = —4y; 2z —3z=—z; 7 — 18 =
—11. Newrow 3: =4y —z=—11.

3. Khtr y & hang 3 bang 2p: + ps. Tinh: —4y + 4y = 0; —z — 2z =—3z; —11 + 2 =—9. Hang
3 méi: —3z=-9.
Remove y from row 3 with 2p> + ps. Compute: =4y +4y =0;, —z — 2z = —3z; =11 + 2 = —9.
New row 3: =3z = —9.

4. Nhan hang 3 véi —1/3 (phép nhan, vi —1/3 khéc 0): z = 3.
Multiply row 3 by —1/3 (a rescale, since —1/3 is not 0): z = 3.

5. Thé nguoc. Hing 2: 2y —3=1nény=2. Hang 1: x+2+3=6nénx = 1.
Substitute back. Row 2: 2y —3=1,so0y=2. Rowl:x +2+3=6,s0x = 1.

| = v, 2 =@, 2, 3

Thir vao hé gbc: 2.2 -3=1; 1 +2+3=6;3-1—2+2-3 =7. Ca ba déu ding.
P: Check in the original system: 2-2 =3 =1; 1 +2+3 =6, 31 -2+ 2:3=7. All three hold.

VI DU/ EXAMPLE — Thir nhan hang 3 (—3z = —9) v6i 0. Ta dugc 0 =0, hé con: x +y +z =
6; 2y —z=1;0=0. H¢ nay c6 vd ) nghiém, chéng hanz=0,y=1/2,x=11/2 (kiém tra:
1172+ 1/2+0=6va2:(1/2) — 0 = 1). Nhung bd nay khong théa 3x — y + 2z = 7 clia hé gbc.
Nhan véi 0 x6a mat thong tin, nén khong dao lai dugc.

Try multiplying row 3 (—3z = —9) by 0. You get 0 = 0, and the system reads: x +y +z =6, 2y —z =
1; 0 = 0. This has infinitely many solutions, for instancez = 0,y = 1/2, x = 11/2 (check: 11/2 + 1/2 +
0=6and2-(1/2) — 0 = 1). But that triple fails 3x — y + 2z = 7 in the original system. Multiplying by
0 erases information and cannot be undone.

LOI HAY GAP / COMMON MISTAKE — Nhan mét hang véi 0, hodc 1am twong duwong:
viét kpi + pi v6i k =—1, vi (—1)pi + pi cho ra hang toan 0. Cong boi ludén phai cong hang nay
vao mdt hang khac.

Mistake: multiplying a row by 0, or doing so indirectly with kp; + p; and k = —1, since (—1)p: + pi
gives a row of zeros. A combination must always add one row to a different row.

LOI HAY GAP / COMMON MISTAKE — Khi cong bdi, quén nhan k vao ca vé phai. O
budc 2 phai trir 3-6 = 18 khoi 7, khong phai trir 3. Sai mot s 1a ca hé sai.

Mistake: forgetting to multiply the right-hand side by k in a combination. In step 2 you subtract 3-6 =
18 from 7, not just 3. One wrong number spoils the whole system.

LOI HAY GAP / COMMON MISTAKE - Sau khi lam kp; + p;, ghi két qua d¢ 1én hang 1.
Hang i phai giir nguyén, chi hang j doi.

Mistake: after kp; + p;, writing the result over row i. Row i must stay as it was, only row j changes.
LOI HAY GAP / COMMON MISTAKE — Déi chd hai hang ma chi chuyén vé trai, dé vé
phai nam yén. Ca phuong trinh, gdm ca vé phai, phai doi cting nhau.
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Mistake: swapping two rows but moving only the left sides and leaving the right sides in place. The
whole equation, right side included, must move together.

MEO / TIP — Mbi lan bién dbi, ghi rd phép vira 1am (vi du —3p: + ps) bén canh hé méi. Sai
chd nao, ban 1an nguoc lai dugc ngay.

Tip: write the operation you just did (for example —3p: + ps3) next to each new system. If something
goes wrong, you can trace back right away.

MEO / TIP — Néu phép bién ddi cho ra hang 0 = 0 thi khong c6 gi sai. N6 chi béo rang
phuong trinh do suy ra dugc tir cac phuong trinh con lai, tire 1a thura.

Tip: if an operation produces a row 0 = 0, nothing has gone wrong. It only tells you that equation
follows from the others, so it was redundant.

PHAI THUQC / MEMORISE — Ba phép: d6i chd hai hang; nhan mot hang véi s6 khac 0;
cdng boi cua hang nay vao hang khac. Ca ba ddo ngugc dugc, nén tap nghiém gilt nguyén.
Memorize: the three operations are swapping two rows, multiplying a row by a nonzero number, and
adding a multiple of one row to another row. All three are reversible, so the solution set is unchanged.

1.3. Ma tran h¢ s0, ma tran mé rong va cach ghi gon hé — 1.3. Coefficient Matrix,
Augmented Matrix and Compact Notation

Ma tran 1a mot bang s6 hinh chir nhat, xép thanh hang va cot. Bang diém cia 16p 13 vi du
quen thudc: moi hang 1a mot sinh vién, mdi cot 1a mot mon hoc. Moi ) trong bang goi la
maot phan tir.

A matrix is a rectangular table of numbers arranged in rows and columns. A class gradebook is

a familiar example: each row is a student, each column is a subject. Each number in the table is
called an entry.

Ma tran c6 m hang va n cdt goi la ma tran cap mxn, doc la "m nhan n", s6 hang luén néi
trude. Phan tor ¢ hang 1, ¢0t j ky hi¢u a véi hai chi sO: az2; 1a phan tir hang 2, ¢t 3. Tha tu
chi s6 quan trong: a»; va as: 1a hai 6 khac nhau.

A matrix with m rows and n columns has size m*n, read "m by n", with the number of rows
always stated first. The entry in row i, column j is written a with two subscripts: azs is the entry
in row 2, column 3. The order of the subscripts matters: azs and as: are different cells.

|A:[40—1;273]

Ma tran A trén c6 hai hang (4 0 —1 va 2 7 3) va ba cdt, nén 1a ma trén 2x3. O d6 ais=—1
va az = 2.

The matrix A above has two rows (4 0 —1 and 2 7 3) and three columns, so it is a 2*X3 matrix.
Here ais = —1 and az = 2.

Vi DU/ EXAMPLE — Xét ma trin B v&i ba hang 5 1, 0 —3 va 8 2. Mdi hang c6 hai s, nén B
c6 3 hang, 2 cot va 1a ma tran 3x2. Phan tir hang 3, c6t 1 1a bz = 8. Phan tir hang 1, c6t 2 1a
bi> = 1. Doi chd hai chi s6 thi dugc 6 khac: b = 0.

Take a matrix B with three rows: 5 1, 0 —3 and 8 2. Each row has two numbers, so B has 3 rows and 2
columns and is a 32 matrix. The entry in row 3, column 1 is bs: = 8. The entry in row 1, column 2 is

bz = 1. Swapping the subscripts gives a different cell: b1 = 0.
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Ma tran gitp ta khdi chép di chép lai tén an, dau cong va dau bang. Giai hé chi can thao
tac trén cac con s0, con tén an da dugc ngam hicu theo tha tu cot.
Matrices spare us from copying unknown names, plus signs and equals signs over and over.

Solving a system only needs work on the numbers, while the unknowns are understood from the
column order.

Ghi hé thanh ma trin mé rong — Writing a system as an augmented matrix

Cho hé m phuong trinh, n 4n. Ma tran hé s6 gdm riéng cac hé sb ctia an, c6 cap mxn. Ma
tran mé rong thém mot cot cac hing sé vé phai, nén co cdp mx(n+1). Mot vach ding dat
truge cot cudi dé nhic rﬁng cOt d6 1a vé phai.

Take a system of m equations in n unknowns. The coefficient matrix holds only the coefficients of
the unknowns and has size m>n. The augmented matrix adds one column for the right-hand

constants, so it has size mx(n+1). A vertical bar before the last column reminds you that it is the
right-hand side.

1. Pua mdi phuong trinh vé dang: cac an & vé trai, hang s6 ¢ vé phai, va cac an xuét
hién cung mdt tht tu (vi du X, y, z) & moi phuong trinh.
Rewrite each equation with the unknowns on the lefi, the constant on the right, and the
unknowns in the same order (say x, y, z) in every equation.

2. Véi mdi phuong trinh, doc hé s6 cua tung an theo thu tu d6. An khong xuét hién thi
hé s6 1a 0. An dirng mot minh nhu x ¢6 hé s6 1, con —x ¢6 hé s6 —1.
In each equation, read off the coefficient of each unknown in that order. An unknown that
does not appear has coefficient 0. A bare x has coefficient 1, and —x has coefficient —1.

3. Mbi phuong trinh thanh mot hang, hé s ciia cing mot an nam thang mot cot.
Each equation becomes one row, and the coefficients of the same unknown line up in one
column.

4. Thém cot hing sb bén phai, ngin bang vach dung.
Add the column of constants on the right, separated by a vertical bar.

5. Pém lai dé kiém tra: s6 hang phai bang s6 phuong trinh, s6 cot trudc vach phai bang
sO an.
Count again as a check: the number of rows must equal the number of equations, and the
number of columns before the bar must equal the number of unknowns.

Vi DU / EXAMPLE — Ghi hé sau thanh ma tran mé rong: 2x — 3y +z=5;x +4z="7; -y +
2z = 0. Phuong trinh hai thiéu y nén hé s6 y 1a 0. Phuong trinh ba thiéu x nén hé s6 x 1a 0. Hé
sd cua y trong phuong trinh ba 1a —1. Ma tran hé s6 c6 cip 3x3, ma trdn md rong co cap 3x4.
Write this system as an augmented matrix: 2x — 3y + z =5, x + 4z = 7; —y + 2z = 0. Equation two
has no y, so its y-coefficient is 0. Equation three has no x, so its x-coefficient is 0. The y-coefficient in
equation three is —1. The coefficient matrix is 3 %3 and the augmented matrix is 3 X4.

— — —
o~ N
o
[N
~J

Vi DU/ EXAMPLE — Hg c6 bon an X1, X2, X3, Xa: X1 + 2X2 — X4 = 3 Va X3 + 5x4 = —1. Phuong
trinh mot thiéu x3, phuong trinh hai thiéu x1 va x.. H¢ c6 2 phuong trinh, 4 én, nén ma tran hé
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sO cAp 2x4 va ma trin mé rong cip 2x5.

A system with four unknowns xi1, Xz, X3, X+. X1 + 2x2 — X4 = 3 and x; + 5x4 = —1. Equation one has no
X3, and equation two has no xi or xz. There are 2 equations and 4 unknowns, so the coefficient matrix
is 2x4 and the augmented matrix is 2 X5.

[120-11] 3]
[0015 ] -1]
Poc ngwgec ma tran thanh hé — Reading a matrix back as a system

1. Bt tén 4n cho cac cot ding trude vach, theo thir tu tir trai sang phai.
Name the unknowns for the columns before the bar, from left to right.

2. Mdi hang 1a mot phuong trinh: nhan ting s6 voi an cta cOt nd, rdi cong lai. S6 sau
vach 1a vé phai.
Each row is one equation: multiply each number by the unknown of its column and add. The
number after the bar is the right-hand side.

3. Bo céc s6 hang c¢6 hé s6 0 cho phuong trinh gon hon.
Drop the terms with coefficient 0 to keep each equation short.

Vi DU / EXAMPLE — Boc ma tran sau véi ba dn x, y, z. Hang mot c6 h¢ $6 y béng 0, nén
khong c6 s6 hang y. Hang hai c6 hé s x bang 0, nén khong c¢6 sb hang x. Ta dugc hé: x — 2z
=3valy+z=-4

Read this matrix with the three unknowns x, y, z. Row one has y-coefficient 0, so no y term appears.
Row two has x-coefficient 0, so no x term appears. The system is: x — 2z = 3 and 2y + z = —4.

[10-21] 3]

[ 021 -4

VI DU/ EXAMPLE — Hé viét 16n x0n: 3y —x =2 va z + 2x + y = 6. Sép theo thu ty x, y, z:
—x +3y+0z=2va2x +y+z=6.Ma tran mé rong c6 hang mot la —1, 3, 0 | 2 va hang hai la
2,1,1]6.

A messy system: 3y —x=2andz +2x +y =6. Inthe orderx, y,z. —x + 3y + 0z=2and 2x +y + z

= 6. The augmented matrix has row one —1, 3, 0| 2 and row two 2, 1, 1 | 6.

GHI CHU / NOTE — Phép bién d6i trén phuong trinh va phép bién ddi trén hang ctia ma tran
mo rong 1a mot. Vi hé & vi du dau, doi chd hang 1 va hang 2, r6i 1y hang 2 trir 2 1an hang 1.
Hang 2 moi: (2—2-1,-3-2:0, 1-2-4 | 5-2:7) = (0, =3, =7 | —9), thc la -3y — 7z =-9.

An operation on equations and the same operation on rows of the augmented matrix are the same

thing. Take the system from the first example, swap row 1 and row 2, then subtract 2 times row 1 from
row 2. The new row 2 is (2—2-1, =3—=2-0, =24 | 5-2:7) = (0, =3, =7 | =9), meaning —3y — 7z = —9.

LOI HAY GAP / COMMON MISTAKE — B6 tréng 6 ctia 4n vang mit thay vi dién 0. Khi
d6 céc cot 1éch nhau va hé sd nim sai an.

Leaving the cell of a missing unknown empty instead of writing 0. The columns then shift and
coefficients land under the wrong unknowns.

LOI HAY GAP / COMMON MISTAKE — Khong chuyén hang s vé vé phai. Phuwong trinh
2x + 3 =y phdi thanh 2x —y =—-3, nén hang 14 2, —1 | 3.
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Not moving constants to the right side. The equation 2x + 3 =y must become 2x — y = =3, so the row
is 2, —1|-3.

LOI HAY GAP / COMMON MISTAKE — Quén déu trir hogic hé s6 ngdm. V&i —x +y, hé
s6 x 12 —1 chtr khong phai 1. Vi y ding mot minh, hé s6 1a 1 chtr khong phai 0.

Forgetting a minus sign or an implied coefficient. In —x + y, the x-coefficient is —1, not 1. A bare y
has coefficient 1, not 0.

LOI HAY GAP / COMMON MISTAKE — Viét cic an theo thir ty khac nhau ¢ timg
phuong trinh roi ghi s6 theo thir tyr xudt hién.

Writing the unknowns in different orders in different equations and copying the numbers in the order
they appear.

LOI HAY GAP / COMMON MISTAKE - Tinh cép cua ma tran mo rdng ma bo sot cot
hang sd. Hé 3 phuong trinh, 3 4n c6 ma trin mé rong cap 3x4, khong phai 3x3. Vach ding
chi dé ngan, khong 1am mat cot.

Forgetting the constants column when giving the size of an augmented matrix. A system of 3 equations
in 3 unknowns has a 3 x4 augmented matrix, not 3x3. The bar only separates, it does not remove a
column.

PHAI THUQC / MEMORISE — Hé m phuong trinh, n 4n ¢c6 ma tran hé s6 cdp mxn va ma
tran m& rong cép mx(n+1). Mot hang 1a mdt phuong trinh, mot cdt (trude vach) 1a mot an, 4n
vang thi ghi 0.

A system of m equations in n unknowns has an mxn coefficient matrix and an m>(n+1) augmented
matrix. One row is one equation, one column before the bar is one unknown, and a missing unknown
gets 0.

1.4. Pua ma tran vé dang bac thang va thé ngwoc — 1.4 Row Echelon Form and
Back-Substitution

Hay nghi toi viéc g& mot soi ddy rdi: ban g& timg nut tir diu nay sang dau kia, dén cudi
chi con mot doan thang. Vi hé phuong trinh, ta 1am twong ty. Dung ba phép bién doi
hang dé mdi hang bén dudi co it an hon hang bén trén. Hang cudi chi con mét an, doc
ngay duoc gia tri. Sau d6 ta lan nguoc 1én.

Think of untangling a rope: you work through the knots from one end, and by the last one only a
straight piece is left. We do the same with a linear system. Use the three row operations so that
each row has fewer unknowns than the row above. The last row ends up with one unknown,
which you can read off at once. Then you work back up.

Dang béc thang va phan tir tru — Echelon form and pivots

Phén tir try (pivot) ctia mot hang 1 sé khac 0 dau tién tinh tir bén trdi cua hang d6. Vi du
hang (0, 0, 5, 7) ¢6 tru 14 5. Hang toan s6 0 thi khong c6 tru.

The pivot of a row is the first nonzero number counting from the left. For instance, the row (0, 0,
5, 7) has pivot 5. A row of all zeros has no pivot.

