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Chwong 1. Puong cong tham so, toa d§ cuc va cac dwong conic

— Chapter 1. Parametric Curves, Polar Coordinates and Conic Sections

Muc tiéu chwong — Chapter objectives

« Khtr tham s6 va tinh dugc dao ham, tiép tuyén, do 16m, dién tich, d6 dai cung ctia mot
duong cong tham sd
Eliminate the parameter and compute the derivative, tangent line, concavity, area and arc
length of a parametric curve

* Poi qua lai gitra toa do cuc va toa d¢ Descartes, nhan ra duong cardioid, duong hoa
hong va tinh dién tich, d6 dai cung bang tich phan cuc
Convert between polar and Cartesian coordinates, recognize cardioids and rose curves, and
compute polar area and arc length with integrals

« Viét phuong trinh chinh tic ctia parabol, elip, hyperbol, tim tiéu diém, tim sai, dang
cuc va nhan dang conic tong quat bang B2 — 4AC
Write the standard equations of parabolas, ellipses and hyperbolas, find foci, eccentricity
and polar form, and classify a general conic using B> — 44C

1.1. Phuwong trinh tham s0 va cach khir tham s6 — 1.1. Parametric Equations and

Eliminating the Parameter

Hay hinh dung ban theo ddi mot chiéc xe qua tng dung ban do. Mdi gidy tmg dung bao
mot vi tri: cach diém xudt phat bao xa theo huéng dong, bao xa theo hudng bic. Thoi
gian 13 dai lugng diéu khién, con vi tri x, y chay theo né. P6 1a ¥ ctia phuong trinh tham
sd: x = f(t) va y = g(t), trong d6 t 1a tham s (thudng hiéu 1a thoi gian). Mdi gia tri t cho
dung mot diém (x, y), va khi t ting thi diém chay v& ra mot dudng cong.

Picture tracking a car in a map app. Every second it reports a position: how far east and how
far north of the start. Time drives everything, and the position x, y follows it. That is the idea of
parametric equations: x = f(t) and y = g(t), where t is the parameter (usually read as time). Each
value of t gives exactly one point (x, y), and as t increases the moving point draws a curve.

Céch viét nay vé& dugc ca nhitng dudng ma y = h(x) khong biéu dién ndi, vi du ca vong
tron (mot x ing vé6i hai y). Ngoai hinh dang, né con cho biét chiéu di: diém ng vé6i t nhod
di trude, t 16n di sau. Chiéu nay goi 12 hudng cua duong cong, va ta v& miii tén 1én hinh.
This form can draw curves that y = h(x) cannot, such as a full circle (one x pairs with two y
values). It also tells you the direction of travel: the point for a small t comes first, and the point
for a larger t comes later. This is the orientation of the curve, and you draw it as arrows on the
sketch.

Khir tham s6 dé ra phwong trinh theo x vay — Eliminating the parameter to get an
equation in x and y

Khtr tham sb nghia 13 loai t di, chi gitt mot hé thic gifta x va y. Lam vay dé nhén ra
duong cong quen thudc (dudng thang, parabol, elip...). Mat t thi mat ca hudng di va
khoang chay, nén phai ghi lai hai thu d6 riéng.
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Eliminating the parameter means removing t and keeping one relation between x and y. You do it
to recognize a familiar curve (line, parabola, ellipse, and so on). Once t is gone, so are the
direction and the range of travel, so you record those separately.

1. Xem hai phuong trinh ¢6 giai duoc t dé khong. Néu x hodc y chi ¢ t bic nhat hay iy
thtra don gian, rit t ra.
Check whether t is easy to solve for. If x or y contains t only to the first power or a simple
power, solve for t.

2. Thé t vira rit vao phuong trinh con lai, roi rat gon thanh hé thuc cuax vay.
Substitute that t into the other equation and simplify to a relation between x and y.

3. Néu x, y chura sin t va cos t, ding rat t. Tach sin t va cos t ra timg vé, binh phuong roi
cong, dung sin’t + cos’t = 1.
If x and y contain sin t and cos t, do not solve for t. Isolate sin t and cos t, square both and
add, using sin’t + cos’t = 1.

4. Dung khoang cua t dé tim khoang cua x va y. Pudng cong chi 1 phan cta do thi nam
trong khoang do.
Use the range of t to find the range of x and y. The curve is only the part of the graph inside
that range.

5. Thay vai gié tri t (d4u, giita, cudi) dé xac dinh diém dau, diém cudi va chiéu di.
Plug in a few values of t (start, middle, end) to find the start point, end point and direction.

Vi DU/ EXAMPLE — Pudng tron: x = 4cos t, y = 4sin t, 0 < t < 2m. Chia cho 4 rdi binh
phuong cong lai: x*/16 + y*/16 = cos?t + sin’t = 1, tirc x*> + y?> = 16. D6 1a dudng tron tam O,
ban kinh 4. Tai t =0 ta c6 (4, 0); t = /2 cho (0, 4); t = w cho (-4, 0). Diém di tir phai [én trén
roi sang trai, nén chiéu nguoc kim déng ho, vé ding mot vong va vé lai (4, 0).

Circle: x =4cos t, y = 4sin t, 0 <t < 2z. Divide by 4, square and add: x*/16 + y%/16 = cos’t + sin’t =
1, so x? + y? = 16. This is a circle centered at the origin with radius 4. At t = 0 we get (4, 0); t = /2
gives (0, 4); t = r gives (—4, 0). The point moves from right to top to left, so the direction is
counterclockwise, and it makes exactly one lap, returning to (4, 0).

VI DU/ EXAMPLE — Elip: x =5cos t, y =2sint, 0 <t <2m. Tacd x/5=costvay/2 =sint.
Binh phwong cong lai: x2/25 + y%/4 = 1. Elip nim ngang, nira truc dai 5, nira truc ngan 2, ciing
di ngugc chiéu kim dong ho.

Ellipse: x = 5cos t, y = 2sin t, 0 <t < 21. We have x/5 = cos t and y/2 = sin t. Square and add: x%/25 +
v¥4 = 1. It is a horizontal ellipse with semi-major axis 5 and semi-minor axis 2, also traversed
counterclockwise.

ViDU /EXAMPLE — Poan thang: x=1+2t,y=3-t,0<t<2 Tuxtaratt=(x — 1)/2.
Thé vaoy: y=3— (x — 1)/2=(7 — x)/2. V6i t tir 0 dén 2, x chay tir 1 dén 5. Piém dau (1, 3),
diém cudi (5, 1). Kiém tra: x = 5 thi y = (7 — 5)/2 = 1, khop. Py la doan thang, khong phai ca
duong thang.

Line segment: x =1 +2t,y =3 —t, 0<t<2. Fromx we get t = (x — 1)/2. Substitute intoy: y = 3 — (x
= 1)/2 = (7 —x)/2. As t goes from 0 to 2, x runs from I to 5. The start is (1, 3) and the end is (5, 1).
Check: atx =5,y = (7 — 5)/2 = 1, which matches. This is a segment, not the whole line.

Vi DU / EXAMPLE — Parabol cit khiic: x =t+2, y=12—3, 2<t<3. Tuxratt=x — 2.

Thé vaoy: y = (x — 2)?— 3 =x2— 4x + 1. Khi t chay tir —2 dén 3, x chay tir 0 dén 5. Piém dau
(0, 1), diém cubi (5, 6). Tai t =0 diém ¢ day (2, —3). Kiém tra: x =5 thi 25— 20 + 1 = 6,
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khop. Diém di tir trai sang phai, nén chi ¢6 phan parabol véi 0 <x < 5.

Clipped parabola: x =t + 2,y =t — 3, =2 <t < 3. From x solve t = x — 2. Substitute into y: y = (x —
2)?=3=x?—4x + 1. As t runs from —2 to 3, x runs from 0 to 5. The start is (0, 1) and the end is (5,
6). At t = 0 the point is at the bottom, (2, —3). Check: at x = 5, 25 — 20 + 1 = 6, which matches. The
point moves left to right, so only the part of the parabola with 0 <x <5 is drawn.

VI DU/ EXAMPLE — Nira duong tron: x = 3cos t, y = 3sin t, 0 < t < . Khtr nhu trude ra x2
+y2=9. Nhung sin t > 0 khi t tir 0 dén &, nén y > 0. Pudng cong chi 1a nira trén, di tir (3, 0)
qua (0, 3) & t = /2 rdi téi (-3, 0).

Half circle: x = 3cos t, y = 3sin t, 0 <t <m. Eliminating as before gives x* + y?> = 9. But sin t > 0 for t
from 0 to &, so y = 0. The curve is only the upper half, going from (3, 0) through (0, 3) at t = n/2 to

(-3, 0).

Dwong xycloit — The cycloid

Gan mot cham son 1én vanh banh xe ban kinh a r6i lan banh trén duong thang, khong
trugt. Pudng cham son vé ra 13 xycloit. TAm banh xe ¢ (at, a). Chdm quay quanh tim
theo chiéu kim déng ho, 1éch so véi tim (—a sin t, —a cos t). Cong hai phén laita co x =
a(t —sint), y=a(l —cos t).

Put a paint dot on the rim of a wheel of radius a and roll it along a straight road without
slipping. The path the dot draws is a cycloid. The wheel's center is at (at, a). The dot turns
around the center clockwise, offset from it by (—a sin t, —a cos t). Adding the two parts gives x =
a(t—sint),y =a(l — cos t).

Mot nhip tng véi 0 < t < 2x. Tai t = 0 chdm cham dat & gbc (0, 0). Tai t = chdm ¢ dinh,
(ma, 2a). Tai t = 2n chidm lai cham déat & (2ma, 0). Tai hai diém cham dat, duodng cong
nhon lai thanh miii (diém cusp). V4i dudng nay, rat t tir x 12 khong lam dugce bang ham
quen thudc, nén ta gitr dang tham sé.

One arch corresponds to 0 <t < 2r. At t = 0 the dot touches the ground at the origin (0, 0). At t
= 1 it sits at the top, (ma, 2a). At t = 2x it touches the ground again at (2ma, 0). At the two
ground points the curve forms a sharp tip (a cusp). For this curve you cannot solve for t from x
using familiar functions, so you keep the parametric form.

VI DU / EXAMPLE — Béanh xe ban kinh a = 2, ldy t = 7/2. Ta ¢6 x = 2(n/2 — sin(n/2)) =
2(n/2—1)=mn—2~1,14. Cony = 2(1 — cos(w/2)) = 2(1 — 0) = 2. Vay chidm & khoang (1,14;
2): da lan mot phan tu vong, dang & ngang tAm banh. Ca nhip dai 2n-2 = 4 ~ 12,57 va cao tdi
da2a=4.

Take a wheel of radius a = 2 and t = /2. We get x = 2(n/2 — sin(n/2)) = 2(n/2 — 1) =n — 2= [.14.
Andy = 2(1 — cos(w/2)) = 2(1 — 0) = 2. So the dot is at about (1.14, 2): the wheel has turned a

quarter lap and the dot is level with the center. The whole arch is 22 = 4x = 12.57 long and at most
2a = 4 high.