Ma tran & dang bac thang khi théa hai di€u kién: tru ctia moi hang nam & cdt bén phai tru
cua hang ngay trén n6, va cac hang toan s6 0 (n€u c6) nam dudi cung. Nhin vao, cac so
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khéc 0 tao thanh nhiing bac thang di xuéng vé bén phai, con phia dudi mdi try 1a mot cot
toan s 0.

A matrix is in row echelon form when two conditions hold: each row's pivot sits in a column to
the right of the pivot in the row above, and any all-zero rows are at the bottom. The nonzero
entries then form steps going down to the right, and below each pivot the column is all zeros.

PHAI THUQC / MEMORISE — Béc thang = tru ciia hang du6i nam 1éch sang phai so véi
try hang trén, hang 0 xubng day. Dang nay chua can tru bang 1.

Echelon form means each lower pivot sits strictly to the right of the pivot above, with zero rows at the
bottom. Pivots do not need to equal 1.

Quy trinh khir tirng ¢t va thé ngwoe — Column-by-column elimination and back-
substitution

Ban can ma tran mo rong cua hé (hé€ so va vé phai vieét chung mot bang, vach doc ngan veé
phai). Sau do6 lam lan luot nhu sau.

Start from the augmented matrix of the system (coefficients and right-hand sides in one table,
with a vertical bar before the right-hand side). Then proceed as follows.

1. Nhin c6t dau tién chua xur ly, tr hang dang xét tré xuéng. Chon mét s khac 0 lam try.
Néu 6 dang xét bang 0, doi chd hang nay véi mot hang bén dudi c6 s6 khac 0 & cot
do.

Look at the first column not yet handled, from the current row downward. Choose a nonzero
entry as the pivot. If the current entry is 0, swap this row with a lower row that has a
nonzero entry in that column.

2. V&i mdi hang bén dudi try, tinh hé s6 m = (sé can khir) = (try). Roi thay hang d6
bang: hang d6 trir m 1an hang try. O dudi tru thanh 0.

For each row below the pivot, compute m = (entry to remove) ~ (pivot). Replace that row
by: that row minus m times the pivot row. The entry under the pivot becomes 0.

3. Chuyén sang hang ké tiép va cot ké tiép, 1ap lai hai budc trén cho t&i khi hét hang
hodc hét cot.

Move to the next row and next column, and repeat the two steps above until you run out of
rows or columns.

4. Thé nguoc: doc hang cudi khac 0 dé tim mot an, thay gia tri d6 vao hang ngay trén dé
tim 4n ké tiép. Lam tiép nhu vy vé6i timg hang phia trén, dén hang 1 thi xong.
Back-substitution: read the last nonzero row to find one unknown, then substitute it into the

row just above to find the next unknown. Do the same with each row above it, and stop once
row 1 is done.

ViDU/EXAMPLE—Xéthébaénx+2y+Z=8, 2x+5y—z=9,3x+4y+2z=17. Ma
tran m& rong cua hé nhu sau:

Take the three-unknown system x + 2y + z =8, 2x + 5y —z =9, 3x + 4y + 2z = 17. Its augmented
matrix is:

[1 21 1] 8] ; [25-11]29]; [342] 17]
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Cot1:trula 1l o hang 1. Hang 2 c6 m = 2+1 =2, hang 3 c6 m = 3+1 = 3. Lam H2 — 2-H1:
(2-2, 54, -1-2,9-16) = (0, 1, =3, =7). Lam H3 — 3-H1: (3-3, 4-6, 2-3, 17-24) = (0,
—2,—1,-7).

Column 1: the pivot is the I in row 1. Row 2 has m = 21 = 2 and row 3 has m = 3+1 = 3. R2 —
2-RI gives (2—2, 5—4, —1-2, 9—16) = (0, 1, =3, —7). R3 — 3-RI gives (3—3, 4—6, 2—3, 17—24)
=0, -2, -1, 7).

| (r2118 ; [01-31] -7 ; [0=-2-11] -7]

Cot 2: tru 1a 1 ¢ hang 2. S6 can khtr 14 —2 nén m = —2+1 = —2. Lam H3 — (-2)-H2, tic H3
+2-H2: (0, —2+2, —1-6,—7-14) = (0, 0, =7, —21).

Column 2: the pivot is the I in row 2. The entry to remove is —2, so m = —2+] = —2. R3 —
(—2)'R2, that is R3 + 2'R2, gives (0, —2+2, —1—6, —7—14) = (0, 0, =7, =21).

|[121|8] ; (01 -3 -7]; [00 -7 | -21]

ba 1a bac thang voibatru 1, 1, —7. Thé nguoc: hang 3 cho —7z = —21 nén z = 3. Hang 2
choy—3-3=-7, trc y = 2. Hang 1 cho x + 2:2 + 3 = 8, titc x = 1. Nghiém duy nhéat 13
(x,y,2)=(1, 2, 3). Tht vao phuong trinh thir ba: 3 + 8 + 6 = 17, dung.

The matrix is now in echelon form with pivots 1, 1, —7. Back-substitute: row 3 gives —7z = —21,
soz =3 Row2givesy —33=—7,s0y =2 Row Il givesx +2:2 +3 =38, sox = 1. The unique
solution is (x, y, z) = (1, 2, 3). Check in the third equation: 3 + 8 + 6 = 17, correct.

H¢ c6 nghiém duy nhat vi moéi c¢ft h¢ so déu chira mot try, nén khdng an nao con tu do.

The solution is unique because every coefficient column contains a pivot, so no unknown is left

free.

Vi DU / EXAMPLE - Vi dy thir hai can ddi hang. Xéthé y+z=4,x+y+2z=9,2x +y—
z=2.0 diu cta hang 1 béng 0 nén chua chon duoc tru & cot 1:

A second example needs a row swap. Take the systemy +z=4,x+y +2z=9 2x +y—z=2. The
first entry of row 1 is 0, so there is no pivot yet in column 1:

| [01 1 | 4] ; [ 1 2] 9] ; [21-11 2]

Po6i H1 <> H2 dé ¢ tru 1 & goc trén trai. ROi lam H3 — 2-H1: (0, 1-2, —1-4, 2—18) = (0,
—1, =5, -16). O ¢cot 2, tru 1a 1 (hang 2), s6 can khtr 1a —1 nén H3 + H2 = (0, 0, —4, —12).
Thénguqc: z=3,y+3=4nény=1,x+1+6=9nénx=2. Nghiém la (2, 1, 3).

Swap RI1 < R2 to put a pivot 1 in the top left. Then R3 — 2-R1 gives (0, -2, —1—4, 2—18) = (0,
—1, =5, —16). In column 2 the pivot is the 1 in row 2 and the entry to remove is —1, so R3 + R2
= (0, 0, —4, —12). Back-substitute: z = 3, y + 3 =4soy =1, x + 1+ 6 =9s0ox =2 The
solution is (2, 1, 3).

Khi khtr xong, hiy doc hang cudi. Hang (0 0 | 1) nghia 1a 0 = 1, vo 1y, nén hé v6 nghiém.
Vidux+2y=3,2x+4y=7:H2-2-H1 =(0,0,7-6)=(0,0|1). Hing (00 | 0) chila 0
=0, bo di dugc. Néu sau d6 con cot khong ¢ try, an cta cot éy 14 4n tu do va hé c6 vo sb
nghiém.

After elimination, read the last row. A row (0 0| 1) says 0 = 1, which is impossible, so the system
has no solution. For example, x + 2y =3, 2x + 4y =7: R2 — 2RI = (0, 0, 7-6) = (0, 0 | 1). 4
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row (0 0 | 0) only says 0 = 0 and can be dropped. If a column then has no pivot, its unknown is
free and the system has infinitely many solutions.

LOI HAY GAP / COMMON MISTAKE — Cong nhim dau khi khtr. G H2 — 2-H1, 6 thit ba
1a —1 — 2 = —3. Nhiéu ban viét —1 + 2 = 1 vi nghi "trir s6 4m". Hang 2 thanh (0, 1, 1, —7), kéo
theo z, y, x sai day chuyén. Tuong tw, khi m 4m nhu —2, phai viét H3 — (—2)-H2 = H3 + 2-H2.
Néu van trir 2-H2 thi 6 —2 thanh —4 cht khong vé 0.

Sign slips during elimination. In R2 — 2-R1, the third entry is —1 — 2 = —3. Many students write —1 +
2 = 1, which turns row 2 into (0, 1, 1, —7) and ruins z, y and x in turn. Likewise, when m is negative,
like —2, you must write R3 — (—2)-R2 = R3 + 2:R2. If you still subtract 2-R2, the —2 becomes —4
instead of 0.

MEO / TIP — Sau mdi phép khtr, kiém ngay 6 duéi tru da vé 0 chua. Cudi cung, thay nghiém
vao ca ba phuong trinh gbc, khong thay vao hé di bién doi.

After each elimination, check that the entry under the pivot is now 0. At the end, substitute the solution
into the original equations, not the transformed ones.

LOI HAY GAP / COMMON MISTAKE — Quén d6i hang khi 6 try bang 0, rdi chia cho 0.
Ciing dimg quén bién d6i vé phai: phép 1am trén hang phai ap dung cho ca cot sau vach.
Forgetting to swap rows when the pivot position holds 0, then dividing by 0. Also remember the right-
hand side: every operation on a row must be applied to the entry after the bar as well.

1.5. An chinh, an tw do va ba kha ning vé s6 nghiém - 1.5. Leading Variables,
Free Variables and the Three Possible Outcomes

Sau khi khir Gauss, mdi hang khic 0 c6 mot hé so khac 0 dau tién tinh tir trai sang. An
nhan hé s6 d6 goi 1a an chinh cta hang ay. Hinh dung mdi hang "chdt" mot an, giéng nhu
mdi ngudi trong nhom nhan dung mot viée. An khong duoc hang nao chét goi 13 an tu
do: ban mudn cho nd gia tri nao cting dugc, cac an con lai s& tu diéu chinh theo.

After Gauss's Method, every nonzero row has a first nonzero coefficient, reading left to right.
The variable carrying that coefficient is the leading variable of that row. Picture each row
"claiming" one variable, like each person in a team taking exactly one job. A variable that no
row claims is a free variable: you may give it any value you like, and the other variables adjust
to match.

Ban chi cin nhin dang bic thang 13 biét hé thudc mot trong ba két cuc: v nghiém,
nghiém duy nhét, hodc vo sb nghiém. Khong cé két cuc thu tu, chéng han dang hai
nghiém.

The echelon form alone tells you which of three outcomes you have: no solution, exactly one
solution, or infinitely many. There is no fourth outcome, such as exactly two solutions.

Cach doc ket cuc tir dang bac thang — How to read the outcome from echelon form

1. Khir Gauss dua hé vé dang bac thang. Hang 0 = 0 ¢6 thé bé di, n6 khong mang thong
tin.
Reduce the system to echelon form with Gauss's Method. A row 0 = 0 can be dropped, it
carries no information.
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2. Tim hang c¢6 dang 0 = ¢ v&i ¢ khac 0 (vi du 0 = 1). Hang nay noi rang 0 bang mot sb
khac 0, diéu khong thé xay ra. C6 hang nhu vy thi hé vo nghiém, ban dirng ngay.
Look for a row of the form 0 = c with c nonzero (for example 0 = 1). It claims that zero
equals a nonzero number, which is impossible. If such a row exists, the system has no
solution and you stop.

3. Néu khong c6 hang mau thuan, d€m an chinh va so véi so an cta he.
If there is no contradictory row, count the leading variables and compare with the number of
unknowns.

4. Moi an déu 1a an chinh thi hé ¢6 ding mot nghi¢m, tim bfmg thé ngugc tur hang cudi
1én.
If every variable is leading, the system has exactly one solution, found by back substitution
from the last row upward.

5. Con it nhat mot an ty do thi h¢ ¢6 vo s0 nghiém, vi an tu do nhan dugc vo so gia tri.
If at least one variable is free, the system has infinitely many solutions, because a free
variable can take infinitely many values.

6. Thé nghiém vira tim vao tung phuong trinh géc dé thur lai. Vé6i hé ¢6 an tu do, thi
bé‘mg mot gia tri cu thé cta an do.
Substitute the answer back into each original equation as a check. For a system with a free
variable, test it with one specific value of that variable.

Ba hé cung c@, ba két cuc — Three systems of the same size, three outcomes

Cé ba hé sau déu c6 3 phuong trinh, 3 an x, y, z. Hai phuong trinh déu gidng nhau, chi
khéc phuong trinh thr ba.

Each of the next three systems has 3 equations and 3 unknowns x, y, z. The first two equations
are the same, only the third differs.

VIDU/EXAMPLE —Hé A: x+y+2z=6;2x+3y+z=11; x + 2y + 3z = 14. Liy dong 2
trir 2 1an dong 1: y — z=—1. Liy dong 3 trir dong 1: y + 2z = 8. Lay hai dong méi trir nhau:
3z=9. Ba hang chdt x, y, Z nén moi 4n déu chinh. Thé nguoc: z=3,y=—1+3=2,x=6—-2
— 3 =1. Nghiém duy nhét (1, 2, 3). Thirlai: 21 +3-2+3=11val +2:2+3-3 =14, déu
ding.

System A: x +y +z=6;2x+ 3y +z=11; x + 2y + 3z = 14. Row 2 minus 2 times row I gives y —z =
—1. Row 3 minus row 1 gives y + 2z = 8. Subtracting the two new rows gives 3z = 9. Three rows claim
X, ¥, z, so every variable is leading. Back substitution: z=3,y=—1+3=2x=6—-2—-3=1. The
unique solution is (1, 2, 3). Check: 2-1 + 32+ 3 =11 and 1 + 2-2 + 3-3 = 14, both correct.

ViDU /EXAMPLE —Hé B: x +y +z=6; 2x + 3y + z=11; 3x + 4y + 2z = 18. Dong 2 trir
21landong 1: y —z=—1. Dong 3 trir 3 1an dong 1: y — z= 0. Lay hai dong mdi trir nhau: 0 =
1. Hang mau thuan, hé vo nghiém.

System B:x+y+z=6;2x+3y +z=11; 3x + 4y + 2z = 18. Row 2 minus 2 times row [ gives y — z
= —1. Row 3 minus 3 times row [ gives y — z = (). Subtracting the two new rows gives 0 = 1. That is a
contradictory row, so there is no solution.

ViDU /EXAMPLE —Hé C: x +y+z=6;2x + 3y + z=11; 3x + 4y + 2z = 17. Dong 2 trix

21landong 1: y —z=—1. Dong 3 trir 3 1dn dong 1: y — z=—1. L4y hai dong m&i trir nhau: 0 =
0.Anchinhlaxvay, dntudolaz Pitz=t:y=—1+t,x=6—(—1+t)—t=7—2t. Tap
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nghiém: (7 — 2t, —1 + t, t) v6i t bat ky. Thirt =3 ra lai (1, 2, 3).

System C:x+y+z=06;2x+3y+z=11;3x + 4y + 2z = 17. Row 2 minus 2 times row I gives y — z
= —1. Row 3 minus 3 times row [ gives y — z = —1. Subtracting the two new rows gives 0 = 0. The
leading variables are x and y, z is free. Setz =t: y=—1 +t, x=6— (=1 +t) —t =7 — 2t The
solution set is (7 — 2t, =1 + t, t) for any t. Taking t = 3 gives (1, 2, 3) again.

Ba h¢ cung cd 3%x3 ma két cuc khac hin. C& cua hé khong quyét dinh sb nghiém, ma do
dang bac thang quyét dinh.

Three 3x3 systems, three different outcomes. The size of the system does not decide the number
of solutions, the echelon form does.

Két cuc | Déu hiéu & dang béc thang S6 nghiém
Outcome | Sign in echelon form Number of solutions

H¢ B C6 hang 0 = ¢ voi ¢ khac 0 Khong c6 nghiém nao
System B A row 0 = ¢ with ¢ nonzero No solutions

Heé A Khong mau thuin, moi 4n déu 13 4n chinh Ding mot nghiém
System A No contradiction, every variable is leading Exactly one solution

Hé C Khong mau thuan, c6 an tu do Vo s6 nghiém

System C | No contradiction, at least one free variable Infinitely many solutions

Nhin bing hinh: hai phwong trinh, hai an — A picture: two equations, two unknowns

Véi hai 4n x, y, mdi phuong trinh 1a mot duong thang trén mit phang. Nghiém 1a diém
nam trén ca hai duong. Hai duong thang chi c6 ba cach nam canh nhau: cit nhau, song
song, hodc tring nhau. Ba cach ay khdp dung ba két cuc & trén.

With two unknowns x, y, each equation is a line in the plane. A solution is a point lying on both

lines. Two lines can sit in only three ways: crossing, parallel, or identical. Those three ways
match the three outcomes above.

ViDU/EXAMPLE — Cat nhau: x +y=3vax—y=1.Conghai véra2x =4, nénx =2,y =
1. Mot nghiém (2, 1). Trang nhau: x +y =3 va 2x + 2y = 6. Dong 2 trir 2 1an dong 1 ra 0 =0,
y 12 4n ty do, dat y =t thi x =3 — t, v6 s6 nghiém. Song song: x + y=3 vax +y = 5. Dong 2
trir dong 1 ra 0 =2, v6 nghiém.