Lam nguwgec lai: tim tham so héa — Going the other way: finding a parameterization

Cho san dudng cong, ta tur chon x hodic y 1a ham cta t. Cach tham s6 hoa khong duy nhat,
nén hai dap an khac nhau van c6 thé ciing dung.

Given a curve, you choose x or y as a function of t yourself. A parameterization is not unique, so
two different answers can both be correct.
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VI DU/ EXAMPLE — Bii luyén, dap an ngay sau mdi y. (a) Parabol y = x% ditx =t, y = 3 t
tly y. Cach khéc: x = —t, y = £ (di nguoc chiéu). (b) Pudng tron (x — 2)> + (y + 1) = 9: dit x
=2+3cost,y=—1+3sint, 0 <t <2z Thu lai: (3cos t)*> + (3sin t)> = 9. (c) Poan tur A(1, 2)
dénB(4,6):x=1+3t,y=2+4t,0<t<1.Tait=1taco (4, 6), ding diém B.

Practice, with the answer right after each part. (a) Parabola y = x?: set x = t, y = t>, any t. Another
choice: x = —t, y = t* (opposite direction). (b) Circle (x — 2)? + (y + 1)>=9:setx =2 + 3cos t, y =
—1 + 3sint, 0 <t <2m. Check: (3cos t)? + (3sin t)? = 9. (c) Segment from A(1, 2) to B(4, 6): x =1 +
3t,ty=2+4t 0<t<1. Att= 1 we get (4, 6), which is point B.

LOI HAY GAP / COMMON MISTAKE — Quén khoang ciat. Vidux =Vt y =t v6it>0
khir ra y = x2, nhung chi 1dy nhanh x > 0, khong phai ca parabol. L3i thi hai 14 khir xong rdi
b6 mét chiéu di va diém dau, diém cuoi.

Forgetting the range of t. For example x =t, y = t with t > 0 gives y = x? but only the branch x > 0,
not the whole parabola. A second mistake is to eliminate t and then drop the direction and the start
and end points.

LOI HAY GAP / COMMON MISTAKE — Cing mét dudng cong cé thé duge v& nhanh
hay cham, mot hay nhiéu 1an. Vi du x = cos 2t, y = sin 2t v&i 0 <t < 2 cling khir ra x2 + y? =
1, nhung diém chay hai vong chtr khong phai mot. Khi khtr, hiy dém s vong theo khoang
cua t.

The same curve can be traced fast or slow, once or several times. For example x = cos 2t, y = sin 2t
with 0 <t < 2r also reduces to x? + y? = 1, but the point runs two laps, not one. After eliminating,
count the laps using the range of t.

PHAI THUQC / MEMORISE - Pudng tron tim O ban kinh 1: x =r cos t, y =1 sin t. Elip: x
=acost,y=Db sint. Xycloit: x = a(t — sin t), y = a(1 — cos t). Poan thang tir Po dén P:: diém
Po+t(P1—Po),0§tS 1.

Circle centered at O with radius r: x =rcos t, y =rsin t. Ellipse: x =a cos t,y = b sin t. Cycloid: x =
a(t —sint), y = a(l — cos t). Segment from Po to Pi: the point Po + t(P1 — Po), 0 <t < 1.

1.2. Pao ham, tiép tuyén va dd 16m ciia dwong cong tham s6 — 1.2. Derivatives,

Tangent Lines and Concavity of Parametric Curves

Mot duong cong tham sd cho x va y cung phu thudc vao t, tic 13 x = f(t), y = g(t). Hinh
dung ban di bo trén ban do: t 14 thoi gian, dx/dt 14 toc do sang phai, dy/dt 1a téc do lén
trén. PO doc ctia dudng di chinh 13 ti s hai toc do 4y. Cach nay dung dugc ca khi ban
khong viét duoc y thanh ham cua x.

A parametric curve lets x and y both depend on t: x = f{t), y = g(t). Picture yourself walking
across a map: t is time, dx/dt is your speed to the right, and dy/dt is your speed upward. The
slope of your path is the ratio of those two speeds. This works even when you cannot write y as a
function of x.

PHAI THUQC / MEMORISE — dy/dx = (dy/dt) / (dx/dt), v&i diédu kién dx/dt # 0. Day la do
dbc cua tiép tuyén tai diém ung véi gia tri t dang xét.
dy/dx = (dy/dt) / (dx/dt), provided dx/dt # 0. This is the slope of the tangent line at the point that

belongs to the chosen value of t.
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Cong thirc dén tir quy tac day chuyén: dy/dt = (dy/dx)-(dx/dt). Chia hai vé cho dx/dt 14 ra.
The formula comes from the chain rule: dy/dt = (dy/dx)-(dx/dt). Divide both sides by dx/dt and

you have it.

Pao ham cap hai va d¢ 10m — Second derivative and concavity

D6 16m cho biét duong cong cong 1én (16m hudng 1én, d2y/dx? > 0) hay cong xudng (16m
huéng xudng, dy/dx? < 0). Pao ham cép hai 1a dao ham cta dy/dx theo x. Nhung dy/dx

dang 13 ham cua t, nén ta phai dao ham theo t roi chia cho dx/dt mot lan nira.

Concavity tells you whether the curve bends upward (concave up, d?y/dx? > 0) or downward
(concave down, d*v/dx? < ). The second derivative is the derivative of dy/dx with respect to x.
Since dy/dx is a function of t, you differentiate with respect to t and then divide by dx/dt once

more.

PHAI THUQC / MEMORISE — d?y/dx? = [d/dt (dy/dx)] / (dx/dt).
dy/dx? = [d/dt (dv/dx)] / (dx/db).

Tiép tuyén ngang va thang ding — Horizontal and vertical tangents

« Tiép tuyén nam ngang khi dy/dt = 0 va dx/dt # 0. T bang 0, mau khac 0, nén do dbc

bang 0.
The tangent is horizontal when dy/dt = 0 and dx/dt # 0. The numerator is zero and the
denominator is not, so the slope is 0.

« Tiép tuyén thang dimg khi dx/dt = 0 va dy/dt # 0. Mau bang 0 nén d6 ddc khong ton

tai, dudng thang song song véi truc Oy.

The tangent is vertical when dx/dt = 0 and dy/dt # 0. The denominator is zero, so the slope is

undefined and the line is parallel to the y-axis.

« Néu ca hai cung bang 0 tai mot t, cong thie chwa két luan duoc. Ban phai xét gidi han

cua ti sO hodc v€ do thi quanh diém do.

If both are zero at the same t, the formula alone gives no answer. You must take the limit of

the ratio or sketch the curve near that point.

Cach viét phwong trinh tiép tuyén tait =to — Writing the tangent line at t = t,
1. Tinh x(to) va y(to) dé co toa do diém tiép xuc (Xo, yo).
Compute x(to) and y(ts) to get the point of tangency (Xo, yo).
2. Tinh dx/dt va dy/dt, roi thay t = to vao ca hai.
Compute dx/dt and dy/dt, then substitute t = to into both.
3. Kiém tra dx/dt # 0, roi 1ap hé sé goc m = (dy/dt) / (dx/dt).
Check that dx/dt # 0, then form the slope m = (dy/dt) / (dx/dt).
4. Viét y — yo = m(X — Xo) va rut gon.
Write y — yo = m(x — Xo) and simplify.
5. Mubn xét d6 16m, tinh d/dt(dy/dx), chia cho dx/dt, thay to va doc dau.
To test concavity, compute d/dt(dy/dx), divide by dx/dt, substitute to and read the sign.
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ViDU/EXAMPLE — Cho x = + 1, y = £ — 3t. Viét tiép tuyén tai t = 2 va xét do 1om.
DPiém tiép xtc:x=4+1=5y=8—-6=2, tc (5, 2). Ta co dx/dt = 2t va dy/dt = 3t* — 3. Tai t
=2: dx/dt = 4, dy/dt =9, nén m = 9/4. Phuong trinh: y — 2 = (9/4)(x — 5), tuc y = (9/4)x —
37/4. Vé do 16m: dy/dx = (3t — 3)/(2t) = (3/2)(t — 1/t). Pao ham theo t duoc (3/2)(1 + 1/12), tai
t =2 bang (3/2)(5/4) = 15/8. Chia cho dx/dt = 4 ra d?y/dx? = 15/32 > 0. Vay dudng cong 16m
huéng 1én tai diém nay.

Take x = t> + 1, y = * — 3t. Write the tangent at t = 2 and test concavity. Point of tangency: x =4 + 1
=5, y=8—06=2 50 (5, 2). We have dx/dt = 2t and dy/dt = 3t> — 3. At t = 2. dx/dt = 4, dy/dt = 9, so
m = 9/4. The equationis y — 2 = (9/4)(x — 5), that is y = (9/4)x — 37/4. For concavity: dy/dx = (3t* —
)/(2t) = (3/2)(t — 1/t). Its derivative in tis (3/2)(1 + 1/t?), which equals (3/2)(5/4) = 15/8 at t = 2.
Divide by dx/dt = 4 to get d*/dx? = 15/32 > (. The curve is concave up at this point.

VI DU/ EXAMPLE — Tim céc diém c6 tiép tuyén ngang hoic ding cua dudng x = 2cos t, y
=3sin t, 0 <t < 2m (mdt elip). Ta c6 dx/dt = —2sin t va dy/dt = 3cos t. Tiép tuyén ngang: cos t
=0 vasint# 0, nén t = /2 hodc t = 31/2, cho cac diém (0, 3) va (0, -3). Tiép tuyén dang: sin
t=0va cost#0, nén t =0 hodc t = m, cho cac diém (2, 0) va (-2, 0). Két qua khép vé6i hinh
elip: dinh trén, dinh dudi c6 tiép tuyén ngang, hai dinh bén c6 tiép tuyén ding.

Find the points with horizontal or vertical tangents on x = 2cos t, y = 3sin t, 0 <t < 2r (an ellipse).
We have dx/dt = —2sin t and dy/dt = 3cos t. Horizontal: cos t = 0 and sin t # 0, so t = n/2 or t = 37/2,
giving (0, 3) and (0, —3). Vertical: sint = 0 and cos t # 0, so t = 0 or t =z, giving (2, 0) and (=2, 0).
This matches the ellipse: the top and bottom points have horizontal tangents, and the left and right
points have vertical ones.

Vi DU / EXAMPLE — Truong hop c4 hai dao ham cing bang 0: x =12, y =t tai t = 0. Ta ¢6
dx/dt = 2t va dy/dt = 32, c4 hai bang 0 khi t = 0, nén cong thirc chwa dung dugc. Vit #0, ti
sO rit gon thanh dy/dx = 3t/2. Khi t tién t&i 0 tir ca hai phia, ti s6 tién t6i 0. Vay tiép tuyén tai
géc toa do nam ngang, chinh la truc Ox. Pay 1a mot diém nhon: x = t> khong am, nén nhanh t
<0 va nhanh t > 0 cing ndm bén phai tryc Oy rdi gap nhau & gdc.

The case where both derivatives vanish: x = 13, y = t? at t = 0. We have dx/dt = 2t and dy/dt = 3¢, and
both equal 0 at t = 0, so the formula cannot be used directly. For t # 0, the ratio simplifies to dy/dx =
3t/2. As t approaches 0 from either side, the ratio approaches 0. So the tangent at the origin is
horizontal: it is the x-axis. The origin is a cusp: x = t* is never negative, so the branch t < 0 and the
branch t > 0 both lie to the right of the y-axis and meet at the origin.

LOI HAY GAP / COMMON MISTAKE — L4y d?y/dt? chia cho d?x/dt* dé ra dao ham cip
hai. Cach nay sai. Phai dao ham dy/dx theo t roi chia cho dx/dt.

Dividing d?y/dt? by d*x/dt* to get the second derivative. This is wrong. Differentiate dy/dx with respect
to t, then divide by dx/dt.

LOI HAY GAP / COMMON MISTAKE — Quén chia cho dx/dt & budc cubi, chi dimg &
d/dt(dy/dx). Két qua khi d6 chua phai d?y/dx>.

Forgetting the final division by dx/dt and stopping at d/dt(dy/dx). That result is not yet d*v/dx-.
LOI HAY GAP / COMMON MISTAKE — Théy dy/dt = 0 13 két luan tiép tuyén ngang
ngay. Hiy kiém tra dx/dt tai cing gia tri t d6 c6 khac 0 khong.

Declaring a horizontal tangent as soon as dy/dt = 0. Check that dx/dt is nonzero at that same t.

LOI HAY GAP / COMMON MISTAKE — Thay to vao dy/dx truéc khi dao ham theo t. Khi
d6 biéu thire thanh mot con s, dao ham ra 0 va do 16m sai. Hay dao ham trudc, thay $6 sau.
Substituting to into dy/dx before differentiating with respect to t. The expression turns into a plain
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number, its derivative is 0, and the concavity comes out wrong. Differentiate first, substitute
afterward.

LOI HAY GAP / COMMON MISTAKE — B6 qua d4u ctia dx/dt khi chia & buéc cudi. Néu
dx/dt am tai to, dau ctia d?y/dx? dao so v6i d/dt(dy/dx).

Ignoring the sign of dx/dt in the final division. If dx/dt is negative at to, the sign of d*y/dx? is the
opposite of the sign of d/dt(dy/dx).

MEO / TIP — Tim diém tiép tuyén ngang va dung thi giai hai phuong trinh dy/dt = 0 va dx/dt
= 0 riéng &, lap bang cac nghiém t, rdi so sanh dé loai nghiém chung.

To find horizontal and vertical tangents, solve dy/dt = 0 and dx/dt = 0 separately, list the roots, and
compare the lists to discard any shared root.

1.3. Dién tich va @6 dai cung ciia dwong cong tham sé — 1.3. Area and Arc Length

for Parametric Curves

Mot dudng cong tham sd cho x = x(t), y = y(t) vdi t chay tir o ¢én B. Hay hinh dung t 1a
thoi gian, con (x, y) 1a vi tri cia mot con kién dang bo trén gidy. Tir cach viét nay ta tinh
duogc ba thir: dién tich duéi dudng cong, quing dudng con kién bo (do dai cung) va dién
tich mit tao ra khi quay duong cong quanh mot truc. Y chung l1a d6i hét moi thir sang
bién t.

A parametric curve is given by x = x(t), y = y(t) for t running from o. to . Think of t as time and
(x, ¥) as the position of an ant crawling across a sheet of paper. From this description you can
compute three things: the area under the curve, the distance the ant travels (arc length), and the

area of the surface made by spinning the curve about an axis. The common idea is to rewrite
everything in terms of t.

Dién tich dwdi duwong cong — Area under the curve

V6i ham thuong, dién tich dudi @6 thi 1a [ y dx. Khi x = x(t) thi dx = x/(t) dt, nén ta thay
thang vao. Diéu kién: y > 0 va duong cong di tir trai sang phai, tirc x ting theo t.

For an ordinary function, the area under a graph is [ y dx. When x = x(1), dx = x'(t) dt, so you

substitute directly. This needs y > 0 and the curve moving left to right, meaning x increases with
L.

|A=fy(t)'x'(t) dt, véi a £ t £ B

Do dai cung — Arc length
Mot doan cuc nho cua duong cong cd d6 dai ds = V(dx? + dy?), theo dinh ly Pythagore.
Chia c4 hai vé cho dt rdi cong lai, ta dugc tich phan cua tdc dd cua con kién.

A tiny piece of the curve has length ds = \(dx? + dy?, by the Pythagorean theorem. Divide
through by dt and add up the pieces, and you get the integral of the ant's speed.

| =5 VO @z + ez at, vei a<t<p
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Dién tich mat tron xoay — Surface area of revolution

Quay mot doan ds quanh truc thi né v€ ra mdt dai hep dang vong dai. Chu vi vong dai 1a
2r nhan ban kinh, con bé rong 1 ds. Ban kinh chinh 1a khoang cach tir diém d6 toi truc
quay.

Spin a small piece ds about an axis and it sweeps out a narrow band shaped like a ring. The
ring's circumference is 2r times the radius, and its width is ds. The radius is the distance from
that point to the axis.

Quay quanh truc Ox (y

Joemey(t) N (x")?
Quay quanh truc Oy (x & 1y 2

[ 2m-x(t) -

vV v

b

Cach lam - Procedure

1. Tinh x'(t) va y'(t).
Compute x'(t) and y'(t).

2. Xac dinh khoang t sao cho dudng cong duogc vé ding mot lan.
Find the interval of t that traces the curve exactly once.

3. Chon cong thuc (dién tich, d dai hay mat tron xoay) va thay vao.
Pick the formula (area, length or surface) and substitute.

4. Rut gon biéu thire dudi can bang ddng nhat thirc lugng giac hodc phép dat an phy, rdi
tinh tich phan.
Simplify the expression under the root with a trig identity or a substitution, then integrate.

5. Kiém tra két qua: dién tich va d6 dai phai duong, d§ dai khong dugc nho hon khoang
cach thang gitra hai dau cung.
Check the result: area and length must be positive, and the length cannot be shorter than the
straight-line distance between the endpoints.

Vi DU / EXAMPLE — Mot nhip xycloit (duong cong do mot diém trén vanh banh xe lin tao
ra):x=t—sint,y=1—cost,0<t<2m Tacox'=1—costvay'=sint. Dién tich: A=
—cos t)2dt=] (1 — 2cos t + cos? t) dt. Thay cos® t = (1 + cos 2t)/2 dugc [ (32— 2cos t +
(1/2)cos 2t) dt. Hai s6 hang sau tich phan ra 0 trén [0, 27], con (3/2)-2n = 3n. Vay A = 3n. Do
dai: (x")?+ (y')*=1—2cos t + cos?t + sin® t =2 — 2cos t = 4sin*(t/2). Can 1a 2 sin(t/2), duong
trén [0, 2w]. L = [2 sin(t/2) dt = [—4cos(t/2)] tr 0 dén2n=4+4=38.

One arch of a cycloid (the path of a point on a rolling wheel's rim): x =t —sint,y =1 —cost, 0 <t <
21. Herex' = 1 — cos tand y' = sin t. Area: A =] (I — cos t)*dt = [ (I — 2cos t + cos? t) dt. Replace
cos? t with (1 + cos 2t)/2 to get | (3/2 — 2cos t + (1/2)cos 2t) dt. The last two terms integrate to () over
[0, 2x], leaving (3/2)-2x = 3. So A = 3m. Length: (x')? + (v)? =1 — 2cos t + cos’t + sin’t = 2 — 2cos
t = 4sin’(t/2). The root is 2 sin(t/2), which is positive on [0, 2x]. L = [ 2 sin(t/2) dt = [—4cos(t/2)] from
Oto2r=4+4=38

VI DU/ EXAMPLE — Pudng tron ban kinhr: x =rcost,y=rsint. C6 X' =—rsint, y' =r
cos t, nén V(x2 + y"2) = \(r?sin? t + r2cos? t) = r. Cung mdt phén tu (0 <t <n/2): L=rdt=
/2. Quay nira dudng tron trén (0 <t <) quanh Ox: S = [ 27'r sin t'r dt = 2mr? [—cos ] tir 0
dén = 27122 = 4mr>. bay ding 1a dién tich mat cAu. Vgir=3: cung dai 37/2, mat clu co
dién tich 36m.

A circle of radius r: x =r cos t, y =rsint. Thenx' = —rsin t, y' = r cos t, so N(x"> + y'?) = (r¥sin?t +
r2cos?t) = r. Quarter arc (0 <t <u/2): L =[rdt = mr/2. Spin the upper half circle (0 <t < ) about
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the x-axis: S = | 2mr sin t-r dt = 2mr? [—cos t] from 0 to &t = 2zr>2 = 4mr? This is the familiar sphere
area. With r = 3, the arc has length 3n/2 and the sphere has area 36r.

Vi DU /EXAMPLE — Puong cong x =12, y =t v4i 0 <t < 1, di tir (0, 0) dén (1, 1). Co x' =
2t, y' = 3t2 Dién tich du6i duong cong: A = [ -2t dt =] 2t* dt = 2/5 (tir 0 d&én 1). Do dai: V(4t2
+9t%) = t\(4 + 9t2) vi t > 0. Dat u = 4 + 9t2 thi du = 18t dt, c4n u chay tir 4 dén 13. L = (1/18)]
Vu du = (1/18)-(2/3)-(13V13 — 8) = (13V13 — 8)/27 = 1,44. Con sb nay hop 1y: n6 16n hon
doan thing nbi hai dau, dai V2 =~ 1,41.

The curve x = t2 y =  with 0 <t < I runs from (0, 0) to (1, 1). Here x' = 2t and y' = 3t>. Area under
the curve: A = [ t*2tdt = | 2¢* dt = 2/5 (from 0 to 1). Length: N(41* + 9t*) = N(4 + 912) because t > 0.
Letu =4+ 912 so du = 18t dt and u runs from 4 to 13. L = (1/18)] Nu du = (1/18)+(2/3)(13V13 — 8) =
(13\13 — 8)/27 = 1.44. The number is sensible: it is longer than the straight segment between the
endpoints, which measures N2 =141

PHAI THUQC / MEMORISE — Ba cong thtrc déu c6 chung thira s§ V((x')? + (y')?) dt cho
do dai va mat tron xoay. Riéng dién tich dudi dudng cong dung y-x' dt, khong c6 can.

Are length and surface area share the factor N((x')? + (v')?) dt. Area under the curve is the odd one
out: it uses yx' dt, with no root.

LOI HAY GAP / COMMON MISTAKE — Léy cin sai: V(4sin%(t/2)) bang 2|sin(t/2)|, khong
phai 2 sin(t/2) trong moi trudng hop. Phai xét dau trén khoang t dang tinh, néu khong d6 dai
¢6 thé ra s6 Am hodc sai.