Crossing: x +y =3 and x — y = 1. Adding the equations gives 2x = 4, so x = 2, y = 1. One solution
(2, 1). Identical: x + y = 3 and 2x + 2y = 6. Row 2 minus 2 times row 1 gives 0 = 0, y is free, sety =t
and x = 3 — t, infinitely many solutions. Parallel: x +y = 3 and x + y = 5. Row 2 minus row [ gives 0
= 2, so no solution.

GHI CHU / NOTE — Hé ¢6 s phuong trinh bang sb 4n (hé vudng) c6 nghiém duy nhat khi
va chi khi dang bac thang cta n6 ¢6 moi an déu chinh.

A system with as many equations as unknowns has a unique solution exactly when every variable is
leading in its echelon form.

LOI HAY GAP / COMMON MISTAKE — Thiy hang 0 = 0 rdi két luan v6 nghiém. Hang 0
= 0 [udn ding va vo hai. Chi hang 0 = ¢ vdi ¢ khac 0 méi gay vo nghiém.
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Seeing a row 0 = 0 and declaring no solution. A row 0 = 0 is always true and harmless. Only a row 0
= ¢ with ¢ nonzero rules out solutions.

LOI HAY GAP / COMMON MISTAKE — Cho ring it phuong trinh hon s6 4n thi chéc
chin vo s6 nghiém. Hé nhu vay van c6 thé vo nghiém, ching han hai phuong trinh x +y + z =
1 vax +y + z = 2. Ban phai kiém tra mau thuin trudc roi méi dém an tu do.

Assuming fewer equations than unknowns always means infinitely many solutions. Such a system can
still be inconsistent, for example x + y + z = 1 together with x + y + z = 2. Check for a contradiction
first, then count free variables.

LOI HAY GAP / COMMON MISTAKE — Chon 4n ty do 13 4n ndm cubi. An ty do 13 4n
khong dimg dau hang nao, ¢ thé nam giira. Trong dang bac thang, hiy gach chan an dimg
dau mdi hang, 4n con lai 1a ty do.

Choosing the last variable as free by habit. A free variable is one that leads no row, and it may sit in
the middle. In echelon form, underline the leading variable of each row, the rest are fiee.

LOI HAY GAP / COMMON MISTAKE — Nghi ring c6 4n ti do thi 4n nao ciing thay d6i
theo. C6 an chinh van mang gia tri c¢d dinh, vi du hé co hang —w =1 thi w luon béng —1 du 4n
tu do 1a gi.

Thinking that once a free variable exists, every variable must change with it. A leading variable can
still be fixed: if a row reads —w = 1, then w stays — I whatever the free variable is.

PHAI THUQC / MEMORISE — C6 hang 0 = ¢ v&i ¢ khac 0 thi v nghiém. Khong mau
thudn va moi an déu chinh thi c6 nghiém duy nhit. Khong mau thuin va c6 an tu do thi c6 vo
s6 nghiém.

A row 0 = ¢ with ¢ nonzero means no solution. No contradiction and every variable leading means

exactly one solution. No contradiction and at least one firee variable means infinitely many solutions.

1.6. Viét tap nghiém bz"lng tham so va dang vecto — 1.6. Parametrizing the Solution
Set in Vector Form

Khi hé ¢6 vo s6 nghiém, ban khong liét ké hét duoc. Cach gon 14 chon vai an cho chay tyr
do, goi chiing 1a tham sb, r0i biéu dién moi 4n con lai qua cac tham sb do. Giéng nhu chi
duong: "di tir nha ra ngd tu, roi r& phai bao nhiéu budc tuy ban". Mot diém xuat phat
cong voi cac hudng di tu do.

When a system has infinitely many solutions, you can't list them all. The neat way is to let a few
unknowns run freely, call them parameters, and write every other unknown in terms of them. It

works like giving directions: "start at home, walk to the crossroads, then turn right as many
steps as you like." One starting point plus some free directions.

An chinh 13 4n démg ¢ ddu mot hang sau khi da dua vé dang bac thang. An ty do 13 4n
khong dung dau hang nao. Mbi an ty do dwoc dit bang mot chir cai riéng, thuong 14 s, t.
S6 tham s bang sd an tu do.

A leading unknown is the one at the front of a row once the system is in echelon form. A free

unknown is one that leads no row. Each free unknown gets its own letter, usually s, t. The
number of parameters equals the number of free unknowns.

Trudc khi viét tham sb, hay nhin dang bac thang dé biét c6 can viét hay khong. Néu c6
hang dang 0 = mot s6 khac 0 thi hé vo nghiém. Néu khong c6 mau thudn va moi an déu la
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an chinh thi hé c6 ding mot nghiém. Con lai, tirc 13 ¢6 it nhat mot an ty do, hé ¢ vo sb
nghiém.

Before writing any parameters, look at the echelon form to see whether you need them. A row of
the form 0 = a nonzero number means there is no solution. If there is no contradiction and every

unknown is a leading unknown, there is exactly one solution. Otherwise, with at least one free
unknown, there are infinitely many solutions.

Cac budc viet nghiém — Steps for writing the solution

1. Pua hé vé dang bac thang bang phép khir Gauss. B cac hang toan s6 0.
Reduce the system to echelon form with Gauss's Method. Drop any rows that are all zeros.
2. Gach du6i 4n chinh ctia mdi hang. Nhitng an con lai 13 4n ty do.
Mark the leading unknown of each row. The remaining unknowns are the free ones.
3. Pat mdi an ty do bang mot tham sd, vi du x2=s, xa =t.
Set each free unknown equal to a parameter, for example x> = s, x4 = t.
4. Pi tir hang cubi ngugc 1én hang thir nhat. O mdi hang, gidi ra an chinh roi thé cac gia
tri da co vao.
Work from the last row back up to the first row. In each row, solve for the leading unknown
and substitute the values you already have.

5. Viét nghiém duéi dang mot vecto, ri tach theo ting chit: phan khéng chira tham sb,
phan nhan s, phan nhén t.
Write the solution as one vector, then split it by letter: the part with no parameter, the part
multiplied by s, the part multiplied by t.

Vi DU/EXAMPLE —Gidi hé: xi + 2x2 —xs + xa=4; 2x1 +4x2 = X3 T 4xa = 9; xu + 2X2 + X3
+ 5x4= 6. Liy hang 2 trir 2 lan hang 1: duoc xs + 2x4 = 1. Liy hang 3 trir hang 1: dugc 2x; +
4x4 = 2. Lay hang nay trir 2 1dn hang m&i ciia hang 2: ra hang toan s6 0, bo di. Dang bac thang
con hai phuong trinh: X1 +2x2 —Xs + xa =4 vaxs + 2xa = 1. An chinh 14 x1, xs. An tu do 13 Xa,
xe. Patxo=s,x¢=t. Tuhang 2: xs=1—-2t. Thhang l: xi=4—-2s + X3 — x4 =4 —2s + (1 —
2t) —t =5 — 2s — 3t. Viét gon thanh téng cac vecto (ghi theo hang cho ngin) nhu sau:

Solve the system: x1 + 2x2 — x3 + x4 = 4; 2x1 + 4x2 — x3 + 4x4 = 9; x1 + 2x2 + x3 + 5x4 = 6. Subtract 2
times row 1 from row 2 to get xs + 2x4 = 1. Subtract row 1 from row 3 to get 2xs + 4x4+ = 2. Subtract 2
times the new row 2 from this row and you get a row of zeros, which you drop. Echelon form leaves
two equations: x1 + 2x: — xs + x« = 4 and x; + 2x4 = 1. The leading unknowns are xi, xs. The free
unknowns are xz, x+. Set x2 =8, x4 = t. Fromrow 2: x3 =1 — 2t. Fromrow l: x1 =4 — 2s +x3 — x4 =4
—2s + (1 —2¢) —t =35 — 25 — 3t. Written as a sum of vectors (listed in a row to save space):

(x1, X2, X3, X4) = (5, 0, 1, 0) + s-(-2, 1, 0, 0) + t-(-3, 0, -2, 1), véi s, t 1la sbé
thuc bat ky
Vecto (5, 0, 1, 0) ing véi s =t = 0, nén 1a mot nghiém ri€ng. Hai vecto con lai cho hudng
thay d6i: mdi lan s ting 1 don vi, nghiém dich dang mét vecto (-2, 1, 0, 0).
The vector (3, 0, 1, 0) comes from s =t = 0, so it is a particular solution. The other two vectors

give the directions of change: each time s goes up by 1, the solution shifts by exactly the vector
(=2, 1,0, 0).
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Kiém tra lai bi‘vlng cach thay vao hé gf')c — Checking by substituting into the original system
Thay x1 =5 —2s — 3t, x2 =5, Xs = | — 2t, X4 = t vao ba phuong trinh gdc. Néu cac tham sb
triét tiéu hét, nghiém dung voi moi s, t.

Substitute x1 = 5 — 2s — 3t, x2 = s, x3 = 1 — 2t, x4 = t into the three original equations. If the

parameters cancel completely, the solution holds for every s and t.

« Phuong trinh 1: (5 — 25 — 3t) + 25 — (1 = 2t) + t =35 — [ + (25 + 28) + (-3t + 2t + ) =

4. bing.
Equation 1: (5 —2s —3t) +2s — (1 —2t) +t=5—1+(—2s +2s) + (-3t + 2t +¢1) = 4.
Correct.

* Phuong trinh 2: 2(5 —2s —3t) +4s — (1 = 2t) + 4t=10— 1 + (—4s + 4s) + (-6t + 2t +
4t) = 9. Dung.
Equation 2: 2(5 —2s — 3t) +4s — (1 —2t) + 4t =10 — 1 + (—4s + 4s) + (—6t + 2t + 4¢) = 9.
Correct.

* Phuong trinh 3: (5§ —2s —3t) + 2s + (1 = 2t) + 5t=5+ 1 + (—2s + 2s) + (-3t — 2t + 5t)
= 6. Dlng.
Equation 3: (5 —2s —3t) +2s + (1 —2) + 5t =5+ 1+ (—2s + 2s) + (=3t — 2t + 51) = 6.
Correct.

Thtr thém mét diém cu thé: s=1,t=1 cho 0,1, -1, 1). Vé trai ba phuong trinh lan luot
[A0+2+1+1=4,0+4+1+4=9,0+2—1+5=6.Kh6p vé phai.

Try one concrete point: s = 1, t = 1 gives (0, 1, —1, 1). The left sides of the three equations are 0
+2+1+1=40+4+1+4=9,0+2—1+5=6. They match the right sides.

Mot vi du ngan hon: an tw do nam gitva — A4 shorter example: the free unknown sits in the
middle

Vi DU /EXAMPLE — Giai hé: x +y + z =6 va 2x + 2y + 3z = 14. Ly hang 2 trir 2 lan hang
1: dugc z=2. An chinh 1 x va z. An ty do 1y, dit né dtng giita hai an chinh. Pty =s.
Hang2choz=2.Hang l chox=6—-s—2=4—s. Nghiém la (x,y,z)=(4,0,2) +s:(—1, 1,
0). Thirs=3ra(1,3,2): 1+3+2=6va2+6+6=14. Ca hai déu dung.

Solve the system: x +y +z = 6 and 2x + 2y + 3z = 14. Subtract 2 times row I from row 2 to get z = 2.
The leading unknowns are x and z. The free unknown is y, even though it sits between the two leading
ones. Sety =s. Row 2 gives z = 2. Row [ givesx =6 —s — 2 =4 — s. The solution is (x, y, z) = (4, 0,
2)+s(—1,1,0).Trys=3toget(1,3,2): 1 +3+2=6and2 + 6 + 6 = 14. Both hold.

MEOQ / TIP — Hai vecto nhan tham s6 chinh 13 nghiém cta hé thuan nhat (vé phai bang 0).
Thay riéng timg vecto vao hé voi vé phai 0 1a cach kiém tra nhanh. Chang han (-3, 0, -2, 1) &
phuong trinh 1: -3+ 0+2+1=0.

The vectors multiplied by parameters solve the homogeneous system (right sides all 0). Plugging each

one into the system with zero right sides is a quick check. For instance (=3, 0, =2, 1) in equation 1:
-3+0+2+1=0.

LOI HAY GAP / COMMON MISTAKE — Chon nhim 4n ty do, vi du coi xs 13 tham s6 chi
vi n6 dimg gitta. An tu do 1 4n khong dimg dau hang nio cua dang béc thang.

Picking the wrong free unknowns, for instance treating xs as a parameter just because it sits in the
middle. A free unknown is one that leads no row of the echelon form.
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LOI HAY GAP / COMMON MISTAKE — Quén dua chinh tham s vao vecto. O vi du
trén, hang x» phai 1a (0 + s-1 + t-0), khong dé trong.

Forgetting to list the parameter's own unknown in the vector. In the example, the x: entry must be 0 +
s+1 + t-0, not left blank.

LOI HAY GAP / COMMON MISTAKE - Sai déu khi thé nguoc, nhit 1 khi chuyén vé.
Kiém tra bang cach thay s =t = 0 va mot cip s, t khac vao hé gbc.

Sign slips during back substitution, especially when moving terms across. Check by plugging s =t =0
and one other pair s, t into the original system.

LOI HAY GAP / COMMON MISTAKE — Dém sai sb tham sb. Néu ban con 4n tu do ma
chua dat chir cho no, vecto nghiém s€ thiéu mot hudng va b sot vo s6 nghiém.

Miscounting the parameters. If a free unknown is left without a letter, the solution vector misses a
direction and drops infinitely many solutions.

PHAI THUQC / MEMORISE — S6 tham sb bang s 4n ty do. Nghiém téng quat c6 dang:
mot nghiém riéng cong tong clia timg tham s6 nhan mot vecto.

The number of parameters equals the number of free unknowns. The general solution has the form:
one particular solution plus the sum of each parameter times a vector.

1.7. Hé thuan nhat va nghiém tong quat bang nghiém riéng cong nghiém
thuan nhat — 1.7. Homogeneous Systems: General Solution Equals Particular Plus

Homogeneous

Hé thuan nhat 12 hé ma moi vé phai déu bang 0. Vi du: x + 2y = 0 va 3x + 4y = 0. Hé ¢6
vé phai khac 0 goi 13 khong thuan nhat. Mdi hé khong thuan nhat c6 mot "hé thuan nhat
tuong tng": gilt nguyén hé sd, thay moi vé phai bang 0.

A homogeneous system is one where every right-hand side is 0. For example: x + 2y = (0 and 3x
+ 4y = 0. A system with a nonzero right-hand side is called nonhomogeneous. Each such system

has an associated homogeneous system: keep the coefficients and replace every right-hand side
with 0.

B6 toan s6 0 ludn théa mot hé thuan nhat, vi thay vao thi moi vé trai déu bﬁng 0. N6 goi
1a nghiém tim thuong. Vi vay hé thuan nhat khong bao gio vo nghiém. Chi con hai kha
nang: chi c6 nghiém tam thudng, hoic c6 vo s6 nghiém.

The all-zero tuple always satisfies a homogeneous system, because every left side becomes 0. It

is called the trivial solution. So a homogeneous system is never inconsistent. Only two cases
remain: the trivial solution alone, or infinitely many solutions.

Néu c6 mot nghiém v khéc 0 thi moi boi $6 t-v cling 1a nghi¢m. Céc bdi sb nay khac nhau
doi mot, nén ta ¢ vo sb nghiém.

If there is one nonzero solution v, every multiple t-v is also a solution. These multiples are all
different, so there are infinitely many solutions.
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Ma tran suy bién va khong suy bién — Singular and nonsingular matrices

Hai khai ni¢m nay chi dung cho ma tran vuong, tuc ) hang béng sb cOt. Ma tran hé sb
vudng 1a khong suy bién néu hé thuin nhat trong Gng chi c6 nghiém tim thuong. Nguogc
lai, néu hé thuan nhat c6 vo sb nghiém thi ma tran suy bién.

These terms apply only to square matrices, meaning the number of rows equals the number of

columns. A square coefficient matrix is nonsingular if its homogeneous system has only the
trivial solution. If the homogeneous system has infinitely many solutions, the matrix is singular.

1. Viét hé thuan nhét c6 ma tran hé sé d6, moi vé phai bﬁng 0.
Write the homogeneous system with that coefficient matrix, every right-hand side 0.

2. Khir Gauss dua hé vé dang bac thang.
Reduce it to echelon form with Gauss's method.

3. Pém an tu do. Khong con an tu do thi ma tran khong suy bién. Con it nhat mot an tu
do thi ma tran suy bién.
Count the free variables. None left means the matrix is nonsingular. At least one free
variable means it is singular.