Taking the root carelessly: \(4sin?(t/2)) equals 2|sin(t/2)|, not always 2 sin(t/2). Check the sign on
your interval of t, or the length can come out wrong or negative.

LOI HAY GAP / COMMON MISTAKE — Quén nhan x'(t) trong cong thirc dién tich, hoic
ding sai huéng. O vi du duong tron, khi t tir 0 dén 7/2 thi x giam, nén [ y-x’ dt ra —nr?/4. Dién
tich 1a gia tri tuyét ddi mr?/4, hoac ta d6i can.

Forgetting the factor x'(t) in the area formula, or ignoring direction. In the circle example, x
decreases as t goes from 0 to 1/2, so | yx'dt gives —nr?/4. The area is the absolute value nr*/4, or you
can swap the limits.

LOI HAY GAP / COMMON MISTAKE — Liy khoang t qué rong. Xycloit 13p lai sau mdi

21, nén tinh trén [0, 4r] s& ra gap do6i; duong tron tinh trén [0, 27t] khi quay quanh Ox s& lam

mit cau bj tinh hai lan.

Using too wide an interval of t. The cycloid repeats every 2r, so [0, 4n] doubles the answer. Spinning
a full circle over [0, 2] about the x-axis counts the sphere twice.

LOI HAY GAP / COMMON MISTAKE — Nhim tryc quay. Quay quanh Ox thi ban kinh
vong dai 13 y(t); quay quanh Oy thi ban kinh 14 x(t). Dat nhdm mdt trong hai s& ra dién tich
ciia mot mat khac han.

Mixing up the axis. Spinning about the x-axis gives a ring radius of y(t), spinning about the y-axis
gives x(t). Swap them and you get the area of a different surface.

1.4. Toa @) cwe va chuyén doi sang toa dd Descartes — 1.4. Polar Coordinates and
Conversion to Rectangular Form

Khi chi duong, ban c6 thé ndi "sang phai 3 budc, 1én 4 budc". Ban ciing ¢ thé néi "quay
mit vé huéng dong béc roi di théng 5 budc". Cach thir nht 13 toa do Descartes (x, y).
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Céach thir hai 1 toa d6 cuc: dinh vi diém bé‘mg khoang cach téi mot diém géc va huong
nhin.

When you give directions, you can say "3 steps right, 4 steps up". Or you can say "face north-
east and walk 5 steps straight”. The first is Cartesian coordinates (x, y). The second is polar
coordinates: you locate a point by its distance from a starting point and the direction you face.

Hé cuc c6 mot diém géc O goi la cuc, va mét tia Xuat phat tir O goi 1a tryc cyc (thuong
trung voi ntra tryc Ox duong). Piém P c6 toa d6 cuc (r, 0). Odorla khoang cach tir O téi
P, con 0 1a goc quay tir truc cyc téi tia OP. Goc duong quay nguogc chidu kim dong ho va
thudng tinh bang radian.

The polar system has a starting point O called the pole, and a ray from O called the polar axis
(usually the positive x-axis). A point P gets coordinates (r, 6). Here r is the distance from O to P,

and 0 is the angle swept from the polar axis to the ray OP. Positive angles turn counter-
clockwise and are usually measured in radians.

PHAI THUQC / MEMORISE — Céng thirc d6i: x =r cos6, y = sinf, 1> = x* + y, tan@ =
y/x (khi x # 0).

Conversion formulas: x = r cos0, y = r sinf, v’ = x? + y?, tanf = y/x (when x # 0).

Doi toa do mot diem — Converting a single point

1. Ttr cuc sang Descartes: 1dy r va 0 di cho, tinh x =r cosf va y = r sin.

Polar to Cartesian: take the given r and 0, then compute x = r cos and y = r sin0.
2. Tu Descartes sang cuc: tinh r = V(x2 + y3).

Cartesian to polar: compute r = N2 + Vo).

3. Xac dinh diém nam ¢ goc phan tu nao bang dau ciia x va y. Phac nhanh diém 1én mit
phang.
Decide which quadrant the point lies in from the signs of x and y. Sketch the point quickly.

4. Tim 0 sao cho tand = y/x, réi chon goc nam ding goc phan tu vira xac dinh.
Find 0 with tan0 = y/x, then pick the angle that sits in the quadrant you just found.

5. Néu x = 0 thi khong chia dugc cho x. Khi 6 14y 6 =n/2 néuy >0, va 0 = 3n/2 néu y
< 0. Piém (0, 0) cor=0va 0 tuy ¥.
If x = 0 you cannot divide by x. Then take 0 = /2 when y > 0, and 0 = 3n/2 when y < 0. The
point (0, 0) has r = 0 and any 0.

VI DU/ EXAMPLE — Déi (r, 0) = (2, /3) sang Descartes: x = 2-cos(n/3) =2-(1/2) =1 vay
= 2-sin(n/3) = 2+ (V3/2) = V3. Két qua: (1, V3). Pdi nguoc (x, y) = (-1, 1): r=~(1 + 1) =2.
Diém ndm & goc phan tu I va tand = —1, nén 0 = 3w/4. Két qua: (V2, 3w/4).

Convert (v, 8) = (2, n/3) to Cartesian: x = 2-cos(n/3) = 2-(1/2) = 1 and y = 2-sin(n/3) = 2:(N3/2) = 3.
Result: (1, N3). Now go back with (x, y) = (—1, 1): r = (I + 1) =~2. The point is in quadrant II and
tan® = —1, so 0 = 3n/4. Result: (N2, 31/4).

Vi DU/ EXAMPLE - Béi (x, y) = (—V3, —1) sang cuc. Tinhr=V(3 + 1) =2. Cax va y déu
4m nén diém & goc phan tu 111 Ta c6 tand = (—1)/(—3) = 1/73, goc nhon tuwong tmg 13 1/6. Vi
& goc phan tu 11, 0 = 7 + /6 = 7n/6. Két qua: (2, 7n/6). Kiém tra: 2-cos(7n/6) = —\3 va
2-sin(7m/6) = —1.
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Convert (x, y) = (—N3, —1) to polar. Compute r = \(3 + 1) = 2. Both x and y are negative, so the point
is in quadrant ITI. Here tan6 = (—1)/(—3) = 13, and the matching acute angle is n/6. In quadrant
III, 0 = + n/6 = 7n/6. Result: (2, 7n/6). Check: 2-cos(7n/6) = —N3 and 2-sin(7n/6) = —1.

LOI HAY GAP / COMMON MISTAKE — Bam arctan(—1) trén may tinh dugc —n/4. Ding
goc nay cho diém (—1, 1) s& ra diém (1, —1), nam sai goc phan tu. Méy chi tra goc trong
khoang tir —1t/2 dén /2, nén ban phai tu cong m khi x < 0.

Pressing arctan(—1) on a calculator gives —n/4. Using that angle for the point (—1, 1) lands you on
(1, —1), the wrong quadrant. The calculator only returns angles between —n/2 and 7/2, so you must
add r yourself when x < 0.

LOI HAY GAP / COMMON MISTAKE — May tinh dang dé ché d6 d6 (DEG) trong khi dé
cho radian ciing cho két qua sai. Hay kiém tra ché do goc trude khi bim sin, cos.

A calculator left in degree mode (DEG) while the problem uses radians also gives wrong results.
Check the angle mode before you press sin or cos.

Mot diém, nhi€u cach viét — One point, many names

Trong hé Descartes, mdi diém c6 ding mot cip (x, y). Trong hé cuc thi khac, vi quay
thém mot vong ddy 2x van vé daung chd cii. Do d6 (r, 0) va (r, 0 + 2kmn) 1 ciing mot diém,
vé6i k 1a s6 nguyén bat ky.

In the Cartesian system, each point has exactly one pair (x, y). Polar is different, because one

extra full turn of 2w brings you back to the same spot. So (r, ) and (v, 0 + 2kn) are the same
point, for any integer k.

Con mét cach nita: cho r am. Khi r < 0, ban di 1ui vé phia d6i dién véi hudng 6. Vi vay (r,
0) trung voi (-, 0 + m). Riéng cuc O c6 r = 0, va 6 nhan gia tri nao cling dugc.

There is one more way: let r be negative. When r < 0, you walk backwards, opposite to the
direction 0. So (r, 0) equals (—r, 0 + z). The pole O itself has r = 0, and 0 can be anything.

VI DU/ EXAMPLE — Diém (3, n/6) ciing viét dugc 1a (3, 137/6), vi 1371/6 = 1/6 + 2m. N6
con viét duoc 1a (-3, 7n/6), vi 7n/6 = 1/6 + m. Ca ba cach déu cho x = 3-cos(n/6) = 3V3/2 va y
=3/2.

The point (3, w/6) can also be written (3, 137/6), since 13w/6 = n/6 + 2x. It can be written (=3, 71/6)
100, since 71/6 = n/6 + . All three give x = 3-cos(n/6) = 3N3/2 and y = 3/2.

Vi DU / EXAMPLE — Ddi (r, 0) = (—4, 7/2) sang Descartes. Ta c6 x = —4-cos(n/2) = —4-0 =
0 vay=—4-sin(n/2) = —4-1 = —4. Két qua: (0, —4). Cach viét co r duong cua cung diém nay la
(4, 3n/2), vi 3n/2 = /2 + 7.

Convert (r, ) = (—4, ©/2) to Cartesian. We get x = —4-cos(n/2) = —4:0 = 0 and y = —4-sin(n/2) =
—4-1 = —4. Result: (0, —4). The same point with positive r is (4, 37/2), since 3r/2 = w/2 + x.

Poi phwong trinh gitra hai hé — Converting equations between systems
bé d6i phuong trinh, ban thay x, y béng r cos, r sinb, hoac thay nguoc lai. Hai meo hay
dung 13 nhan ca hai vé voi r dé tao ra r cos6 hay r sind, va gom x2 + y? thanh 2.

To convert an equation, replace x and y with r cos6 and r sinf, or the other way round. Two
handy tricks: multiply both sides by r to create r cos@ or r sin), and bundle x* + y? into r>.
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VI DU/ EXAMPLE — Déi r = 6 cosd sang Descartes. Nhan hai vé véi r: 12 = 6r cosf. Thay 12
=x2+y2 var cosd = x: x2 + y? = 6x. Chuyén vé va hoan thanh binh phwong: (x — 3)> + y2=09.
Pay 1a duong tron tAm (3, 0), ban kinh 3, di qua gdc toa d6. Phép nhan véi r c6 thé thém diém
O, nhung O di thudc dudng cong (6 = n/2 cho r = 0) nén khong c6 diém thira.

Convert r = 6 cosf to Cartesian. Multiply both sides by r: 1> = 6r cos6. Substitute r> = x> + y>and r
cos = x: x? + y? = 6x. Move terms and complete the square: (x — 3)> + y? = 9. This is a circle with
center (3, 0) and radius 3, passing through the origin. Multiplying by r can add the point O, but O
already lies on the curve (6 = n/2 gives r = (), so no extra point appears.