Vi DU/ EXAMPLE — Xét ma tran [1 2; 3 4], tic hé x + 2y = 0, 3x + 4y = 0. Lay hang 2 trir
3 1an hang 1 dugc —2y =0, nén y = 0 rdi x = 0. Chi c6 nghiém tam thuong, ma tran khong suy
bién. Xét ma tran [1 2; 3 6]: trir 3 1an hang 1 khoi hang 2 dugc 0 = 0. Con mot phwong trinh x
+2y =0v6iy tu do, nén c6 vo sd nghiém (x, y) = (-2y, y). Ma tran suy bién.

Take the matrix [1 2; 3 4], that is, x + 2y = 0 and 3x + 4y = 0. Subtract 3 times row [ from row 2 to
get =2y =0, soy = 0 and then x = 0. Only the trivial solution exists, so the matrix is nonsingular.
Now take [1 2; 3 6]: subtracting 3 times row [ from row 2 gives 0 = (. One equation x + 2y = 0
remains with y free, so there are infinitely many solutions (x, y) = (—2y, y). The matrix is singular.

VI DU/ EXAMPLE — Xét ma tran 3x3 [1 2 3; 4 5 6; 7 8 9]. Hang 2 trir 4 1an hang 1 duoc
—3y — 6z=0. Hang 3 trir 7 1an hang 1 dugc —6y — 12z = 0. Hang 3 trir 2 1an hang 2 cho 0 = 0.
Con hai phuong trinh cho ba 4n, z tw do. Ta ¢6 y = —2z va x = —2y — 3z = z. Nghiém la z+(1,
-2,1).Kiémtra: 1 —4+3=0,4—10+6=0,7 — 16 + 9 = 0. Ma tran suy bién.

Take the 3x3 matrix [12 3; 45 6; 78 9]. Row 2 minus 4 times row I gives =3y — 6z = 0. Row 3
minus 7 times row 1 gives —6y — 12z = (. Row 3 minus 2 times row 2 gives 0 = 0. Two equations

remain for three unknowns, with z free. So y = —2z and x = —2y — 3z = z. The solutions are z*(1, =2,
1). Check: 1 —4+3=0,4—10+6=0,7— 16 + 9 = 0. The matrix is singular.

Ma tran khong suy bién cho hé vudng c6 dung mot nghiém véi moi vé phai. Ma tran suy
bién thi khong bao gid cho ding mot nghiém: hé hoac vo nghiém hodc vo sb nghiém.

A nonsingular matrix gives a square system exactly one solution for every right-hand side. A
singular matrix never gives exactly one solution: the system has either none or infinitely many.

Vi DU/ EXAMPLE — Cung ma trén suy bién [1 2; 3 6], d6i vé phai. Hé x + 2y =5 va 3x +
6y = 15: hang 2 trir 3 1an hang 1 dwoc 0 = 0, nén c6 v sd nghiém (5, 0) + y-(—2, 1). Hé x +
2y =5 va 3x + 6y = 10: cung phép trir duge 0 = —5, vo nghiém. Ca hai két qua déu khac
"dung mot nghiém".

Keep the same singular matrix [1 2; 3 6] and change the right-hand sides. The system x + 2y = 5 and
3x + 6y = 15: row 2 minus 3 times row I gives 0 = 0, so there are infinitely many solutions (5, 0) +
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v(=2, 1). The system x + 2y = 5 and 3x + 6y = 10: the same subtraction gives () = =5, so there is no
solution. Neither outcome is "exactly one solution".

Nghi¢m tong quat = nghiém riéng + nghiém thuin nhat — General = particular +
homogeneous

Nghiém riéng 1 mot nghiém bat ky ciia hé dang xét, chon tiy y. Nghiém tong quat gom
moi vecto dang p + h, trong d6 p 1a nghiém riéng va h chay khap tap nghiém ctia hé thuan
nhat twong ung. Hinh dung: ban dimg ¢ mot diém p trén "ban do nghiém", réi dich
chuyén theo moi huéng ma hé thuan nhat cho phép.

A particular solution is any one solution of the system, chosen freely. The general solution
consists of all vectors p + h, where p is a particular solution and h runs over the solution set of

the associated homogeneous system. Picture standing at a point p on the solution map, then
moving in every direction the homogeneous system allows.

PHAI THUQC / MEMORISE — H¢ c6 nghiém riéng p thi tdp nghiém 13 {p + h| h 14
nghiém ciia hé thuan nhét tuong Gmg}. Hé khong c6 nghiém riéng thi tap nghiém rong.
If the system has a particular solution p, its solution set is {p + h | h solves the associated
homogeneous system). If there is no particular solution, the solution set is empty.

1. Khir Gauss hé da cho dé tim mot nghiém riéng p: cho moi 4n ty do bang 0 rdi thé
nguoc.
Apply Gauss's method to the given system and find one particular solution p: set every free
variable to 0, then back-substitute.

2. Viét hé thuan nhét twong Gng bang cach d6i moi vé phai thanh 0. Khir Gauss véi ciing
cac phép bién d6i hang.
Write the associated homogeneous system by changing every right-hand side to 0. Reduce it
with the same row operations.

3. Viét nghiém cua hé thuan nhét theo céc an tu do, dudi dang téng cac vecto nhan tham
s0.
Write the homogeneous solution in terms of the free variables, as a sum of vectors times
parameters.

4. Cong p vai két qua bude 3 dé duoc nghiém tong quat.
Add p to the result of step 3 to get the general solution.

Vi DU /EXAMPLE — Giai x + 2y — z =3 va 2x + 4y + z =9. L4y hang 2 trir 2 1an hang 1
dugc3z=3,nénz=1. Hang 1 con x + 2y =4, véi y tu do. Cho y = 0 thi x = 4, nghiém riéng
p=(4,0,1).Kiémtra:4+0—1=3va8+0+1=9. Hé thudn nhat: x + 2y —z=0 va 2x +
4y + z = 0. Phép khtr cho 3z=0, nén z =0 va x = —2y. Nghiém la y-(-2, 1, 0). Vay nghi¢m
téng quat 1a (4, 0, 1) + y-(=2, 1, 0) véi y thudc R. Chon nghiém riéng khac, y=1ra (2, 1, 1):
van ding, vi (2, 1, 1) = (4, 0, 1) + 1-(-2, 1, 0).

Solvex + 2y —z =3 and 2x + 4y + z = 9. Subtract 2 times row I from row 2 to get 3z = 3, soz = 1.
Row I becomes x + 2y = 4, with y free. Setting y = 0 givesx =4, sop = (4, 0, 1). Check: 4 + 0 — 1 =
3and 8 + 0+ 1 = 9. The homogeneous system is x + 2y — z = 0 and 2x + 4y + z = 0. Elimination
gives 3z = 0, so z = 0 and x = —2y. The solutions are y-(=2, 1, 0). The general solution is (4, 0, 1) +
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v(=2, 1, 0) for y in R. A different particular solution, y = 1, gives (2, 1, 1): still correct, since (2, 1, 1)
=(4,01)+1(=21,0).

VI DU/ EXAMPLE — Giai x + y =1 va 2x + 2y = 5. Lay hang 2 trir 2 1an hang 1 dugc 0 =3,
vo 1y. Hé khong c6 nghiém riéng nén tap nghiém rdng. Hé thuan nhét x + y = 0 van c6 vo s6
nghiém, nhung khong c6 p dé cong vao.

Solve x +y =1 and 2x + 2y = 5. Subtract 2 times row 1 from row 2 to get 0 = 3, a contradiction. With
no particular solution, the solution set is empty. The homogeneous system x + y = 0 still has infinitely
many solutions, but there is no p to add them to.

Vi thé tap nghiém cua mot hé tuyén tinh chi c6 ba kha ning: rdng, dung mot phan ti,
hodc vo s6 phan tir. Hé c6 ding mot nghiém khi c6 nghiém riéng va hé thuan nhat chi co
nghiém tim thuong.

So the solution set of a linear system has only three possibilities: empty, exactly one element, or

infinitely many. It has exactly one solution when a particular solution exists and the
homogeneous system has only the trivial solution.

LOI HAY GAP / COMMON MISTAKE — Cong nham nghiém ciia hai hé khéc loai. Phan h
phai 1dy tir hé thuan nhit (vé phai bang 0), khong phai tir hé gdc.

Mixing up the two systems. The part h must come from the homogeneous system (right sides 0), not
from the original system.

LOI HAY GAP / COMMON MISTAKE — Thay hé thuan nhét c6 nghiém rdi két luan hé
gbc 6 nghiém. Hé gbe c6 thé vo nghiém, nhu vidu x +y =1 va 2x + 2y = 5.

Seeing that the homogeneous system has solutions and concluding the original one does too. The
original may be inconsistent, as inx +y = I and 2x + 2y = 5.

LOI HAY GAP / COMMON MISTAKE — N6i ma tran 2x3 "suy bién". Chi ma tran vudng
moi xét suy bién hay khong.
Calling a 2%3 matrix "singular". Only square matrices are classified as singular or nonsingular.

LOI HAY GAP / COMMON MISTAKE — Tudng nghiém riéng 1a duy nhat nén d6i chiéu
dap an v6i mot p ¢b dinh. Nhiéu p khac nhau ciing dang, mién hiéu cua chung 1a nghiém cia
hé thuan nht.

Assuming the particular solution is unique and matching your answer against one fixed p. Many
different p all work, as long as their difference solves the homogeneous system.

1.8. Bién luan hé phwong trinh theo tham s0 — 1.8. Systems Depending on a
Parameter

Khi hé ¢6 tham sé m, mdi 1an khir ban s& gip mot phan tir tru chira m. Phan tir try 13 s6
dung dau hang dung dé triét cac s6 bén dudi. Néu n6 bang 0 thi phép chia hong, va két
luan vé nghiém ciing d6i. Nén ta khir nhu binh thudng, roi chia trudng hop theo gia tri m
1am tru bang 0.

When a system contains a parameter m, some pivots will involve m. A pivot is the leading entry
of the row you use to clear the entries below it. If it equals 0, division fails and the conclusion

about solutions changes. So eliminate as usual, then split into cases by the values of m that make
a pivot zero.
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Quy trinh - Procedure

1. Lap ma trAn mé rong, gitr nguyén m & cac 6. Pua s6 1 hodc s6 khong chira m 1én lam
try dau tién néu co thé, bang cach d6i chd hai hang.
Write the augmented matrix and keep m in its cells. If possible, swap rows so that a pivot
free of m comes first.

2. Khir vé dang bac thang bang phép bién ddi hang chi ding phép nhan véi sé khong
chtra m rdi cong hang. Tranh chia ca hang cho biéu thic c6 m.
Reduce to echelon form using only row additions with multiples free of m. Avoid dividing a
whole row by an expression containing m.

3. Nhin hang cudi, thuong c6 dang (hé sé theo m) - z = (vé phai theo m). Phén tich h¢ s6
va vé phai thanh nhan tu.
Look at the last row, usually of the form (coefficient in m) - z = (right side in m). Factor
both.

4. Giai hé s6 bang 0 dé tim cac gia tri m ddc biét. Moi m con lai thudc mot truong hop
chung.

Solve coefficient = 0 to find the special values of m. All other m form one general case.

5. Vi timg gia tri ddc biét, thay m vao rdi xét hang d6: dang 0 = 0 thi ¢6 ty do, dang 0 =
s6 khac 0 thi vo nghiém. Két luan ting trudng hop.
For each special value, substitute m and inspect that row: 0 = 0 leaves a free variable, () =
nonzero means no solution. State a conclusion for each case.

6. Thtr lai mot gia tri m cu thé trong mdi trudng hop bang cach thay vao ca ba phuong
trinh gbc. Budc nay bat 15i tinh toan nhanh hon doc lai ca bai.
Test one concrete value of m in each case by substituting into all the original equations. This
catches arithmetic slips faster than rereading the whole solution.

Vi DU / EXAMPLE — Bién ludn hé: x + y + z=1; x + 2y + 3z =2; x + 3y + (m*+4)z = m+2.
Lay hang 2 trir hang 1: y + 2z = 1. Liy hang 3 trir hang 1: 2y + (m*+3)z = m+1. Lay két qua
nay trir 2 1an (y + 2z = 1): (m>-1)z = m—1, tirc (m—1)(m+1)z =m—1. Try bang 0 khi m = 1
hodc m = —1. Truong hgp m = 1: phuong trinh thanh 0 =0, ztg do. Pat z=tthiy = 1-2t, x =
t. V6 s6 nghiém (t, 1-2t, t). Thir vao hang 3 véim = 1: t + 3 — 6t + 5t = 3 = m+2, dling.
Truong hop m = —1: phuong trinh thanh 0 = —2, h¢ v0 nghiém. Truong hop m khac 1 va —1: z
= 1/(m+1), y = (m—1)/(m+1), x = 1/(m+1), nghiém duy nhat. Thir m = 0: (1, —1, 1) thoa ca ba
phuong trinh.

Discuss the system: x +y +z=1; x + 2y + 3z = 2; x + 3y + (m?+4)z = m+2. Row 2 minus row 1
gives y + 2z = 1. Row 3 minus row I gives 2y + (m?*+3)z = m+1. Subtract 2 times (y + 2z = 1) from it:
(m’—1)z = m—1, that is (m—1)(m+1)z = m—1. The pivot vanishes atm = 1 orm = —1. Casem = I:
the equation becomes 0 = 0 and z is free. Put z = t, then y = 1—2t, x = t. Infinitely many solutions (t,
1-2t, t). Check inrow 3 withm = 1:t + 3 — 6t + 5t = 3 = m+2, correct. Case m = —1: the equation
becomes 0 = —2, so there is no solution. Case m not 1 and not —1:z = 1/(m+1), y = (m—1)/(m+1), x
= 1/(m+1), a unique solution. Check m = 0: (1, —1, 1) satisfies all three equations.

Vi DU / EXAMPLE - Vi du thit hai, ngén hon: h¢ x +y=1;2x + 2y =m. Léy hang 2 trur 2
lan hang 1 dugc 0 =m — 2. H¢ s6 ctia moi bién da béng 0 nén khong con try nao dé chia. Khi
m=2thi0=0, v sb nghiém (1—t, t). Khi m khac 2 thi 0 béng mot s6 khac 0, vd nghiém. H¢
nay khong bao gior ¢ nghiém duy nhat, du m Iy gia trj nao.
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A second, shorter example: the system x +y = 1; 2x + 2y = m. Row 2 minus 2 times row 1 gives ) = m
— 2. Every variable's coefficient is already 0, so no pivot is left to divide by. For m = 2, 0 = 0 and the
solutions are (1—t, t). For m not 2, 0 equals a nonzero number, so there is no solution. This system
never has a unique solution, whatever m is.

PHAI THUQC / MEMORISE — V&i hé vudng, nghiém duy nhat khi moi tru khac 0. Hang
cudi dang 0 = 0 cho vo $6 nghiém, dang 0 = s6 khac 0 cho vo nghiém.

For a square system, the solution is unique when every pivot is nonzero. A last row 0 = 0 gives
infinitely many solutions; () = nonzero gives none.

LOI HAY GAP / COMMON MISTAKE — Chia hai vé cho m—1 dé rit gon thanh z =
1/(m+1). Lam vay 13 ngam gia st m khac 1, nén mt trudng hop m = 1 va két luan thiéu. Mdi
khi mudn chia cho mot biéu thirc 6 m, hiy tach riéng trudng hop biéu thirc d6 bang 0 trudc.
Dividing both sides by m—1 to get z = 1/(m+1) silently assumes m is not 1, so the case m = 1 is lost
and the answer is incomplete. Before dividing by any expression containing m, handle the case where
it equals 0 separately.

LOI HAY GAP / COMMON MISTAKE — Két ludn m = —1 v6 nghiém chi vi hé sb bing 0,
ma quén so v6i vé phai. Hé s6 bang 0 va vé phai ciing bang 0 thi v sb nghiém, khong phai vo
nghiém.

Declaring no solution at m = —1 just because the coefficient is 0, without checking the right side. A
zero coefficient with a zero right side gives infinitely many solutions, not none.

MEO / TIP — Bai d¢ thi hay hoi ba y: v6 nghiém, duy nhit, vé s6 nghiém. Hay ghi bang két
ludn cubi bai gdm du gia tri m cho ca ba, va néu mot y khong xay ra thi viét 15 "khong coé m
nao".

Exam questions often ask for three cases: no solution, unique, infinitely many. End with a conclusion
listing the values of m for all three, and write "no such m" when a case never occurs.

«Luyén: hé x +y=1; 2x + my = 2. Hang 2 trir 2 1an hang 1 cho (m—2)y = 0. Khi m
khac 2 thiy =0, x = 1, duy nhat. Khi m = 2 thi 0 = 0, v6 sd nghiém (1-t, t). Khong ¢6
m nao lam hé vo nghi¢m.

Practice: the system x +y = 1; 2x + my = 2. Row 2 minus 2 times row 1 gives (m—2)y = 0.
Formnot 2, y = 0 and x = 1, unique. For m = 2, 0 = 0 and the solutions are (I—t, t). No m
makes the system inconsistent.

1.9. Bai tap van dung c0 10i giai — 1.9. Applied exercises with solutions

Bai 1. Giai hé ba phwong trinh ba an bang phép khir Gauss va thé ngwoe — Exercise
1. Solving a three-by-three system by Gaussian elimination and back-substitution
Giaihéx+y+z=6,2x—y+z=3,x+2y—z=2 bang cach dua ma trin mo rong vé
dang bac thang rdi thé nguoc.
Solve the systemx +y +z=6,2x —y +z =3, x + 2y — z = 2 by reducing the augmented matrix
to echelon form and then back-substituting.

1. Viét ma tran mo rong v&i ba hang: (11 1]6), (2—-11|3),(12-1]2).

Write the augmented matrix with three vows: (1 116), (2—11|3),(12—-1|2).
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2. Khir cot 1: hang 2 trir 2 1an hang 1 ra (0 —3 —1 | —9); hang 3 trir hang 1 ra (0 1 -2 |
—4).
Clear column 1: row 2 minus 2 times row 1 gives (0 —3 —1 | —9); row 3 minus row 1 gives
01-2|—4).

3. P6i chd hang 2 voi hang 3, rdi cong 3 1an hang 2 méi vao hang 3: duge (00 —7 |
—21). Ma tran da c6 dang bac thang.
Swap rows 2 and 3, then add 3 times the new row 2 to row 3: this gives (00 —7 | =21). The
matrix is now in echelon form.

4. Thé nguoc tir hang cudi: —7z=-21nén z=3. Hang 2: y — 2:3 =—4 nén y = 2. Hang
l:x+2+3=6nénx=1.
Back-substitute from the last row: —7z = =21 gives z = 3. Row 2: y — 2:3 = —4 gives y = 2.
Rowl:x +2+3=6givesx = 1.

5. Két qua: nghiém duy nhét (x, y, z) = (1, 2, 3). Thir vao phuong trinh 2: 2 —2 + 3 =3,
ding.
Result: the unique solution is (x, v, z) = (1, 2, 3). Check in equation 2: 2 — 2 + 3 =3,
correct.

Bai 2. H¢ bon an c6 an tu do, viét nghiém dang vecto — Exercise 2. A four-unknown
system with a free variable, solution in vector form

Gidihé x +2y —z+t=3,2x + 4y —z+ 4t =8, x + 2y + z + 3t = 5. Xéc dinh 4n chinh, 4n
tu do va viét tap nghiém dang vecto riéng cong thuan nhét.

Solve the system x + 2y —z+t=3,2x + 4y —z+ 4t =8 x + 2y + z + 3t = 5. Identify the

leading and free variables and write the solution set in vector form as a particular solution plus
a homogeneous part.

I.Matranmé réng: (12—-111]3),(24-1418),(1213]5).Cét an theo tht tu x, Yy, Z,
t.
Augmented matrix: (12 —1113), (24-14|8), (1213]5). Columns are in the order x, y,
z, L.

2.Hang 2 trir 2 lan hang 1ra (00 12 |2); hang 3 trirhang 1 ra (002 2 | 2).
Row 2 minus 2 times row 1 gives (001 2| 2); row 3 minus row I gives (0022 | 2).

3. Hang 3 trir 2 1an hang 2 ra (0 0 0 —2 | —2). Dang béc thang c6 phan tir dan dau & cot x,
cOt z va cOt t.
Row 3 minus 2 times row 2 gives (0 0 0 —2 | —2). The echelon form has leading entries in the
columns of x, z and t.

4. An chinh 13 x, z, t. Cot y khong c6 phan tir dan dau nén y 13 4n ty do; daty =s.
The leading variables are x, z, t. Column y has no leading entry, so y is free, sety = s.

5. Thénguqc: —2t=-2nént=1;z+2'1=2nénz=0;x+2s—0+1=3nénx=2—
2s.
Back-substitute: =2t = =2 givest =1,z + 21 =2givesz=0;,x +2s — 0+ [ = 3 gives x =
2—2s.

6. Két qua: (x,y,z,t)=(2,0,0,1)+s(-2,1,0,0) vois tuy y. Voi s = 1 ta dugce (0, 1, 0,
1); thtr vao phuong trinh 3: 0 +2 + 0 + 3 =5, dng.
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Result: (x,y,z, 1) =(2,0,0, 1) +s(=2, 1, 0, 0) for any s. With s = 1 we get (0, 1, 0, 1); check
in equation 3: 0 +2 + 0 + 3 =5, correct.

Bai 3. Bién luin s6 nghiém ciia hé theo tham s6 m — Exercise 3. Discussing the number
of solutions by the parameter m

Biénluéntheomsénghiémcﬁahéx+y+z= I, x+2y+3z=2,x+ 3y + mz =4; khi
c¢6 nghiém duy nhat hiy tim nghiém.

Discuss, by the value of m, the number of solutions of x + y +z=1,x+2y +3z=2,x + 3y +
mz = 4,; when the solution is unique, find it.

I.Matranmé rong: (1 1 1[1),(123(2),(13m|4).
Augmented matrix: (1 11|1),(123|2),(13m|4).

2.Hang 2 trrthang 1 ra (0 1 2 | 1); hang 3 trir hang 1 ra (0 2 m—1 | 3).
Row 2 minus row 1 gives (01 2| 1); row 3 minus row 1 gives (02 m—1 | 3).

3. Hang 3 trir 2 1an hang 2 ra (0 0 m—5 | 1), tirc 1a phwong trinh (m — 5)z = 1.
Row 3 minus 2 times row 2 gives (0 0 m—35 | 1), which is the equation (m — 5)z = 1.

4. Néu m = 5 thi phuong trinh thanh 0-z = 1, titc 0 = 1, mAu thuin nén hé vo nghiém.
If m =5 the equation becomes 0z = 1, that is 0 = 1, a contradiction, so the system has no
solution.

5. Néu m khéc 5 thi ca ba cot déu co phﬁn tir dan dau, hé co nghiém duy nhat. Thé
nguoc: z= 1/(m—5); y=1—-2z=(m-7)/(m-5); x=1—-y—z= 1/(m=5).
If m is not 5, all three columns have leading entries and the solution is unique. Back-
substitute: z = 1/(m—5); y =1 — 2z = (m—7)/(m—5); x =1 —y —z=1/(m=)5).

6. Két qua: m = 5 thi v nghiém; m khac 5 thi nghiém duy nhét x = 1/(m—5), y =
(m=7)/(m=5), z=1/(m—5). Thit m = 6: (1, —1, 1) thoa c& ba phuong trinh.
Result: m = 5 gives no solution;, m not equal to 5 gives the unique solution x = 1/(m—35), y =
(m—7)/(m=35), z = 1/(m—5). Check m = 6: (I, —1, 1) satisfies all three equations.

1.10. Cau héi ty luan va dan y tra loi — 1.10. Essay questions and answer outlines

Cau 1. Néu ba phép bién ddi so' cap trén hang va giai thich vi sao chiing khong lam
ddi tap nghiém cia hé.

Question 1. State the three elementary row operations and explain why they do not change the
solution set of a system.

« Ba phép: d6i chd hai hang, nhan mét hang véi s khac 0, cong vao mot hang mot boi
cua hang khac.
The three operations: swap two rows, multiply a row by a nonzero number, add a multiple of
one row to another.

« Poi chd chi doi thir ti viét cac phuong trinh; nhan véi sé khéc 0 thi ¢6 thé nhan ngugc
lai dé tré vé hé cil.
Swapping only changes the order in which equations are written, multiplying by a nonzero
number can be undone by multiplying back.

» Cong boi cua hang khac ciing ddo ngugc dugc bang cach trir ding bdi d6, nén hai hé
c6 cung nghiém.
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Adding a multiple of another row can be undone by subtracting that same multiple, so both
systems have the same solutions.

« Nhén véi 0 bi cAm vi lam mat mot phuong trinh va khong quay lai duoc.
Multiplying by 0 is forbidden because it destroys an equation and cannot be undone.

Céiu 2. Trinh bay cach doc s6 nghiém ciia hé tir dang bac thang ciia ma tran mé
rong.

Question 2. Explain how to read the number of solutions of a system from the echelon form of its
augmented matrix.

* C6 hang dang (0 ... 0 | ¢) voi ¢ khac 0 thi h¢ v6 nghi€m, vi hang d6 n6i 0 = c.
A row of the form (0 ... 0 | ¢) with ¢ nonzero means no solution, since that row says 0 = c.

« Khong mau thuan va moi ¢t 4n déu c6 phan tir dan dau thi hé c6 dung mot nghiém,
tim bang thé nguoc.
No contradiction and a leading entry in every unknown's column means exactly one solution,
found by back-substitution.

« Khong mau thudn va con it nhat mot ¢t an khong co phﬁn tir dan dau thi hé ¢ vo sd
nghiém.
No contradiction and at least one unknown's column without a leading entry means infinitely
many solutions.

* Vi du nhanh: h¢ 4 4n ¢6 3 hang khac 0, khong méau thuin, thi c6 1 an tu do.
Quick example: a 4-unknown system with 3 nonzero rows and no contradiction has 1 free
variable.

Céu 3. Phan biét n chinh va an tw do, roi néu cach viét tip nghiém bing tham s6 va
dang vecto.
Question 3. Distinguish leading variables from free variables and describe how to write the
solution set with parameters and in vector form.
« An chinh 13 4n c6 phan tr ddn dau ciia mot hang trong dang bac thang; 4n con lai 14 an
tu do.
A leading variable is one whose column holds a row's leading entry in echelon form, the
remaining unknowns are free.
« Mbi an ty do duoc gan mot tham sb (nhu s, t); cac an chinh tinh theo tham s bang thé
nguoc.
Each free variable gets a parameter (such as s, t); the leading variables are computed from
the parameters by back-substitution.
« Gom céc sd hang khong chira tham s6 thanh mot vecto cb dinh, cac sb hang chura tung
tham s6 thanh vecto nhan véi tham sé do.
Collect the terms without parameters into one fixed vector, and the terms with each
parameter into a vector multiplied by that parameter.

« Thir lai bang cach thay vai gia tri tham s vao hé goc.
Check by substituting a few parameter values into the original system.
Ciu 4. Vi sao nghi¢m tong quat ciia h¢ khong thuin nhat bing mét nghiém riéng
cong nghiém tong quat ciia hé thuin nhat twong vimg?
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Question 4. Why is the general solution of a nonhomogeneous system a particular solution plus
the general solution of the corresponding homogeneous system?

« Hé thudn nhét 1 hé c6 vé phai toan s 0; né ludn c6 nghiém tam thudng (0, 0, ..., 0).
A homogeneous system has all right-hand sides equal to 0; it always has the trivial solution
0,0, ..., 0).

« Néu p 12 mot nghiém riéng cua hé gdc va q 1a nghiém bat ky cta hé gdc thi q — p thoa
hé thuan nhét.

If p is a particular solution of the original system and q is any solution of'it, then ¢ — p
satisfies the homogeneous system.

« Nguoc lai, p cong véi bat ky nghiém thuan nhat nao van thoa hé gdc, nén hai tap
nghiém khép nhau.

Conversely, p plus any homogeneous solution still satisfies the original system, so the two
descriptions give the same set.

« Viduy: (2,0, 0, 1) 1a nghiém riéng, s(—2, 1, 0, 0) 12 phan thuan nhat.

Example: (2, 0, 0, 1) is the particular solution and s(—2, 1, 0, 0) is the homogeneous part.

1.11. Cau héi tric nghiém — 1.11. Multiple-choice questions

1. Phép nao sau ddy KHONG phai 1a phép bién d6i so cap trén hang?
Which of the following is NOT an elementary row operation?
A. Nhan mét hang v&i =3 / Multiply a row by —3
B. Cong vao mdt hang 4 1an mot hang khac / Add 4 times another row to a row
C. Poi chd hai hang / Swap two rows
D. Nhan mdt hang v6i 0 / Multiply a row by 0

2. Ma trin mo rong cta hé hai an sau khi khir 12 (1 2 | 3) va (0 0 | 5). Hé nay co6 bao nhiéu

nghiém?
After elimination, the augmented matrix of a two-unknown system is (1 2 | 3) and (0 0 | 5).
How many solutions does it have?

A. V0 s6 nghiém v6i mot tham s& / Infinitely many solutions with one parameter

B. V6 nghiém / No solution

C. bung mét nghi€ém / Exactly one solution

D. Bung hai nghiém / Exactly two solutions

3. Hé c6 4 an, dang bac thang c6 3 hang khac 0 va khong c6 hang mau thuan. S6 an ty do
la bao nhiéu?
A system has 4 unknowns, its echelon form has 3 nonzero rows and no contradictory row.
How many free variables are there?

A.0
B.3
C.4
D.1
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4. Phat biéu nao dung vé hé thuan nhat ba 4n ba phuong trinh?
Which statement about a homogeneous system of three equations in three unknowns is
correct?

A. Ludn ¢6 vo sb nghiém / It always has infinitely many solutions
B. Ludn c6 nghi€ém (0, 0, 0) / It always has the solution (0, 0, 0)
C. Ludn c6 ding mot nghi€ém / It always has exactly one solution

D. C6 thé vo nghiém néu hé s6 16n / It may have no solution if the coefficients are
large

5. Cho p 1a mot nghiém riéng ctia hé khong thuan nhat. Nghiém tong quat ctia hé d6 1a
gi?
Let p be a particular solution of a nonhomogeneous system. What is its general solution?
A. Tong ctia hai nghiém riéng khac nhau ciia chinh hé d6 / The sum of two different
particular solutions of that same system
B. p nhan véi nghiém ctia hé thudn nhat / p multiplied by a solution of the
homogeneous system
C. p cong voi nghiém tong quat ctia hé thuan nhét twong Gng / p plus the general
solution of the corresponding homogeneous system
D. Chi riéng nghiém tong quét ciia hé thuan nhat twong (mg / Only the general
solution of the corresponding homogeneous system
6. Hé x +y =3 va 2x + 2y = k ¢ vo s nghiém khi k bang bao nhiéu?
The system x +y = 3 and 2x + 2y = k has infinitely many solutions when k equals what?
A.6
B.0
C.3
D. 12

7.Hé x +2y=5,z=4co an tu do y = t. Tap nghiém dang vecto (x, y, z) 1a gi?
The system x + 2y = 5, z = 4 has free variable y = t. What is the solution set in vector form
(x, v, 2)?
A.(5,0,4)+t(—2,1,0)
B.(5,0,4)+t(1,-2,0)
C.(5,0,4)+12,1,0)
D. (0,5,4)+t(-2,1,0)

8. Dang bac thang ctamoth¢ lax +y+z=6,y +2z="7,z=2. Nghiém cua h¢ 1a gi?
An echelon form of a systemisx +y +z =6,y + 2z =7,z = 2. What is the solution?
A.(3,2,1)
B.(2,3,1)
C.(1,3,2)
D. (1, 2, 3)
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Chuong 2. Khir Gauss—Jordan, hang ma tran va ing dung -
Chapter 2. Gauss—Jordan Reduction, Rank and Applications

Muc tiéu chwong — Chapter objectives

« Pua duoc mot ma tran vé dang bac thang rit gon bang cac phép bién d6i hang, rdi doc
nghiém cua h¢ tr dang do
Reduce a matrix to reduced echelon form with row operations, then read the solutions of the
system from it

¢ Tinh dugc hang ma tran va dung dinh ly Kronecker—Capelli dé két luan hé vo nghiém,
c6 mot nghiém hay vo s6 nghiém
Compute the rank of a matrix and use the Kronecker—Capelli theorem to decide whether a
system has no solution, one solution or infinitely many

* Lap va giai dugc hé phuong trinh cho mach di¢n, nut giao thong va mo hinh lién
nganh, rdi kiém tra két qua bang phan mém
Set up and solve systems for electric circuits, traffic junctions and input—output models, then
check the result with software

2.1. Phép khir Gauss—Jordan va dang bac thang rit gon — 2.1. Gauss—Jordan
Reduction and Reduced Echelon Form

Khir Gauss dua ma tran vé dang bac thang, roi ban con phai thé nguogc tu dudi 1én. Khir
Gauss—Jordan 1am thém mot doan nita trén chinh ma tran, dé nghiém hién ra ngay ma
khong can thé ngugc. Cach nay gidng viéc don ban tdi cing: mdi ¢t try chi con dung
mét con sb 1, chd khac sach tron.

Gauss's method brings a matrix to echelon form, and then you still back-substitute from the
bottom up. Gauss—Jordan reduction keeps going on the same matrix so the solution appears at
once, with no back-substitution. Think of tidying a desk all the way: each pivot column keeps a
single 1 and everything else in it is cleared.