Vi DU/ EXAMPLE — Doi r = 4 sinf sang Descartes. Nhan hai vé véi r: 12 = 4r sinf. Thay r2
=x2+y2 varsind =y: x> + y2 = 4y. Chuyén vé: x> + y? — 4y = 0. Hoan thanh binh phuong
theo y: x2 + (y — 2)? = 4. Pay la dudng tron tdm (0, 2), ban kinh 2. N6 di qua gdc toa do, vi 02
+(0—-2)*=4.

Convert r = 4 sinf to Cartesian. Multiply both sides by r: > = 4r sin6. Substitute r> = x> + y? and r
sinf = y: x? + y? = 4y. Move terms: x> + y? — 4y = 0. Complete the square in y: x> + (y — 2)> = 4. This
is a circle with center (0, 2) and radius 2. It passes through the origin, since 0°> + (0 — 2)? = 4.

VI DU/ EXAMPLE — Dbi 0 = n/4 sang Descartes. Lay tan hai vé: y/x = 1, tic y = x. D6 1a
duong thang qua gdc voi hé s goc 1. Vi r duoc phép am, ban thu duoc ca dudng thang, gdm
ntra tia phia déi dién.

Convert § = rt/4 to Cartesian. Take the tangent of both sides: y/x = 1, so y = x. That is a line through
the origin with slope 1. Since r may be negative, you get the whole line, including the opposite half-
ray.

Vi DU/ EXAMPLE — Di ngugc sang cuc. Puong x2 + y? =9 thanh 2 = 9, ttc r = 3. Puong
thang y = x + 2 thanh r sin® = r cos + 2, tirc r(sind — cos0) = 2, hay r = 2/(sinf — cos9).

Now go the other way. The curve x* + y? = 9 becomes r* =9, so r = 3. The line y = x + 2 becomes r
sinf = r cosO + 2, so r(sinf — cos) = 2, or r = 2/(sinf — cos0).

Vi DU/ EXAMPLE — Puong thang dimg x = 5 thanh r cos® = 5, tirc r = 5/cosf. Cong thirc
nay chi ding dugc khi cosd # 0, va dang 1a duong thing dimg khong bao gior cit hudng 6 =
/2.

The vertical line x = 5 becomes r cos@ = 5, so r = 5/cos0. The formula only works when cos6 # 0,
which fits: a vertical line never meets the direction 0 = /2.

Phwong trinh cuc Do thi Dang Descartes
Polar equation Graph Cartesian form

r=k,voik>0 Duong tron tam O, ban kinh k = ke
r=k withk>0 Circle centered at O with radius k y
y = (tana)-x, khi a
0 = a, voi o 12 hang s6 Puong thang qua O, hé sb goc tano #7/2
0 = o, where a.is a constant Line through O with slope tano. ¥y = (tano)x, when a
£ /2
r=acosh, véia#£0 Duong tron tdm (a/2, 0), ban kinh [a|/2 (x—a2)+y*=
r=a cosO, with a £ 0 Circle with center (a/2, 0) and radius |a|/2 a’/4
r=asind, voia£0 Puong tron tam (0, a/2), ban kinh [a|/2 X2+ (y—a/2)3?=
r = a sinb, with a # 0 Circle with center (0, a/2) and radius |a|/2 a’/4
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LOI HAY GAP / COMMON MISTAKE — Binh phuwong hay nhan hai vé véi r ¢ thé thém
diém khong thuc duong cong gdc. Sau khi bién ddi, hay kiém tra xem cyc O ¢ dung 1a
diém thém vao hay khong.

Squaring or multiplying both sides by r can add points that are not on the original curve. After
transforming, check whether the pole O is a newly added point.

MEO / TIP — Trudc khi ddi, hdy thir nhan dang theo bang. Dang r = a cosd hay r = a sin0
luén 1a dudng tron di qua gdc.

Before converting, try to recognize the shape from the table. A form like r = a cosf or r = a sinf is
always a circle through the origin.

1.5. V& dwong cong cwe va nhian dang dwong hoa hong, dwong cardioid — 1.5.

Sketching Polar Curves: Roses, Cardioids and Limagons

Puong cong cuc gdm cac diém (r, 0) thoa r = f(0). Hinh dung ban ding ¢ gbc, xoay
ngudi mot goc 0 roi bude thang r bude: chd ban ding 1a mot diém cua duong cong. Néu r
am, ban budc 1ui, nén diém roi vé phia dbi dién hudng 6.

A polar curve is the set of points (r, 0) that satisfy r = f(0). Picture yourself standing at the

origin, turning by an angle 0, then walking r steps straight ahead: where you stop is a point on
the curve. If r is negative, you walk backward, so the point lands opposite the direction 0.

Bon bwéc V€ — Four steps to sketch a curve

1. Kiém tra ddi xing dé chi phai vé mot phan. Ddi ximg qua truc cuc (truc hoanh): thay
0 bang —0 ma phuong trinh khong d6i. i xtng qua truc dung (dudng 0 = 1/2): thay
0 bang 7 — 0, hodc thay dong thoi r bang —r va 0 bang —0, ma phuong trinh khong
d6i. Pbi xtmg qua gdc: thay r bang —r, hodc thay 0 bang 0 + 7, ma phuong trinh
khong doi.
Check symmetry so you only draw part of the curve. Symmetry about the polar axis (the
horizontal axis): replace 0 with —6 and the equation stays the same. Symmetry about the
vertical axis (the line 0 = 7/2): replace 0 with T — 0, or replace r with —r and 6 with —0
together, and the equation stays the same. Symmetry about the origin: replace r with —r, or
0 with 0 + &, and the equation stays the same.

2. Giai r = 0 dé biét duong cong di qua gbc ¢ nhitng goc ndo. Cac goc nay chia dudong
cong thanh tung doan, thudng 1a tirng canh hodc tirng vong.
Solve r = 0 to find the angles at which the curve passes through the origin. These angles
split the curve into pieces, usually single petals or loops.

3. Lap bang gia tri v&i cac goc dé tinh nhu 0, 7/6, w/4, w/3, /2, r6i tinh r. Chi can lay
khoang goc ma phép d6i xtmg chua cho ban.
Make a table of values at easy angles such as 0, w/6, n/4, ©/3 and 7/2, then compute r. Use
only the range of angles that symmetry has not already covered.

4. Pat timg diém 1én mat phang (nhé r Am thi dat ngugc hudng), ndi bang nét muot, roi
lay ddi xting phan con lai.
Plot each point (remember that a negative r goes in the opposite direction), join them with a
smooth line, then reflect to get the rest.
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Cac ho dwong quen thudc — Familiar families of curves

Dang
dwong
cong
Shape of the

Dic diém dé nhan ra
How to recognise it

Phwong trinh

Equation

curve

Puong tron  Tam & gdc, ban kinh |a].

Circle Centred at the origin with radius |a|.
Di qua gbc, duong kinh |a| ndm trén truc hoanh
r=a cosf hodc r = a sinf Duong tron  (cos) hodc truc tung (sin).
r=a coslorr = a sinf Circle Passes through the origin, with diameter |a| on the

horizontal axis (cos) or the vertical axis (sin).

. bPuodng hinh gy o L
r=azxacosbhoicr=a+a tim £ Hai hé€ so bang nhau, c6 mot di€ém nhon tai goc.
sinf .. The two coefficients are equal, and there is one sharp

. (cardioid) . -
r=azxacosforr=a=xasind o point at the origin.
Cardioid

< Néu a <b thi c6 vong nho bén trong, néu a > b thi

r=axbcosdhodacr=a=+b ) o g‘ A &
. . khoéng c6 vong; a =b 1a hinh tim.
sinf Limagon

. If'a < b there is a small inner loop; if a > b there is no
r=a=xbcos6orr=a=<xbsind f . .. p: if
loop; a = b gives the cardioid.

n 1é c6 n canh, n chan c6 2n canh, moi canh dai |a|.

r=acosndhoicr=asinn® Hoahdn \
) £ Odd n gives n petals, even n gives 2n petals, each of

r=acos nborr=asinnb Rose
length |a|.

Vi DU / EXAMPLE — V& r =2 + 2cos6. Phuong trinh c6 dang a + a cos véi a = 2, nén ban
doan trudc day 1a hinh tim. D4i xtmg: cos(—0) = cosb nén duong cong ddi ximg qua truc cyc,
chi can v& 0 tir 0 dén 7. Piém qua gdc: 2 + 2cos0 = 0 cho cosd = —1, tirc 6 = 7. Bang gia tri: 0
=0thir=4;0=7n/3thir=2+1=3;0=n/2thir=2;0=2n/3thir=2—-1=1;0=mnthir=
0. N&i cac diém tir (4, 0) 1én (2, /2) rdi xudng gdc, sau d6 lay dbi xtimg qua truc hoanh. Két
qué: hinh tim phinh sang phai, dinh xa nhit 14 (4, 0), diém nhon tai gbc, cit truc tung tai hai
diém cach gdc 2 don vi.

Sketch r = 2 + 2cos0. The equation has the form a + a cos with a = 2, so you can predict a cardioid.
Symmetry: cos(—6) = cos0, so the curve is symmetric about the polar axis and you only need 0 from 0
to w. It passes through the origin where 2 + 2cos@ = 0, so cos0 = —1 and 0 = &. Table: 0 = 0 gives r =
4,0 =n/3givesr=2+1=3;0=mn/2givesr=2;,0=2n/3 givesr=2—1=1;0=mngivesr = 0.
Join the points from (4, 0) up through (2, ©/2) and down to the origin, then reflect across the
horizontal axis. Result: a heart-shaped curve bulging to the right, with its farthest point at (4, 0), a
sharp point at the origin, crossing the vertical axis at two points 2 units from the origin.

VI DU/ EXAMPLE — V& r = 3sin26 va dém canh. Pay 14 hoa hong véi n = 2 chin, nén c6
2n = 4 canh, mdi canh dai 3. D6i xtng: thay 0 bang 0 + x thi sin(20 + 21) = sin26, dudng

cong ddi ximg qua gdc. Thay r bang —r va 0 bang —0 thi —r = 3sin(—20) = —3sin20, phuong
trinh khong d6i, nén ddi ximg qua truc ding. C6 hai dbi xtmg thi c6 ludn ddi ximg qua truc
cuc. Piém qua gbc: sin20 = 0 tai 0 = 0, 7/2, 7, 3n/2. Bang: 0 = /4 thir=3; 0 =3n/4 thir =
—3; 0 =5m/4 thir=3; 0 = 7n/4 thi r = —3. Tung canh: 0 tir 0 dén 7/2 ¢6 r duong, canh & goc
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phan tu thir nhét, dinh (3, 7/4). 0 tir /2 dén & ¢6 r Am, canh bi 14t sang gdc phan tu thir tw. 0 tir
m dén 37/2 cho canh & goc phan tu thir ba. © tir 37/2 dén 27 ¢6 r 4m, canh 13t sang goc phan tu
thtt hai. Bén khoang giira cac 1an r = 0 cho bdn cénh, dinh nim trén cac tia 45°, 135°, 225°,
315°.

Sketch r = 3sin20 and count the petals. This is a rose with n = 2, which is even, so it has 2n = 4
petals, each of length 3. Symmetry: replacing 0 with 0 + & gives sin(20 + 2r) = sin20, so the curve is
symmetric about the origin. Replacing r with —r and 0 with —0 gives —r = 3sin(—260) = —3sin20, so
the equation is unchanged and the curve is symmetric about the vertical axis. With these two
symmetries, it is also symmetric about the polar axis. It passes through the origin where sin20 = 0, at
0 =0, n/2, w and 3n/2. Table: 0 = /4 gives r = 3; 0 = 3w/4 gives r = =3, 0 = 5n/4 gives r = 3, 0 =
7m/4 gives r = —3. Petal by petal: for 0 from 0 to /2, r is positive and the petal lies in quadrant I with
tip (3, ©/4). For 0 from 7i/2 to w, v is negative and the petal flips into quadrant IV. For 0 from « to 3r/2
the petal lies in quadrant I1l. For 0 from 3m/2 to 2=, r is negative and the petal flips into quadrant I1.
The four intervals between zeros of r give four petals, with tips on the rays at 45°, 135°, 225° and
315°.

Vi DU/ EXAMPLE — Vér =1+ 2cosf. Dang a + b cosf vdia=1,b=2, a<b nén c6 vong
nho bén trong. Dbi xtng: cos(—0) = cosh, nén chi can tinh O tir 0 dén x rdi lay dbi xtng qua
truc cuc. Piém qua gde: 1 + 2c0s0 = 0 cho cos® = —1/2, tirc 0 = 27/3 (va 4n/3 & nira dudi).
Bang: 0=0thir=3;0=n/3thir=1+1=2;0=n/2thir=1;0=2n/3thir=0;0=mnthir=
1-2=-1.Tu0=0dén 2n/3, r duong, ban v€ vong 16n di tur (3, 0) vé géc. Tu 2n/3 dén m, ¢
am: diém (—1, 1) ndm & (1, 0) trén truc hoanh. Phin nay, ciing phan ddi ximg ctia nd, tao vong
nho nam trong vong 16n, ndi nhau tai gdc.

Sketch r = 1 + 2cos0. It has the form a + b cos@ witha =1, b = 2, and a < b, so there is a small inner
loop. Symmetry: cos(—0) = cos0, so compute 0 from 0 to © and reflect across the polar axis. It passes
through the origin where 1 + 2cos0 = 0, so cos@ = —1/2 and 0 = 2n/3 (and 47/3 in the lower half).
Table: 0 =0givesr =3, 0 =n/3givesr=1+1=2;,0=n/2givesr =1, 0 =2n/3 givesr =0, 0 =n
givesr=1—2=—1. From 0 = 0to 2n/3, r is positive and you draw the big loop from (3, 0) back to
the origin. From 27/3 to r, r is negative: the point (—1, n) sits at (1, 0) on the horizontal axis. This
part and its mirror image form the small loop inside the big one, joined at the origin.

MEO / TIP — Bém canh hoa bang cach dém sd khoang gitra hai nghiém lién tiép ciia r =0,
r0i nhé rang r 4m c6 thé 1am hai khoang tring mot canh. Vi r = 3sin30 (n = 3 1), mot vong
quay ddy du c6 6 khoang, nhung canh lap lai sau nira vong nén chi c6 3 canh, khong phai 6.
Count petals by counting the intervals between consecutive zeros of v, and remember that a negative r
can make two intervals share one petal. For r = 3sin30 (n = 3, odd), a full turn has 6 intervals, but the
petals repeat after half a turn, so there are 3 petals, not 6.

LOI HAY GAP / COMMON MISTAKE — Quén rang r 4m thi diém nam nguoc hudng 6,
nén vé cac canh hoa chong 1én nhau hoic sai goc phan tu.

Forgetting that a negative r puts the point opposite the direction 6, so petals end up stacked on top of
each other or in the wrong quadrant.

LOI HAY GAP / COMMON MISTAKE — Két luan khong d6i xtmg chi vi mot phép thir
that bai. Mot dudng cong c6 thé ddi ximg ma phép thay 0 bang —6 khong cho diing phuong
trinh cfi, nhu hoa hong 3sin20 & trén; hdy thir ca cac phép thay con lai.

Concluding there is no symmetry just because one test fails. A curve can be symmetric even when
replacing 6 with —6 does not give back the original equation, as with the rose 3sin26 above; try the
other substitutions too.
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LOI HAY GAP / COMMON MISTAKE — Chi ly 6 tir 0 dén 7 cho hoa hong n chén, nén
thiéu mot nira sé canh. Hoa hong n chin can 0 tir 0 dén 2.

Using only 6 from 0 to & for a rose with even n, which loses half the petals. A rose with even n needs 0
from 0 to 2.

LOI HAY GAP / COMMON MISTAKE — Nhdm huéng ciia dudng tronr=acosd vir=a
sinf. Kiém tra nhanh béng 0 = 0: cos cho r = a nén dudng tron cham truc hoanh tai (a, 0); sin
cho r = 0 nén dudng tron nam trén truc tung.

Mixing up the direction of the circles r = a cos and r = a sin). Check quickly with 0 = 0. cos gives r

= q, so the circle reaches the horizontal axis at (a, 0), sin gives r = 0, so the circle sits on the vertical
axis.

1.6. Dién tich va d§ dai cung trong toa d¢ cuc — 1.6. Area and Arc Length in Polar
Coordinates

Trong toa do Descartes, ban cit mién thanh céc dai chit nhat mong. Trong toa do cuc, ban
cat mién thanh cac hinh quat mong, tat ca dinh & gbc O. Mot hinh quat ban kinh r, goc
nho A8 c6 dién tich xap xi Y5-12-A0. Cong v6 sb quat lai thi duoc tich phéan.
In Cartesian coordinates you slice a region into thin rectangles. In polar coordinates you slice it

into thin sectors, all with their tip at the origin O. A sector of radius r and tiny angle A0 has area
about %>r*A0. Adding up infinitely many sectors gives an integral.

PHAI THUQC / MEMORISE — Dién tich mién giéi han béi r = f(0) va hai tia 6 = o, 6 = p:
A="%]tir a dn P cua r2 d. Diéu kién: flién tuc va p — o < 2x, dé duong cong khong bi v&
chong 1én nhau.

The area bounded by r = f(6) and the rays 0 = a, 0 = fis A = ' | from a to f of ¥* d6. Requirements: f
is continuous and § — o < 2, so the curve is not traced twice.

Dién tich mgt mién cwe — Area of one polar region

1. V& phac duong cong, xac dinh mién céan tinh.
Sketch the curve and mark the region you need.

2. Tim goc o va p ma mién quét qua. Vi mot canh hoa, giai r = 0 dé biét duong cong di
qua gbc ¢ nhitng goc nao. Hai nghiém lién tiép 1a hai can.
Find the angles o. and p that the region sweeps through. For a petal, solve r = 0 to see where
the curve passes through the pole. Two consecutive solutions are your limits.
3. Viét ¥ [ 12 0, ha bic sin? hodc cos? bang sin?x = (1 — cos 2x)/2, cos?x = (1 + cos
2x)/2.
Write % | 2 dO and reduce sin? or cos? with sin’ = (1 — cos 2x)/2, cos* = (1 + cos 2x)/2.
4. Tinh tich phan, thay cén.
Integrate and substitute the limits.

Vi DU/ EXAMPLE — Tinh dién tich mot canh ctia hoa hong r = 2 sin 30. Canh dau tién bat
d4u khi r = 0 tai 6 = 0 va két thuc khi 30 = &, tirc = n/3. Trén khoang nay sin 30> 0. A =% |
tir 0 dén n/3 cua 4 sin30 dO =2 [ sin?30 d6 = [ (1 — cos 60) dO = [0 — (sin 60)/6] tir 0 dén n/3 =
/3 —0=m/3.

Find the area of one petal of the rose r = 2 sin 36. The first petal starts where r = 0 at 8 = 0 and ends
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when 30 = &, that is 0 = /3. On this interval sin 30 > 0. A = % ,[ﬁ’om 0 to /3 of 4 sin’30 d6 = 2 f
sin?30d0 = (I — cos 60) dO = [0 — (sin 60)/6] from 0 to n/3 = /3 — 0 = /3.

Vi DU/ EXAMPLE — Tinh dién tich mién bén trong cardioid r = 1 + cos 6. Puong cong
dugc v& dung mot vong khi 0 chay tir 0 dén 2. A =1 | tir 0 dén 2 cua (1 + cos 0)2 dO =% |
(1+2 cos 0 + cos?0) dO. Ha bac cos?0 = (1 + cos 20)/2, ta c6 % [ (3/2 + 2 cos 0 + (cos 20)/2)
df. Nguyén ham 1a (3/2)0 + 2 sin 6 + (sin 20)/4. Tai 2r gia tri 1a 3w, tai 0 gid tri1la 0. Vay A =
Y2 - 3 =3m/2.

Find the area inside the cardioid r = 1 + cos 0. The curve is traced exactly once as 0 runs from 0 to
2r. A= ,[ﬁfom 0 to 2w of (1 + cos 0)*dO = [ (1 + 2 cos 0+ cos?) db. Reduce cos?0 = (I + cos
20)/2 to get ¥» [ (3/2 + 2 cos O + (cos 20)/2) db. An antiderivative is (3/2)0 + 2 sin 0 + (sin 20)/4. At
2w its value is 3w, at Oitis 0. So A = ¥ - 37 = 3n/2.

Dién tich giira hai dwong cwe — Area between two polar curves

Gidng nhu 13y dién tich hinh 16n trir hinh nhé. Néu trén khoang [a, B] duong ngoai la r =
f(0) va duong trong lar =g(0), véi f>g>0,thi A= [ tir a dén B cua (f* — g?) dO. Luu
y: trir binh phuong r6i méi tich phan, khong phai binh phuong hiéu.

It works like subtracting a small shape from a big one. If on [a, B] the outer curve is r = f(0) and

the inner is r = g(8), with f>g >0, then A = 4 | from a to  of (> — g?) d. Subtract the squares,
then integrate; do not square the difference.

1. V& ca hai duong trén cuing mot hinh, t6 mién can tinh.
Draw both curves in one picture and shade the region.
2. Giai f(0) = g(0) dé tim cac goc giao diém. Cac gdc nay thudng 14 can tich phan.
Solve f(0) = g(0) to get the intersection angles. These are usually your limits.
3. Kiém tra riéng gdc O. Gdc c6 thé ndm trén ca hai duong nhung tng véi cac gia trj 0
khac nhau, nén phuong trinh f= g khong cho ra né.
Check the pole O separately. It can lie on both curves at different values of 0, so the
equation [ = g will not reveal it.
4. Trong timg khoang géc, xem duong nao xa gbc hon dé chon lam duong ngoai.
On each angle interval, see which curve is farther from the pole and call it the outer curve.
5.Lap 2] (r ngoai? —r trong?)de va tinh.
Set up ¥ | (r outer? — r inner?)d0 and evaluate.