Truéce hét nhic lai hai tir. Phan t tru 14 s6 khac 0 dau tién tinh tir bén trai cia mdi hang
khac 0. Cot chira n6 goi 1a cot try.
First, two terms. The pivot of a nonzero row is its first nonzero entry from the left, and the
column holding it is a pivot column.

PHAI THUQC / MEMORISE — Ma tran ¢ dang bac thang rat gon khi: (1) no da ¢ dang bac
thang; (2) moi phan tir tru bang 1; (3) trong mdi cot tru, cac sd khac déu bang 0 (ca phia trén
14n phia duéi try).

A matrix is in reduced echelon form when: (1) it is already in echelon form, (2) every pivot equals 1;
(3) in each pivot column all other entries are 0, above the pivot as well as below it.

Cach lam - How to do it

1. Khr Gauss nhu thudng: dung phép bién d6i hang dé dwa ma tran mé rong vé dang
bac thang.
Run ordinary Gauss elimination: use row operations to bring the augmented matrix to
echelon form.
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2. Bi tir tru cudi cung (dudi cing, bén phai) nguoc 1én. Nhan hang chira try véi s6
nghich dao dé try thanh 1.
Start at the last pivot (bottom right) and work upward. Multiply the pivot's row by a
reciprocal so the pivot becomes 1.

3. Cong vao mdi hang phia trén mot boi cia hang tru do, sao cho sb nam trén try trong
cot 4y thanh 0.
Add a multiple of that pivot row to each row above it so the entries above the pivot become
0.

4. Lap lai voi tru ké tiép phia trén, cho téi tru dau tién. Roi doc nghiém truc tiép tr ma
tran.
Repeat with the next pivot up, until you reach the first one. Then read the solution straight
off the matrix.

VI DU/ EXAMPLE — Giai hé x + 2y + z= 8; 2x + Sy + z = 15; x + y + 3z = 12. Ma trin m&
rong 3 x 4 (cot cudi 1a vé phai), cac hang cach nhau ddu chdm phay.

Solvex +2y +z=8;2x + 5y +z=15; x +y + 3z = 12. The augmented matrix is 3 x 4 (last column
is the right-hand side), rows separated by semicolons.

|[l2l|8;251|15;113|12}

Phan khir Gauss gdm 3 phép. Trir 2 1an hang 1 khoi hang 2, trir hang 1 khéi hang 3, roi
cong hang 2 vao hang 3. Cactru 1, 1, 1 da béng 1 sdn nén khong can nhan.

The Gauss part takes 3 operations: subtract 2 times row I from row 2, subtract row I from row
3, then add row 2 to row 3. The pivots 1, 1, 1 are already 1, so no scaling is needed.

|[121|8;Ol—1|—1;001|31

Phan Jordan, tir try dudi cing. Cong hang 3 véo hang 2, trir hang 3 khoi hang 1, rdi trir 2
lan hang 2 khoéi hang 1.

The Jordan part, from the bottom pivot. Add row 3 to row 2, subtract row 3 from row I, then
subtract 2 times row 2 from row 1.

|[100|1;010|2;001|31

Docrax=1,y=2,z=3. Tht vao phuong trinh tht hai: 2-1 + 5-2 + 3 = 15, dng.
Reading off gives x = 1, y = 2, z = 3. Check in the second equation: 2-1 + 5-2 + 3 = 15, correct.

So sanh s6 budc: khir Gauss mat 3 phép bién d6i hang, roi thé nguoc thém 3 phép tinh (z,
10i y, 16i x). Gauss—Jordan mat 3 + 3 = 6 phép bién doi hang va khong can thé nguoc.
Tong cong viée gan nhu nhau; Gauss—Jordan chi chuyén phan thé nguoc thanh thao tac
trén hang. Loi ich 1a két qua sach, dé doc, it nhdm khi ¢6 nhiéu an ty do.

Step count: Gauss takes 3 row operations plus 3 back-substitution calculations (z, then y, then
x). Gauss—Jordan takes 3 + 3 = 6 row operations and no back-substitution. The total work is

about the same; Gauss—Jordan just turns back-substitution into row operations. The gain is a
clean result that is easy to read and harder to get wrong when there are free variables.

Khi ¢6 an tu do, dang rut gon ciling doc théng duoc. Véi ma tran mo rong [1 023 ;0 1 -
1| 4], cot 3 khong c6 tryu nén z 1a an tu do, dat z =t. Hang 1 chox =3 -2t, hang 2 choy =
4+t
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With free variables, the reduced form still reads off directly. For the augmented matrix [1 0 2 | 3
;0 1-114], column 3 has no pivot, so z is free, set z = t. Row 1 gives x = 3 - 2t and row 2 gives
y=4+t

VI DU/ EXAMPLE — Thém mot hé hai 4n ma tru dau chwa bang 1: 2x + 4y = 10; x + 3y =
6. Ma tran m¢ rong nhu sau:

One more example, a two-unknown system whose first pivot is not yet 1: 2x + 4y = 10; x + 3y = 6.
The augmented matrix is:

|[24|10;13|6]

Nhén hang 1 véi 1/2 dé duge [1 2 | 5]. Trir hang 1 khoi hang 2 dé duge [0 1 | 1]. Hai tru
d3 bang 1. Cudi cung trir 2 1an hang 2 khoi hang 1.

Multiply row 1 by 1/2 to get [1 2 | 5]. Subtract row I from row 2 to get [0 1 | 1]. Both pivots are
now 1. Finally subtract 2 times row 2 from row 1.

| mo1 3010 1

Doc ra x = 3, y = 1. Thir phuong trinh dau: 2-3 + 4-1 = 10, dung; phuong trinh hai: 3 +
3-1 =6, dung.
Reading off gives x = 3, y = 1. Check the first equation: 2-3 + 4-1 = 10, correct, the second: 3 +
3:1 = 6, correct.

LOI HAY GAP / COMMON MISTAKE — Don sach s6 phia trén try nhung quén mét s6
phia dudi (hodc nguoc lai). Sau mdi tru, hay soi ca cot do tu trén xuéng dudi.

Clearing the entries above a pivot but forgetting those below it (or the reverse). After each pivot, scan
the whole column top to bottom.

LOI HAY GAP / COMMON MISTAKE — Lam cot dau rdi cot hai theo chiéu xu6i sau khi
d3 dua vé bac thang. Cach nay 1am hong cac sé 0 da tao. Hay di tir tru cubi ngugc 1én.
Working forward column by column after reaching echelon form. This can destroy zeros you already
made. Go from the last pivot upward.

LOI HAY GAP / COMMON MISTAKE — Nhén hang véi sb nghich dao nhung quén nhan
ca cot vé phai. Mdi phép bién ddi phai tac dong 1én ca hang cia ma trin mé rong.

Scaling a row but forgetting the right-hand-side entry. Every operation must act on the whole row of
the augmented matrix.

LOI HAY GAP / COMMON MISTAKE — Dimg khi try con 13 2 hay 3 vi thiy cot da cé
céc s6 0. Tru chua béng 1 thi ma tran chua & dang rut gon, nén hay chia hang cho tru do.
Stopping while a pivot is still 2 or 3 because the column already has zeros. With a pivot other than 1
the matrix is not yet reduced, so divide that row by its pivot.

MEO / TIP — Dang bac thang rit gon ciia mét ma tran l1a duy nhét, du ban chon thir tu phép
bién d6i nao. Néu hai ngudi lam ra két qua khac nhau, chic chin c6 mot ngudi tinh sai.

The reduced echelon form of a matrix is unique, whatever order of operations you choose. If two
people get different results, at least one made an arithmetic slip.
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2.2. Ma tran twong dwong hang va tinh duy nhat ciia dang riit gon — 2.2. Row

Equivalence and Uniqueness of the Reduced Form

Hai ma tran cing c& goi la twong duong hang néu tir ma tran nay, dung cac phép bién doi
so cap trén hang, ta bién dugc thanh ma tran kia. Ba phép d6 1a d6i chd hai hang, nhan
mot hang véi sb khac 0, cong vao mot hang boi cia hang khac.

Two matrices of the same size are row equivalent if row operations can turn one into the other.
The three operations are swapping two rows, multiplying a row by a nonzero number, and
adding a multiple of one row to another.

Hay nghi t6i phan sé: 3/5 va 9/15 trong khac nhau nhung rat gon déu ra 3/5. O day ciing
vay, "rat gon" 1a dua vé dang bac thang rat gon (dang c6 mdi sb6 1 dau hang Ia sb khac 0
duy nhét trong cdt cua no, da lam ¢ muc 2.1).

Think of fractions: 3/5 and 9/15 look different, yet both reduce to 3/5. Here, "reducing" means
reaching reduced row echelon form (each leading 1 is the only nonzero entry in its column, as in
section 2.1).

Quan hé nay cong bang theo ca hai chiéu, vi mdi phép bién ddi déu dao nguge duge: doi
chd thi ddi lai, nhan ¢ thi nhan 1/c, cong k 1an hang i thi trir k 1an hang d6. Néu A bién
dugc thanh B thi B ciing bién dugc vé A. Ghép hai chudi bién ddi lién tiép thi A t6i C
qua B. Nho vay céc ma tran cung c& chia thanh timg "16p", mdi ma tran nam trong ding
mot 16p.

The relation works both ways, because every operation can be undone: swap again, multiply by
1/c, or subtract k times the row you added. If A becomes B, then B becomes A. Chaining two
sequences takes A to C through B. So matrices of one size split into classes, and each matrix lies
in exactly one class.

Dang riit gon 1a duy nhit — The reduced form is unique

PHAI THUQC / MEMORISE — M&i ma tran twong duong hang véi ding mot ma tran bac
thang rut gon. HE qua: hai ma tran cung cd twong duong hang khi va chi khi ching c6 cung
dang bac thang rat gon.

Every matrix is row equivalent to exactly one reduced row echelon matrix. Consequence: two
matrices of the same size are row equivalent if and only if they have the same reduced row echelon
form.

Chir "c6" do phép khir Gauss—Jordan dam bao: lam du céac budc thi ludén téi duoc dang
rat gon. Chit "duy nhat" nghia 1a ban khir theo thir tw nao, d6i chd hang nao, két qua cudi
van 1a mot ma tran d6. Vi tri cac cot chi va cac sd con lai khong phu thudc cach lam.
Chung minh chi tiét khong can cho ky thi, ban chi can dung két luan.

Existence comes from Gauss—Jordan elimination: carry out all the steps and you always reach
the reduced form. Uniqueness means that whatever order you work in, you end at the same
matrix. The pivot columns and the other entries do not depend on your method. The full proof is
not needed for the exam,; you only need to use the result.
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M&i 16p c¢6 mot "dai dién" chuédn 1a dang rt gon ctia nd. Vi ma tran ¢& 2x2, moi 16p chi
thudc bdn kiéu dai dién: ma tran khong, ma tran (1 a; 0 0) véia la s6 thuc bat ky, ma tran
(0 1; 0 0), va ma tran don vi. Lop ctia ma tran don vi gdm moi ma tran 2x2 kha nghich.

Each class has a standard representative: its reduced form. For 2x2 matrices, every class has

one of four kinds of representative: the zero matrix, (1 a; 0 0) with a any real number, (0 1; 0 0),
and the identity matrix. The identity's class contains all invertible 2 x2 matrices.

Cach kiém tra hai ma tran cé twong dwong hang khong — How to test whether two
matrices are row equivalent

1. Kiém tra hai ma trén c6 cung c& khong. Khac c& thi két luan ngay 1a khong tuong
duong hang.

Check that the two matrices have the same size. If not, they are not row equivalent.

2. Pua ting ma tran vé dang bac thang rit gon bang Gauss—Jordan, ghi rd ting phép
bién doi.
Reduce each matrix to reduced row echelon form with Gauss—Jordan, writing down each
operation.

3. So sanh hai dang rit gon timg 6 mot. Gidng hét nhau thi twong duwong hang, khac ¢ du
mot 0 thi khong.
Compare the two reduced forms entry by entry. If identical, the matrices are row equivalent;
if any entry differs, they are not.

Vi DU / EXAMPLE — X¢ét ba ma tran c¢d 3%3: A c6 cac hang (1,2, 1), (2,5,4),(3,7,5).B
c6 céac hang (1, 0, -3), (1, 1, —-1), (2, 1, —4). C c6 cac hang (1, 2, 1), (2, 4, 3), (3,6, 5). Hoi A,
B, C ma tran ndo tuong duong hang véi nhau? Véi A: 1ay hang 2 trir 2 1an hang 1 ra (0, 1, 2);
lay hang 3 trir 3 1dn hang 1 ra (0, 1, 2). LAy hang 3 trir hang 2 ra (0, 0, 0). Lay hang 1 trir 2 1an
hang 2 ra (1, 0, —3). Dang rtit gon cua A: (1, 0, =3), (0, 1, 2), (0, 0, 0). Véi B: hang 2 trir hang
1ra (0, 1,2); hang 3 trir 2 1an hang 1 ra (0, 1, 2); hang 3 trir hang 2 ra (0, 0, 0). Hang 1 da
ding nén dang rut gon cua B ciing 1a (1, 0, =3), (0, 1, 2), (0, 0, 0). Vay A va B tuong duong
hang. Vi C: hang 2 trir 2 1an hang 1 ra (0, 0, 1); hang 3 trir 3 1dn hang 1 ra (0, 0, 2); hang 3
trr 2 1an hang 2 ra (0, 0, 0). Hang 1 trir hang 2 ra (1, 2, 0). Dang rut gon cua C: (1, 2, 0), (0, 0,
1), (0, 0, 0). Khéc dang cua A, nén C khong twong duong hang véi A va B.

Take three 3 x3 matrices: A has rows (1, 2, 1), (2, 5, 4), (3, 7, 5). B has rows (1, 0, =3), (1, 1, —1), (2,
1, =4). Chas rows (1, 2, 1), (2, 4, 3), (3, 6, 5). Which are row equivalent? For A: row 2 minus 2 times
row 1 gives (0, 1, 2); row 3 minus 3 times row 1 gives (0, 1, 2). Row 3 minus row 2 gives (0, 0, 0).
Row 1 minus 2 times row 2 gives (1, 0, —3). Reduced form of A: (1, 0, =3), (0, 1, 2), (0, 0, 0). For B:
row 2 minus row 1 gives (0, 1, 2); row 3 minus 2 times row 1 gives (0, 1, 2); row 3 minus row 2 gives
(0, 0, 0). Row 1 is already right, so B also reduces to (1, 0, =3), (0, 1, 2), (0, 0, 0). So A and B are row
equivalent. For C: row 2 minus 2 times row 1 gives (0, 0, 1); row 3 minus 3 times row 1 gives (0, 0,
2); row 3 minus 2 times row 2 gives (0, 0, 0). Row 1 minus row 2 gives (1, 2, 0). Reduced form of C:
(1,2, 0), (0,0, 1), (0,0, 0). It differs from A's, so C is not row equivalent to A or B.

VI DU/ EXAMPLE — Thém moét vi du ¢& 2x2 dé thy céac 16p. Cho D ¢ hang (2, 4), (3, 6);
E ¢ hang (1, 2), (5, 10); F c6 hang (1, 2), (3, 7). V6i D: chia hang 1 cho 2 ra (1, 2); 1iy hang
2 trir 3 1an hang 1 ra (0, 0). Dang rit gon ctia D: (1, 2), (0, 0). V&i E: ldy hang 2 trir 5 1an hang
1 ra (0, 0), nén dang rut gon cua E cling 1a (1, 2), (0, 0). Vay D va E cung 16p, dai dién kiéu (1
a; 0 0) v6ia=2. Véi F: hang 2 trir 3 1an hang 1 ra (0, 1); hang 1 trir 2 14n hang 2 ra (1, 0).
Dang rit gon cda F 1a ma tran don vi, nén F nam & 16p khéc, 16p cac ma tran kha nghich.
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Here is a 2X2 example showing the classes. Let D have rows (2, 4), (3, 6); E have rows (1, 2), (5, 10);
F have rows (1, 2), (3, 7). For D: divide row I by 2 to get (1, 2); row 2 minus 3 times row I gives (0,
0). Reduced form of D: (1, 2), (0, 0). For E: row 2 minus 5 times row 1 gives (0, 0), so E also reduces
to (1, 2), (0, 0). So D and E share a class, with representative type (I a; 0 0) and a = 2. For F: row 2
minus 3 times row 1 gives (0, 1); row I minus 2 times row 2 gives (1, 0). F reduces to the identity
matrix, so it lies in a different class, the invertible matrices.

MEO / TIP — Mubn chimg t6 KHONG twong duong, thudng khong can khir hét. Cot chu cia
dang rut gon 1a bat bién: A ¢6 cOt chu 1a cot 1 va 2, C ¢6 cot 1 va 3. Khac nhau la du dé loai.
S6 hang khac 0 ciing phai bang nhau.

To show matrices are NOT row equivalent you often need not finish. The pivot columns are fixed: A
has pivots in columns 1 and 2, C in columns I and 3. That difference is enough. The number of
nonzero rows must also match.

MEOQO / TIP — Khi can két luan "co" thi phai khtr tron cd hai ma tran. Néu mudn thtr nhanh
trude, hady nhin xem mot hang c6 1a bdi cia hang kia khong, nhu D va E ¢ trén: hai hang ti 1€
nhau thi dang rtt gon chi con mgt hang khéac 0.

To conclude "yes" you must reduce both matrices fully. For a quick first look, check whether one row
is a multiple of the other, as in D and E above: proportional rows leave only one nonzero row in the
reduced form.

LOI HAY GAP / COMMON MISTAKE — Hai ma tran c¢é ciing s6 hang khac 0 van c6 thé
khong tuwong duong, nhu A va C ¢ trén. Cling dung so sanh dang bac thang thuong: dang do
khong duy nhat, nén hai dang bac thang khac nhau chua két luan dugc gi. Phai dua vé dang
rat gon.

Two matrices with the same number of nonzero rows can still fail to be equivalent, like A and C
above. Also do not compare ordinary echelon forms: they are not unique, so two different echelon
forms prove nothing. Reduce fully.

LOI HAY GAP / COMMON MISTAKE — Hay quén diéu kién ciing ¢, va hay tinh sai mot
phép cong hang rdi két luan sai. Can than hon: kiém tra bang cach thay lai vai hang gdc.
Students forget the same-size condition, or slip on one row addition and reach the wrong verdict.
Safer: re-check by substituting back into a few original rows.

* Luyén: ma tran (1, 3; 2, 6) va ma trdn (2, 6; 1, 3) ¢6 tuong duong hang khong? Dap
an: ¢6. Ca hai vé (1, 3; 0, 0), vi ma tran thir hai chi can d6i chd hai hang rdi liy hang 2
trir 2 1an hang 1.

Practice: are (1, 3; 2, 6) and (2, 6, 1, 3) row equivalent? Answer: yes. Both reduce to (1, 3;
0, 0), since the second only needs a row swap and then row 2 minus 2 times row 1.

2.3. B dé to hop tuyén tinh giira cac hang — 2.3. The Linear Combination Lemma

for Rows

Khi khir Gauss, mdi 1an bién ddi 1a 1y cac hang dang c6, nhan véi vai sé rdi cong lai dé
ra hang méi. Viéc nay goi 1a 1ay t6 hop tuyén tinh. Giéng pha nudc chim: ban miic 2
mudng tir lo nay, 3 mudng tir lo kia rdi tron. Hang méi chinh 13 "cong thirc pha" tir cac
hang cii.

When you run Gaussian elimination, each step takes the rows you have, multiplies them by some
numbers and adds them up to make a new row. This is called a linear combination. It works like
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mixing a dipping sauce: 2 spoons from one jar, 3 from another, stirred together. The new row is
a "recipe" built from the old rows.

Ca ba phép bién ddi so cap déu c6 dang nay. P6i chd hai hang: hang méi 1a 1 1an hang
kia cong 0 1an cac hang con lai. Nhan mot hang véi k: hang méi 1a k 1an hang d6. Cong k
lan hang i vao hang j: hang m&i 14 1 14n hang j cong k 1an hang i.

All three elementary row operations have this form. Swapping two rows: the new row is 1 times

the other row plus 0 times the rest. Scaling a row by k: the new row is k times that row. Adding k
times row i to row j: the new row is I times row j plus k times row i.

VI DU/ EXAMPLE — Cho o: = (0, 1) va a2 = (2, 3). Sau khi d6i chd, hang 1 méi 1a (2, 3) =
Oou + 1oz va hang 2 méi 1a (0, 1) = Tou + Oow.

Let o: = (0, 1) and a2 = (2, 3). After swapping, the new row 1 is (2, 3) = Oou + laz and the new row 2
is (0, 1) = 1oz + Oaw.

To hop cia cac to hop — A combination of combinations

Sau nhiéu budc, hang méi duoc 1am tir hang da 13 két qua cta bude trude. Vay né co con
"pha tir hang ban ddu" khong? Con. Giastu=2a+bvav=a—3b. Liy w=4u+ v thiw
=8a+4b+a—3b=9a+b. Két qua vin I s6 nhan a cong s6 nhan b.

After several steps, a new row is built from rows that were themselves built earlier. Is it still a

recipe from the starting rows? Yes. Say u = 2a + b and v = a — 3b. Take w = 4u + v, sow = 8a
+4b +a—3b = 9a + b. The result is still some multiple of a plus some multiple of b.

PHAI THUQC / MEMORISE — B6 dé: néu céc vecto u, v, ... déu da 13 t6 hop tuyén tinh
ctaa, b, ... thi moi td hop cuau, v, ... van chi 1a mot to hop cua a, b, .... H¢ qua: khi ma tran
A bién d6i hang thanh ma tran B, hang nao cia B ciing viét dugc bang cach nhan cac hang
ctia A v6i vai s6 roi cong lai.

Lemmac: ifu, v, ... are already built from a, b, ... by scaling and adding, then anything built from u, v,
... the same way is again just a mix of a, b, .... Consequence.: when row operations take matrix 4 to
matrix B, you can get each row of B by scaling the rows of A by suitable numbers and adding them up.

Cach viét mot hang méi thanh t6 hop ciia hang cii — Writing a new row as a combination
of the old rows
1. Bat tén cac hang ban dau 1a o, 02, ... va gilt nguyén tén nay dén heét.
Name the starting rows ou, oz, ... and keep these names to the end.
2. Sau mdi phép bién doi, ghi hang bi doi dudi dang "s6 x o1 + 56 X 02 + ...".
After each operation, write the changed row as "number % o: + number % oz + ...".
3. Khi mdt bude dung hang da stra trude do, thay hang ay bang bicu thic da ghi, roi gop
cac h¢ so cung loai.
When a step uses a row that was changed earlier, substitute its recorded expression and
merge the like coefficients.

4. Kiém tra bang céach tinh lai: nhan hé sé voi ai, oz roi cong, phai ra diing hang cubi.
Check by recomputing: multiply the coefficients by ai, o2 and add; you must get the final
row.
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VI DU/ EXAMPLE — Cho A ¢6 a1 = (1,2, 1) va a2 = (3, 5, 4). Bu6c 1: cong —3 1an hang 1
vao hang 2. Hang 2 thanh (0, —1, 1) = —3au + 02. Budc 2: nhan hang 2 véi -1, dugce (0, 1, 1)
=30 — a2. Budce 3: cong —2 1an hang 2 vao hang 1. Hang 1 thanh i — 2(30u — 02) = —50a1 +
202. Kiém tra: —5(1, 2, 1) + 2(3, 5, 4) = (=5, —10, =5) + (6, 10, 8) = (1, 0, 3). Két qua: B ¢6
hang (1, 0, 3) =501 + 202 va hang (0, 1, —1) = 301 — 0.

Let A have a: = (1, 2, 1) and oz = (3, 5, 4). Step 1: add -3 times row I to row 2. Row 2 becomes (0, —
1, 1) = =3au + oz Step 2: multiply row 2 by —1I to get (0, 1, —1) = 301 — az. Step 3: add -2 times row 2
to row 1. Row I becomes ou — 2(30u — 0z) = —5a1 + 202. Check: =5(1, 2, 1) + 2(3, 5, 4) = (-5, =10, -5)
+ (6, 10, 8) = (1, 0, 3). Result: B has row (1, 0, 3) =—=50u + 202 and row (0, 1, —1) = 3ou — 0.

Moi phép bién doi hang déu dao nguoc dugc, nén chiéu nguoc lai cling dung: hang cua A
viét duge tir hang ctia B. O vi du trén, dat p1 = (1, 0, 3) va 2= (0, 1, —1). Ta c6 B + 2P2 =
(1,2, )=arva3p: +5B2=(3,5,4) =02 Vi thé hai ma tran cho ra cung mdt tap moi td
hop cuia cac hang.

Every row operation can be undone, so the reverse also holds: each row of A can be built from
the rows of B. In the example, let 1 = (1, 0, 3) and p: = (0, 1, —1). Then p: + 262 = (1, 2, 1) = au
and 31 + 562 = (3, 5, 4) = az. So both matrices produce the same set of all combinations of their
FOWS.

Cac hang khac 0 ciia dang bac thang khong phu thudc nhau — Nonzero rows of an
echelon form do not depend on each other

Khir Gauss x6a dan cac mdi lién hé giita cac hang. Khi di t6i dang bac thang, ban khong
thé dung mot hang khac 0 ndo tir nhitng hang khac 0 con lai. Ly do: phan tir dan dau (sé
khac 0 dau tién ctia hang) cia mdi hang nam & cot ma moi hang bén dudi déu bang 0.

Gaussian elimination wipes out relations among rows. Once you reach echelon form, you cannot

build any nonzero row out of the remaining nonzero ones. The reason: the leading entry (first
nonzero number in a row) of each row sits in a column where every row below it has a zero.

Céach chimg minh: gia sir cip: + czp2 + ... = 0, roi xét timg cot chira phan tir dan dau, tir
trén xudng. O cot dau tién chi p: khac 0, nén ¢ = 0. B6 p: di, cot ké tiép chi con p2 khac
0, nén c> = 0. Ct thé dén hét.

The proof'idea: suppose cip: + czpz + ... = 0, then look at each leading-entry column from the

top. In the first such column only p: is nonzero, so c: = 0. With p: gone, the next column leaves
only p2 nonzero, so c: = 0. Continue down the rows.

Vi DU/ EXAMPLE — Léy p1=1(1,2,0,3),p2=(0,0,2, 1), p3=(0, 0, 0, 5), cong thém mat
hang 0. Gid str cip1 + c2p2 + ¢c3p3 =(0,0,0,0). Cot 1: ci x 1 =0nénci=0. Cot 3: c2 x2=0
nén c2 = 0. Cot 4: ¢s x 5=0nén cs = 0. Chi ¢ cach chon toan hé sé 0, nén ba hang khong phu
thudc nhau.

Take p: = (1, 2,0, 3), p2= (0, 0, 2, 1), ps = (0, 0, 0, 5), plus a zero row. Suppose cip: + czpz + c3ps =
(0, 0,0,0). Column 1: c: x I =0, soc:=0.Column 3: c2 x2 =0, s0cz2=10. Column 4: cs x5 =0, so
¢; = 0. Only the all-zero choice of coefficients works, so the three rows do not depend on each other.

Thir d6i p2 thanh (0, 0, 0, 1). Khi ay ps = 5p2, hai hang phu thudc nhau. Nhung ma tran
lac nay khong con 1a bac thang, vi hai phan tir din dau cing nam & cot 4. Khir thém mot
budc s& dua ps vé hang 0.
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Try changing p2 to (0, 0, 0, 1). Then ps = 5p2, so the two rows depend on each other. But the
matrix is no longer in echelon form, since both leading entries sit in column 4. One more
elimination step turns ps into a zero row.

Hai ¥ trén 1a nén dé tinh hang ma trin & phan sau: s hang khac 0 cua dang bac thang
dém duoc sb hang that doc lap.

These two facts are the base for computing matrix rank next: the number of nonzero rows in an
echelon form counts the genuinely independent rows.

LOI HAY GAP / COMMON MISTAKE — Viét t6 hop theo hang d4 bi sira thay vi hang
ban dau. Moi hé sb phai quy Ve o, 0, ...

Writing the combination in terms of rows already changed instead of the starting rows. Every
coefficient must be reduced to ai, oz, ....

LOI HAY GAP / COMMON MISTAKE — Quén nhan sb ngoai ngoic vao moi hang tir khi
gop. O buéc 3 cua vi du, -2 phai nhan ca voi 3ou 1an véi —oz, ra —60u + 200

Forgetting to multiply the number outside the brackets into every term when merging. In step 3 of the
example, —2 multiplies both 3ou and —o., giving —6a. + 2a..

LOI HAY GAP / COMMON MISTAKE — Tinh ca hang 0 vao nhém doc 1ap. Hang 0 luén
bang 0 1an cac hang khac, nén chi xét hang khac 0.

Counting the zero row among the independent ones. A zero row always equals 0 times the others, so
look only at nonzero rows.

LOI HAY GAP / COMMON MISTAKE — Ap két luan doc 1ap cho ma tran chua vé dang
bac thang. Hai hang (1, 2) va (2, 4) van phu thudc nhau.

Applying the independence result to a matrix not yet in echelon form. The rows (1, 2) and (2, 4) still
depend on each other.

2.4. Hang cua ma tran va cach tinh — 2.4. The Rank of a Matrix and How to Compute
It

Hang ctia ma tran 1a s6 hang khac 0 sau khi ban dua ma tran vé dang bac thang. Hinh
dung mot hé phuong trinh c¢6 vai phuong trinh chi 1dp lai y cua cac phuong trinh khéc.
Hang cho biét c6 bao nhiéu phwong trinh mang thong tin riéng. Ta viét hang cua A 1a
r(A) hodc rank A.

The rank of a matrix is the number of nonzero rows left after you reduce it to echelon form.

Picture a system where some equations just repeat what others already say. The rank tells you
how many equations carry information of their own. We write the rank of A as r(A) or rank A.

Du khir theo thir tu nao, ban van ra cing mot sé hang khac 0, vi dang bac thang rat gon
clia mdt ma tran 1a duy nhat. Ma tran ¢& mxn c6 hang khong vuot qua m va khong vuot
qua n.

However you carry out the elimination, you end with the same number of nonzero rows, because

the reduced echelon form of a matrix is unique. An m>n matrix has rank at most m and at most
n.

Hang cling ndi thang véi s6 an tu do. Néu h¢ ¢6 n an va ma tran h¢ s6 c¢6 hang r thi khi h¢

c6 nghiém s€ c6 n —r an tu do.
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Rank also ties directly to free variables. If a system has n unknowns and its coefficient matrix
has rank r, a consistent system has n — r free variables.

S6 hang khac 0 ludn bang sd cot chira phan tir dan. Vi thé hang tinh theo hang va hang
tinh theo cot 1a mot s6. Ban dém bén nao ciing duoc.
The number of nonzero rows always equals the number of columns that hold a pivot. So the rank

counted by rows and the rank counted by columns are the same number. You can count either
way.

Céach tinh hang ctia ma tran s0 — Computing the rank of a numeric matrix

1. Chon mét 6 khac 0 ¢ cot du tién chua xtr Iy lam phan tir din. Néu 6 dang xét bang 0,
d6i chd hai hang dé dua s6 khac 0 1én.
Pick a nonzero entry in the first column you have not handled yet as the pivot. If the entry is
0, swap two rows to bring a nonzero number up.

2. Dung phan tir ddn dé 1am cac 6 bén duéi né bang 0: 14y hang duéi trir k 1an hang dan.
Use the pivot to clear the entries below it: subtract k times the pivot row from each lower
row.

3. Lap lai v&i phan ma tran nam dudi va bén phai phan tr din, cho dén khi hét cot hodc
hét hang.
Repeat on the part of the matrix below and to the right of the pivot until you run out of
columns or rows.

4. Chi khi qué trinh khir d xong, ban mé&i dém cac hang con c6 it nhat mot sb khac 0.
S6 d6 14 hang.
Only when the elimination is finished, count the rows that still contain at least one nonzero
number. That count is the rank.

Vi DU / EXAMPLE — Tim hang cua A ¢6 cac hang (1, 2, 1, 3), (2,4, 3, 8), (3, 6,4, 11). Léy
hz — 2hi = hs duoc (0, 0, 1, 2). Ldy hs — 3hi = hs duoc (0, 0, 1, 2). Liy hs — ho = hs dugc (0,
0, 0, 0). Con hai hang khac 01a (1, 2, 1, 3) va (0, 0, 1, 2). Vay r(A) = 2. Kiém tra: hang 2 nho
hon s6 4n 4, nén hé c6 hang nay s& c6 4 — 2 =2 an ty do néu c6 nghiém. Hai phan tir din ndm
& ¢ot 1 va cot 3, nén an tu do 13 x2 va xa.

Find the rank of A with rows (1, 2, 1, 3), (2, 4, 3, 8), (3, 6, 4, 11). Take R: — 2R: = Rz to get (0, 0, 1,
2). Take Rs — 3R: = Rs to get (0, 0, 1, 2). Take Rs — R: = Rs to get (0, 0, 0, 0). Two nonzero rows
remain: (1, 2, 1, 3) and (0, 0, 1, 2). So r(4) = 2. Check: rank 2 is less than 4 unknowns, so a consistent

system with this coefficient matrix has 4 — 2 = 2 free variables. The two pivots sit in columns 1 and 3,
so the free variables are x: and x«.