Vi DU/ EXAMPLE — Tinh dién tich phan nam trong dudng tron r = 4 sin § va nam ngoai
dudng tron r = 2. Giai 4 sin 0 = 2 thi sin 6 = 2, cho 6 = /6 va 6 = 51/6. Trong khodng nay, r
=4 sin 0 16n hon 2 nén 1a dudng ngoai. A = % | tir /6 dén 51/6 cua (16 sin20 — 4) dd = (8
sin?0 —2) d0 = [ (2 — 4 cos 20) dO = [20 — 2 sin 20]. Tai 57/6: 57/3 + V3. Tai 1/6: n/3 — 3.
Higu: A = 4n/3 +2\3 = 7,65.

Find the area inside the circle r = 4 sin 0 and outside the circle r = 2. Solving 4 sin 6 = 2 gives sin 6
=1, 50 0 =7/6 and 0 = 51/6. On this interval r = 4 sin 0 exceeds 2, so it is the outer curve. A = ¥ |
firom /6 to 51/6 of (16 sin’0 — 4) dO = [ (8 sin’0 — 2) dO = (2 — 4 cos 26) d6 = [20 — 2 sin 20]. At
51/6: 5n/3 + 3. At n/6: n/3 — \3. Difference: A = 4n/3 + 2N3 = 7.65.
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Thir lai bﬁng mét: duong tron r = 4 sin O ¢6 ban kinh 2, dién tich 4n = 12,57. Phan ta tinh
12 mot phan cua hinh nay, nén 7,65 1a con s6 hop 1y. Néu ra s6 16n hon 12,57, ban di sai
¢ dau do.

A quick sanity check: the circle r = 4 sin 0 has radius 2, so its area is 4n = 12.57. The region we

computed is part of that disk, so 7.65 is plausible. A result above 12.57 means something went
wrong.

D0 dai cung cwe — Arc length in polar form

Poi sang tham sd x =r cos 0, y = r sin 0 roi dung cong thie do dai cung tham sb, ban
duoc mot cong thirc gon theo r va dao ham dr/do.

Write x = r cos 0, y = r sin 0, apply the parametric arc length formula, and you get a compact
Jformula in terms of v and its derivative dr/d0.

PHAI THUQC / MEMORISE — L = [ tir o dén B cua can(r2 + (dr/d6)?) de, voir = f(8) c6
dao ham lién tyc va dudong cong dugc vé ding mét lan trén [a, B].

L =] from a to B of sqrt(r? + (dr/d0)?) dO, where r = f{(0) has a continuous derivative and the curve is
traced exactly once on [o, p].

Vi DU / EXAMPLE — Tinh chu vi cardioid r = 1 + cos 0, 0 tir 0 dén 2rr. C6 dr/d6 = —sin 6.
Suy ra r* + (dr/d0)?> =1 + 2 cos 0 + c0s?0 + sin?0 =2 + 2 cos 6 = 4 cos?*(0/2). Can bac hai la
2|cos(6/2)|. Cos(6/2) > 0 khi 0 tir 0 dén 7, nén ding d6i ximg: L =2 [ tir 0 dén 7 cia 2 cos(6/2)
do =4 - [2 sin(6/2)] tir 0 dén 7t = 8.

Find the perimeter of the cardioid r = 1 + cos 0, 0 from 0 to 2zm. We have dr/df = —sin 6. So r* +
(dr/dO)? =1 + 2 cos O + cos?0 + sin’0 = 2 + 2 cos 0 = 4 cos*(0/2). The square root is 2|cos(6/2)|.
Since cos(6/2) > 0 for 0 from 0 to 7, use symmetry: L = 2 [ from 0 to w of 2 cos(6/2) d6 = 4 - |2
sin(0/2)] from 0 to w = 8.

LOI HAY GAP / COMMON MISTAKE — Quén hé sb % & cong thirc dién tich, hodc viét %
[ 1 do thay vi r2. Cong thirc d6 dai cung thi khong c6 4.

Forgetting the factor % in the area formula, or writing % [ r d@ instead of r*. The arc length formula
has no %.

LOI HAY GAP / COMMON MISTAKE - Chi giai f= g rdi bo sét goc toa do. Véi hai
dudng tron cit nhau, gbe thudng 13 giao diém thi ba.

Solving only f = g and missing the pole. For two intersecting circles the pole is often a third
intersection point.

LOI HAY GAP / COMMON MISTAKE — Léy can qua mdt vong, nén di¢n tich hodc do
dai bi tinh hai 1an. Vi r = cos 26, thi ca 0 dén 27 dd du ca 4 canh; dung liy 0 dén 4x.

Using limits that cover more than one pass, which counts area or length twice. For r = cos 20, 0 to 2x
already traces all 4 petals; never use 0 to 4.

LOI HAY GAP / COMMON MISTAKE — B6 d4u gi4 tri tuyét di khi rat cian, nhu
cin(4cos?(0/2)) = 2|cos(6/2)|. Hay chia khoang theo dau cia cos.

Dropping the absolute value when taking a root, as in sqrt(4cos*(0/2)) = 2|cos(0/2)|. Split the interval
by the sign of the cosine.
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LOI HAY GAP / COMMON MISTAKE — bé may tinh & ché d6 do khi can 1a /3 hay
5m/6. Cac cong thirc ndy chi dung khi 0 tinh bang radian, nén hay chuyén may sang ché do
radian trudc khi bam sb.

Leaving the calculator in degree mode when the limits are /3 or 5/6. These formulas only hold when
0 is in radians, so switch the calculator to radian mode before you enter numbers.

1.7. Parabol, elip, hyperbol: phwong trinh chinh tiic va tiéu diém - 1.7.
Parabolas, Ellipses and Hyperbolas: Standard Forms and Foci

Parabol, elip va hyperbol déu 1a duong conic: giao cia mot mit phang véi mat nén.
Chung ciing c6 thé dinh nghia bang khoang cach trén mit phang, va cach niy giup ban
viét phuong trinh rat nhanh. Giéng nhu dung hai chiéc dinh va mot soi diy dé vé vong,
mdi dudng conic 12 tap cac diém thoa mot quy tic vé khoang cach.

Parabolas, ellipses and hyperbolas are conic sections. the curves you get when a plane cuts a
cone. They can also be defined by distances in the plane, and that definition gives their equations
quickly. Think of two pins and a loop of string: each conic is the set of points obeying one
distance rule.

Dinh nghia hinh hgoc — Geometric definitions
* Parabol: tap diém cach déu mot diém cd dinh (tiéu diém) va mot dudong théng ¢ dinh
(duong chuan).
Parabola: all points equally far from a fixed point (the focus) and a fixed line (the directrix).
« Elip: tap diém c6 tong khoang cach t6i hai tiéu diém bang mot hang so 2a.
Ellipse: all points whose distances to two foci add up to a constant 2a.
« Hyperbol: tap diém c6 hiéu khoang cach toi hai tiéu diém (1ay gia trj duong) bang
hang s6 2a.
Hyperbola: all points whose distances to two foci differ by a constant 2a (taken as a positive
number).
Ca ba gop lai qua tAm sai e = (khoang céach tdi tiéu diém) / (khoang cach t&i dudng chuan
gan nhat). Parabol c6 e = 1, elip c6 e < 1, hyperbol c6 e > 1. Vi elip va hyperbol, e = c/a,
trong d6 ¢ 14 khoang cach tir tim t6i mdi tiéu diém.
All three fit one rule through the eccentricity e = (distance to focus) / (distance to nearest

directrix). A parabola has e = 1, an ellipse e < I, a hyperbola e > 1. For ellipses and
hyperbolas, e = c/a, where c is the distance from the center to each focus.

Phuong trinh chinh tic (tAm hoic dinh tai (h, K)) — Standard forms (center or vertex at
(h, k)

PHAI THUQC / MEMORISE — Parabol ¢ dinh (h, k), p 14 khoang cach tir dinh téi tiéu
diém: (x — h)? = 4p(y — k) véi tiéu diém (h, k + p), duong chuan y =k — p. Dang ngang (y —
k)? = 4p(x — h) c6 tidu diém (h + p, k), dudong chudn x =h — p.

Parabola with vertex (h, k), p the distance from vertex to focus: (x — h)?> = 4p(y — k), focus (h, k + p),
directrix y = k — p. The horizontal form (y — k)? = 4p(x — h) has focus (h + p, k), directrix x = h — p.

PHAI THUQC / MEMORISE - Elip ngang (a > b): (x — h)¥a? + (y — k)>/b*=1, c* = a* — b?,
tiéu diém (h + ¢, k). Néu mau 16n nam duéi (y — k)? thi elip dung, tiéu diém (h, k + c).
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Horizontal ellipse (a > b): (x — h)%a?> + (y — k)¥b> =1, ¢ = a? — b? foci (h £ ¢, k). If the larger
denominator sits under (y — k), the ellipse is vertical with foci (h, k £ ¢).

PHAI THUQC / MEMORISE — Hyperbol ngang: (x — h)?/a2 — (y —k)>/b>=1, c2 =% + b2,
dinh (h + a, k), tiéu diém (h + ¢, k), tiém can y — k = +(b/a)(x — h). Hyperbol dimg d6i vai tro
X vay, tiém can y — k = +(a/b)(x — h).

Horizontal hyperbola: (x — h)%a? — (y — k)¥b> = 1, ¢? = a? + b? vertices (h + a, k), foci (h +c, k),
asymptotes y — k = £(b/a)(x — h). The vertical hyperbola swaps the roles of x and y, with asymptotes y
—k==%(a/b)(x — h).

Vi DU / EXAMPLE — Viét phuong trinh parabol c6 tiéu diém (0, 3) va dudng chuin y = —3.
Dinh nam gitta tiéu diém va duong chuin nén 1a (0, 0), va p = 3. Dang dtng cho x> = 12y.
Kiém tra bang dinh nghia: diém (x, y) cach déu hai bén nghia 1a x2 + (y — 3)2 = (y + 3)% Khai
trién, cac s6 hang y2 va 9 triét tiéu, con x2 = 12y. Khép.

Write the parabola with focus (0, 3) and directrix y = —3. The vertex sits halfway between focus and
directrix, so it is (0, 0), and p = 3. The vertical form gives x> = 12y. Check with the definition: a point
(x, y) is equally far from both when x? + (v — 3)? = (y + 3)2 Expand, the y? and 9 terms cancel,
leaving x? = 12y. It matches.

Pwa phwong trinh bac hai vé dang chinh tic — Reducing a quadratic equation to standard
form

Phuong trinh dang Ax? + Cy? + Dx + Ey + F = 0 (khong c6 s6 hang xy). Nhin hé sd A va
C dé doan loai dudng trude khi bién doi.

Take an equation Ax? + Cy? + Dx + Ey + F = 0 (no xy term). Compare A and C to guess the
curve before you rearrange.

Hg¢ so cuia x? va y?