Vi DU / EXAMPLE — Tim hang cua C c6 cac hang (0, 2, 4), (1, 1, 1), (2, 2, 3). O dAu cua
hang 1 bang 0, nén doi hi — h2 dé duoc (1, 1, 1), (0, 2, 4), (2, 2, 3). Lay hs — 2h: = hs dugc
(0, 0, 1). Ba hang déu khac 0 va phan tr ddn ndm & ba cot khac nhau. Vay r(C) = 3.

Find the rank of C with rows (0, 2, 4), (1, 1, 1), (2, 2, 3). The first entry of row 1 is 0, so swap R: <> Rz
toget (1,1, 1), (0, 2,4), (2,2, 3). Take Rs — 2R: = Rs to get (0, 0, 1). All three rows are nonzero and
the pivots lie in three different columns. So r(C) = 3.

LOI HAY GAP / COMMON MISTAKE — Pimg dém hang truéc khi khir xong. Sau budc
dau cta vi du A, hang 3 1a (0, 0, 1, 2), nhin nhu khéc 0, nhung phép trir hs — h2 bién no thanh
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hang khong. Ciing dimng dém sé hang cua ma tran gdc. Hang chi tinh cac hang khac 0 ctia
dang bac thang cudi cing.

Do not count rows before the elimination is done. After the first step of example A, row 3 is (0, 0, 1, 2)
and looks nonzero, but the subtraction Rs — Rz turns it into a zero row. Do not count the rows of the
original matrix either. Rank counts only the nonzero rows of the final echelon form.

LOI HAY GAP / COMMON MISTAKE — Khi d6i chd hai hang, hang khong d6i, nén dimg
coi d6 1a mét thong tin. L&i hay gap hon 1a quén d6i hang va chia nham cho s6 0 ¢ 6 dan.
Swapping two rows leaves the rank unchanged, so a swap loses no information. The more common
slip is forgetting to swap and dividing by a 0 in the pivot position.

Hang ciia ma tran chira tham s0 — Rank of a matrix with a parameter

Céch lam giéng hét, nhung tham s6 c6 thé 1am phan tir ddn bang 0 & mot sb gia tri. Vi
vdy ban khir bang phép trir bdi ctia hang, tranh chia cho biéu thic chira tham sd. Khi
xong, phan tich cac phan tir ddn thanh nhan tir, tim gia tri tham s6 1am chung bang 0, rdi
x€ét tung truong hop.

The method is the same, but the parameter can make a pivot equal 0 at certain values. So
eliminate by subtracting multiples of rows and avoid dividing by an expression containing the

parameter. When you finish, factor the pivots, find the parameter values that make them 0, and
treat each case separately.

Vi DU / EXAMPLE — Tim hang cua B theo m, v6i cac hang (1, 1, m), (1, m, 1), (m, 1, 1).
Lay h: — hi = hz dwoc (0, m — 1, 1 — m). Liy hs — m-h: = hs dwoc (0, 1 —m, 1 — m?). Ly hs
+ h2 = hs duge (0,0,2 —m —m?),va2 —m— m?=—(m — 1)(m + 2). Dang bac thang 13 hang
1 (1,1, m), hang 2 (0, m — 1, 1 — m), hang 3 (0, 0, —(m — 1)(m + 2)). Xét ba trudng hop. Néu
m # 1 va m # —2: ca ba hang khac 0, r(B) = 3. Néu m = 1: hang 2 va hang 3 déu bang 0, r(B)
= 1. Néu m = —2: hang 2 14 (0, -3, 3) khac 0, hang 3 bang 0, r(B) = 2. Kiém tram = 1: moi
hang gbc 1a (1, 1, 1), nén hang 1 13 ding.

Find the rank of B in terms of m, with rows (1, 1, m), (1, m, 1), (m, 1, 1). Take R: — R: = R: to get (0,
m— 1,1 —m). Take Rs — m'R: = Rs to get (0, I — m, I — m?). Take Rs + R> = Rs to get (0, 0, 2 — m —
m?), and 2 —m — m? = —(m — 1)(m + 2). The echelon form has row I (1, I, m), row 2 (0, m — 1, I —
m), row 3 (0, 0, —(m — 1)(m + 2)). Split into three cases. If m # I and m #+ —2: all three rows are
nonzero, r(B) = 3. If m = 1: rows 2 and 3 are both 0, r(B) = 1. If m = —=2: row 2 is (0, —3, 3), nonzero,
and row 3 is 0, r(B) = 2. Check m = 1: every original row is (1, 1, 1), so rank 1 is right.

LOI HAY GAP / COMMON MISTAKE — Chia ca hang cho (m — 1) ma khong xét m = 1
s& 1am mét mot trudng hop. Quén khong thay riéng timg gia tri toi han vao ma tran ciing hay
dan t6i thiéu dap an.

Dividing a whole row by (m — 1) without checking m = I loses a case. Forgetting to substitute each
critical value back into the matrix also often leaves an answer missing.

PHAI THUQC / MEMORISE — Hang = sb hang khac 0 cua dang béc thang cubi cung.
Hang khong d6i khi ding phép bién dbi so cip trén hang, va r(A) < min(m, n). Véi tham sé:
khir khong chia, tim gia tri 1am phén tir dan bang 0, rdi xét timg truong hop.

Rank = the number of nonzero rows in the final echelon form. Rank does not change under elementary
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row operations, and r(A) < min(m, n). With a parameter: eliminate without dividing, find the values
that make a pivot 0, then handle each case.

2.5. Pinh ly Kronecker—Capelli: hang quyét dinh s6 nghiém - 2.5. The Rouché-
Capelli Theorem: Rank Decides the Number of Solutions

Mot h¢ phuong trinh tuyén tinh chi c6 ba két cuc: vo nghiém, dung mot nghiém, hodc vo
sd nghiém. Hang cho ban biét két cuc ndo xdy ra ma chua can viét ra nghiém. Hang cta
ma tran 13 s6 hang khac khong sau khi dwa né vé dang bac thang. Hay hinh dung ban
kiém tra mot don hang: truée khi di gom hang, ban xem don c¢6 doi diéu vo 1y khong.

P: A linear system has only three possible outcomes: no solution, exactly one solution, or
infinitely many. Rank tells you which one happens before you write down any solution. The rank
of a matrix is the number of nonzero rows left after reducing it to echelon form. Think of
checking an order before filling it: you first see whether it asks for something impossible.

Ky hiéu: hé c6 n an, A 13 ma tran hé sd (chi chtra cac hé sb bén trai ddu bang), (Alb) 1a
ma trdn m& rong (thém cot hiang sb bén phai). Viét r(A) va r(A|b) cho hai hang tuong
ung.

P: Notation: the system has n unknowns, A is the coefficient matrix (only the numbers on the left

of the equals signs), and (A|b) is the augmented matrix (with the constants column added on the
right). Write v(A) and r(A|b) for the two ranks.

Dang bic thang 13 dang ma hang sau bat ddu muodn hon hang trudc, hang toan sd 0 nam
cudi. Mot ma tran c6 thé rat gon theo nhiéu duong khéc nhau va cho cdc ma tran bac
thang khac nhau. Nhung s6 hang khac khong ludn nhu nhau, nén hang khong phy thudc
cach ban khu.

P: Echelon form means each row starts further right than the one above it, with all-zero rows at

the bottom. A matrix can be reduced in several ways and give different echelon matrices. The
number of nonzero rows is always the same, so the rank does not depend on how you eliminate.

PHAI THUQC / MEMORISE — Dinh 1y Kronecker—Capelli: hé c6 nghiém khi va chi khi
r(A) = r(A|b). Khi c6 nghiém, dit r 1a hang chung. Néu r = n thi nghiém duy nhat. Néur <n
thi c6 vo sb nghiém, va s6 4n tu do béng n-r.

THUOC: Rouché—Capelli theorem: the system has a solution if and only if v(4) = r(A|b). When it
does, let r be the common rank. If v = n the solution is unique. If r < n there are infinitely many
solutions, and the number of free variables is n — r.

Vi sao ding? Thém cot b chi c6 thé lam hang ting t6i da 1. N6 tang khi xuat hién mot
hang dang (0 0 ... 0| c¢) vé&i ¢ khac 0, tic phuong trinh 0 = ¢, v6 ly. Khong c¢6 hang nhu
vay thi mdi hang khac khong déu ¢ an chinh (4n dimg dau hang), va cac 4n con lai, dung
n — r an, duge tu do chon.

P: Why does it hold? Adding the column b can raise the rank by at most 1. It does so exactly
when a row of the form (0 0 ... 0| ¢) with ¢ nonzero appears, which says 0 = ¢, an impossible
equation. Without such a row, every nonzero row has a leading variable, and the remaining n —
r unknowns can be chosen freely.
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Cach bién luan nhanh bing hai hang — TIEUDE: Quick case analysis with the two ranks

1. Lap ma trin mo rong (A|b), giir nguyén vach ngin trudc cot hing so.
BUOC: Write the augmented matrix (A|b) and keep the bar before the constants column.

2. Khir Gauss dén dang bac thang bang cac phép bién d6i so cap trén hang.
BUOC: Use Gaussian elimination with elementary row operations to reach echelon form.
3. Pém hang khac khong ctia phan bén trai vach, duge r(A). Pém hang khac khong cua
ca ma tran, dugc r(A|b).
BUOC: Count the nonzero rows of the part left of the bar to get r(A). Count the nonzero
rows of the whole matrix to get r(A|b).

4. So sanh. Néu r(A) < r(A|b) thi vo nghiém, dimng lai.
BUOC: Compare. If r(A) < r(A|b) there is no solution, stop.

5. Néu hai hang bang nhau (goi 14 r), so r v6i n. Bang n thi nghiém duy nhat. Nho hon n
thi vo s6 nghiém véin —r an ty do.
BUOC: If the ranks are equal (call it ), compare r with n. Equal to n means a unique
solution. Less than n means infinitely many solutions with n — r free variables.

VIDU/EXAMPLE —Héx+2y —z=1;2x +4y—2z=3;x+y+2z=2 (n=3). Liy hang 2
trir 2 1an hang 1: ra (0 0 0 | 1). Lay hang 3 trir hang 1: ra (0 —1 2 | 1). Phan hé s6 c6 2 hang
khéc khong nén r(A) = 2. C4 ma tran c6 3 hang khac khong nén r(A|b) = 3. Hai hang khac
nhau, hé vo nghiém. D6i hang s6 ciia phuong trinh hai thanh 2 thi hang d6 thanh (0 0 0 | 0),
ca hai hang déu bang 2 <3,hé c6 3 —2 =1 an ty do. That vay,y =2z —1,x =3 -3z vdi z
tuy y; thir lai & phuong trinh ba: 3 —3z)+ (2z— 1) +z=2.

VIDU: The systemx +2y —z=1;2x + 4y — 2z =3; x +y +z =2 (n = 3). Row 2 minus 2 times row 1
gives (00 0| 1). Row 3 minus row I gives (0 —1 2 | 1). The coefficient part has 2 nonzero rows, so
r(A) = 2. The whole matrix has 3, so r(4|b) = 3. The ranks differ, so there is no solution. Change the
constant in equation two to 2 and that row becomes (0 0 0 | 0),; both ranks equal 2 < 3, leaving 3 — 2
= [ free variable. Indeed y = 2z — 1, x = 3 — 3z for any z; check in equation three: (3 — 3z) + (2z — 1)
+z=2.

VIiDU/EXAMPLE — Bién ludn theomhé x +y+z=1;x + 2y + 3z=2; x + 3y + mz = 4.
Hang 2 trir hang 1: (0 1 2| 1). Hang 3 trir hang 1: (0 2 m—1 | 3). Hang 3 trtr 2 14n hang 2: (0 0
m—>5 | 1). Néu m khac 5 thi r(A) = r(A|b) = 3 = n, nghiém duy nhit. Néu m = 5 thi hang cubi
1000 1), 1(A) =2 con r(Alb) = 3, v6 nghiém. Hé nay khong c6 gia tri m nao cho vo s6
nghiém.

VIDU: Discuss by m the systemx +y +z=1;x+ 2y + 3z =2; x + 3y + mz = 4. Row 2 minus row 1:
(012|1). Row 3 minus row 1: (02 m—11 3). Row 3 minus 2 times row 2: (0 0m—=35 | 1). If m is not 5,
r(A) = r(A|b) = 3 = n, so the solution is unique. If m = 5, the last row is (0 0 0| 1), r(A) = 2 and
r(Alb) = 3, so there is no solution. No value of m gives infinitely many solutions here.

VI DU/ EXAMPLE — Hé 3 phuong trinh, 4 4n: x +y + z + w=4; 2x + 3y + z + 2w = 9; 3x
+4y+2z+3w=13 (n=4). Hing 2 trir 2 1an hang 1: (0 1 —1 0| 1). Hang 3 trir 3 14n hang 1:
(01-10]1). Hang 3 trir hang 2: (0 0 0 0 | 0). Con 2 hang khac khong, nén r(A) = r(Alb) = 2
<4, Hécé4—2=2§ntud0. Ch(_)nzve‘lwléméntudo:y= 1 +z,r6ix=4—y—z—w=3—
2z —w. Thtr ¢ phuong trinh hai: 2(3 —2z—w)+3(1+2z)+z+2w=6—-4z—-2w+3+3z+z
+ 2w = 9. Pung. Phuong trinh ba chinh 1a tong cta hai phwong trinh dau, nén n6 khong thém
diéu kién nao.
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Dé cuong on tap Toan cao cip F2 / Advanced Mathematics F2: Linear Algebra Exam Review

VIDU: A system of 3 equations in 4 unknowns: x +y +z+w=4;2x+3y +z+2w=9;3x + 4y + 2z
+ 3w =13 (n =4). Row 2 minus 2 times row 1: (0 1 —1 0| 1). Row 3 minus 3 times row 1: (01 —1 0 |
1). Row 3 minus row 2: (0 0 0 0| 0). Two nonzero rows remain, so r(A) = r(A|b) = 2 < 4. The system
has 4 — 2 = 2 free variables. Take z and w as the free ones: y =1 + z, thenx =4 —y—z—-—w=3 -2z
—w. Check in equation two: 2(3 —2z—w) +3(l +z) tz+2w=6—4z— 2w+ 3 +3z+z+2w=

9. It holds. Equation three is just the sum of the first two, so it adds no new condition.

Hé thuan nhat (moi hang sé bang 0) ludn c6 r(A) = r(A|0), nén ludn c6 nghiém, it nhat 1a
nghiém khong. N6 c¢6 nghiém khéc khong khi va chi khi r(A) <n.

P: A homogeneous system (all constants zero) always has r(4) = r(4|0), so it always has a
solution, at least the zero one. It has a nonzero solution exactly when r(4) < n.

Diéu kién ve hang | Két luan So an tw do
Rank condition Conclusion Free variables

Khong c6 nghi¢m nén khong dat cau
hoi nay.

The question does not arise.

H¢ vo nghiém.
No solution.

r(A) <r(Ab)

Hg c6 ding mot nghiém. Khong c¢6 an ty do.
1(A) =r(Alb) =n : g mg . ghie g :

Exactly one solution. None.
r(A)=r(Ab)=r<  Héco vo sd nghiém. Co n —r 4n ty do.
n Infinitely many solutions. There are n — r.

LOI HAY GAP / COMMON MISTAKE — Liy n 13 s6 phuong trinh. n 13 sb 4n. Hé 5
phuong trinh 3 4n voi hai hang cung bang 3 van c6 nghiém duy nhat.

LOI: Taking n to be the number of equations. n is the number of unknowns. A system with 5 equations
and 3 unknowns whose two ranks both equal 3 still has a unique solution.

LOI HAY GAP / COMMON MISTAKE — Tinh n — r khi hai hang khac nhau. Hé vo
nghiém thi khong c6 an ty do nao dé dém.

LOI: Computing n — r when the two ranks differ. A system with no solution has no free variables to
count.

LOI HAY GAP / COMMON MISTAKE — Cho rang it phuong trinh hon n thi chic chén
c6 vO sé nghiém. Hé x +y +z=1; x + y + z =2 ¢ 2 phuong trinh, 3 4n ma van v6 nghiém,
vir(A)=1conr(Alb) =2.

LOI: Assuming fewer equations than unknowns always gives infinitely many solutions. The system x +

y+z=1;x+y+z=2has 2 equations and 3 unknowns yet no solution, since r(4) = I and r(A|b) =
2.

LOI HAY GAP / COMMON MISTAKE — Dém hang khi chwa khir. Ma trén ban dau c6 thé
khong c6 hang nio toan s 0 ma hang van nh6 hon s6 hang, nhu vi du 3 phuong trinh 4 4n &
trén. Hay khtr xong rdi méi dém.

LOI: Counting rows before eliminating. The starting matrix may have no all-zero row and still have
rank below its number of rows, as in the 3-equation, 4-unknown example above. Finish the
elimination, then count.

o Ty kiém tra: hé 3 phuong trinh 4 an c6 r(A) =r(Alb) = 2. Két luan: vo sb nghiém, 4 —
2 =2 4n tu do.
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