DPuong conic

Coefficients of x* and y? Conic

Chi mét trong hai binh phuong xuat hién (A hodc C bang 0) Parabol
Only one of the two squares appears (A or C'is () Parabola
Cung dau va khic nhau Elip

Same sign, different values Ellipse
Cung dau va bang nhau Duong tron
Same sign, equal values Circle

Trai dau Hyperbol
Opposite signs Hyperbola

1. Chuyén sb hang tir do sang vé phai, gom cac s hang x va cac s6 hang y riéng.
Move the constant to the right side and group the x terms and the y terms separately.

2. Pat hé sb cta x* (va clia y?) ra ngoai ngodc trong nhom tuong tmg.
Factor the coefficient of x? (and of y?) out of its group.

3. Hoan thanh binh phuong: thém (ntra hé sb bac nhét)2 vao trong ngodc, va cong vao vé
phai s6 twong g (nhé nhan véi hé sé da dat ngoai).
Complete the square: add (half the linear coefficient)? inside the bracket, and add the
matching amount (times the factored-out coefficient) to the right side.
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4. Chia hai vé dé vé phai bang 1 (elip, hyperbol) hoic dua vé dang (x — h)> = 4p(y — k)
(parabol).
Divide both sides to make the right side 1 (ellipse, hyperbola), or rewrite as (x — h)? = 4p(y
— k) for a parabola.

5.Poc h, k, a, b hodc p, rOi tinh ¢ va cac yéu td can tim.
Read off h, k, a, b or p, then compute c and whatever else you need.

Vi DU / EXAMPLE — Tim tam, dinh, tiéu diém, tiém cén cua 9x2 — 4y? — 18x — 16y —43 =
0. Hai binh phwong trai dau nén day 1a hyperbol. Gom nhom: 9(x2 — 2x) — 4(y? + 4y) = 43.
Hoan thanh binh phuong: 9(x = 1)? -9 —4(y +2)>+ 16 =43, suyra9(x — 12 —4(y + 2)> =
36. Chia 36: (x — 1)?/4—(y +2)?)/9=1. Vay tam (1, —2),a=2,b=3,c = \/(4 +9)= V13.
Pinh (-1, -2) va (3, —2). Tiéu diém (1=+ V13, —2). Tiémcany + 2 =+(3/2)(x — 1). Tam sai e
=13/2 = 1,80.

Find the center, vertices, foci and asymptotes of 9x? — 4y?> — 18x — 16y — 43 = 0. The squares have
opposite signs, so it is a hyperbola. Group: 9(x? — 2x) — 4(y° + 4y) = 43. Complete the squares: 9(x —
1)?’=9—4(y+2)?+16=43 s09(x — 1)>— 4(y + 2)? = 36. Divide by 36: (x — 1)%4 — (y + 2)%/9 = 1.
Center (1, =2),a=2,b =3, ¢ =4+ 9) =~13. Vertices (-1, —2) and (3, =2). Foci (1 13, —2).
Asymptotes y + 2 = +(3/2)(x — 1). Eccentricity e = \13/2 ~ 1.80.

Vi DU / EXAMPLE — Parabol x2 — 6x — 8y + 25 = 0. Chi x2 xuét hién. Viét x> — 6x = 8y —
25, cong 9 hai vé: (x — 3)2=8y — 16 = 8(y — 2). Vay 4p = 8, p = 2, dinh (3, 2), tiéu diém (3,
4), dudng chun y = 0.

Parabola x* — 6x — 8y + 25 = 0. Only x? appears. Write x> — 6x = 8y — 25 and add 9 to both sides: (x
—=3)2=8y—16=8(y—2). So4p =8, p =2, vertex (3, 2), focus (3, 4), directrix y = 0.

Vi DU/ EXAMPLE — Elip 4x* + 9y? — 16x + 18y — 11 = 0. Hai binh phuong cting d4u, hé sb
khac nhau nén day 14 elip. Gom nhom: 4(x* — 4x) + 9(y2 + 2y) = 11. Thém 4 trong nhém x (vé
phai cong 4-4 = 16) va thém 1 trong nhém y (vé phai cong 9-1 = 9): 4(x — 2)2 + 9(y + 1)2 =11
+16 + 9 =36. Chia 36: (x — 2)%/9 + (y + 1)¥4 = 1. Miu 16n nam duéi x nén elip ngang, a =3,
b=2,c=1(9—4)=15. Tam (2, —1), dinh (-1, —1) va (5, —1), tiéu diém (2 + V5, —1). TAm
sai e = V5/3 = 0,75, nh6 hon 1 dung nhu elip.

Ellipse 4x° + 9y? — 16x + 18y — 11 = 0. The squares have the same sign and different coefficients, so
it is an ellipse. Group: 4(x*> — 4x) + 9(y* + 2y) = 11. Add 4 in the x group (the right side gains 4-4 =
16) and 1 in the y group (the right side gains 9-1 = 9): 4(x = 2)?+ 9(y + 1)?° =11 + 16 + 9 = 36.
Divide by 36: (x — 2)%9 + (v + 1)%/4 = 1. The larger denominator is under x, so the ellipse is
horizontal, a =3, b=2, ¢ = \/(9 —4) = \5. Center (2, —1), vertices (—1, —1) and (5, —1), foci (2 + \s,
—1). Eccentricity e = N5/3 =~ 0.75, below 1 as an ellipse requires.

LOI HAY GAP / COMMON MISTAKE — Quén dit hé s6 ra ngoai trudc khi hoan thanh
binh phuong, hodc quén nhan s6 vira thém vé6i hé s6 d6 khi cong sang vé phai (& vi duy trén 1a
9 va —4 chtr khong phai 1).

Forgetting to factor out the coefficient before completing the square, or forgetting to multiply the
added number by that coefficient on the right side (above it was 9 and —4, not 1).

LOI HAY GAP / COMMON MISTAKE — Doc sai ddu tim: (y + 2)? nghia la k = —2. Duing
nham c2 = a2 — b2 cho hyperbol, hodc nham c2 = a? + b2 cho elip. O elip, a? luon 13 mau 16n
hon.

Misreading the sign of the center: (v + 2)? means k = —2. Using ¢? = a’ — b? for a hyperbola, or ¢* =
a’ + b? for an ellipse. In an ellipse, a’ is always the larger denominator.

Tai li€u nay duogc bién soan boi doi ngli ciia website: https://tailieuso.vin
Trang 26



Pé cuong 6n tdp Toan cao cap F3

LOI HAY GAP / COMMON MISTAKE — Céch trén chi ding khi khéng c6 sb hang Xy.
Néu phuong trmh c6 xy thi du:ong conic bi xoay, ban phai xoay truc trudc. Ngoai ra, néu sau
khi chia ma vé phai 4m hodc bang 0 véi elip thi khéng c6 dudng nao, hodc chi con mot diém.
This method works only when there is no xy term. If xy appears, the conic is tilted and you must rotate
the axes first. Also, if the right side of an ellipse comes out negative or zero after dividing, there is no
curve, or just a single point.

MEO / TIP — Kiém tra nhanh: véi elip e < 1, hyperbol e > 1, parabol c¢6 4p chir khong phai p
& vé phai. Néu két qua trai cac diéu nay thi ra lai phép tinh.

Quick check: an ellipse must give e < 1, a hyperbola e > 1, and a parabola has 4p, not p, on the right
side. If your result contradicts these, recheck the algebra.

1.8. Tam sai, conic dang cwe va phép xoay truc - 1.8. Eccentricity, Polar Form of

Conics and Rotation of Axes

Tam sai e 1a mot con s6 cho biét conic "cong" dén mirc nao. Lay mot diém F (tiéu diém)
va mot duong thang d (dudng chuan). Xét cac diém M sao cho khoang cach MF chia cho
khoang cach tir M dén d ludn bang mot hang s6. Hang s6 d6 13 e, va nd quyét dinh dudng
ve€ ra la loai conic nao.

The eccentricity e is a single number that tells you how curved a conic is. Take a point F (the
focus) and a line d (the directrix). Collect all points M for which the distance MF divided by the
distance from M to d is always the same constant. That constant is e, and it decides which conic
you get.

Giatrie Loai conic Cach tinh e
Value of e Conic type How to find e

Elip (e cang gan 0 thi cang gidng
e nhd hon 1 duong tron) e=c/avéic’=a>—b?
e<| Ellipse (the closer e is to 0, the e =c/awith c?=a’— b?
rounder it looks)

e bang 1 Parabol Ludn bang 1, khong can tinh
e=1 Parabola Always 1, nothing to compute
e 16n hon 1 Hyperbol e =c/avdic?=a*+b?

e>1 Hyperbola e =c/awith c?=a’+ b?

ViDU/EXAMPLE—ElipX2/25 +y?/9=1c6a=5b=3.Tinhc*=25-9=16nénc=4.
Tam sai e =4/5=0,8 < 1, dung 1a elip.

Take the ellipse x%/25 + y*/9 = [ witha = 5 and b = 3. Then ¢ =25 — 9 = 16, so ¢ = 4. The
eccentricity is e = 4/5 = 0.8 < 1, which matches an ellipse.

Vi DU/ EXAMPLE — Hyperbol x¥/9 —y?/16 =1c6a=3,b=4. Tinhc2=9 + 16 =25 nén ¢
=5.Tamsai e =5/3 = 1,67 > 1, dung 1a hyperbol. Chu y: ¢ hyperbol, ¢ luén 16n hon a nén e
luén 16n hon 1.

Take the hyperbola x%/9 — y%/16 = I witha =3 and b = 4. Then ¢?=9 + 16 = 25, so c = 5. The
eccentricity is e = 5/3 = 1.67 > 1, which matches a hyperbola. Here c is always larger than a, so e
always exceeds 1.
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Conic dang cwe — Conics in polar form

Khi dit mot tiéu diém tai géc toa do (goi la cuc), phuong trinh conic tré nén rat gon. o)
day p 1a khoang cach tir tiéu diém dén dudng chuan gan nhat.

When one focus sits at the origin (called the pole), the equation of a conic becomes very short.
Here p is the distance from the focus to the nearest directrix.

| r=ep/ (1 + e'cos®) hodc r = e'p / (1 - ecosB) hodcr =ep/ (1 £ e-sind)

Ham cos cho tryc chinh nam ngang, ham sin cho truc chinh thang dung. Dau cong dat
duong chuan & phia duong (x = p hodc y = p). Dau trir diat ndé ¢ phia am (x = —p hodc y =
D).

Cosine gives a horizontal major axis, sine gives a vertical one. A plus sign puts the directrix on
the positive side (x = p ory = p). A minus sign puts it on the negative side (x = —p ory = —p).

1. Chia ca tir va mau dé s hang hang ¢ mau bang 1.
Divide the top and bottom so the constant term in the denominator equals 1.

2. Poc hé sb cta cosd hodc sind & mau: do chinh 1 e. Dung e dé chon loai conic.
Read the coefficient of cosO or sinf in the denominator: that is e. Use it to pick the conic
type.

3. Ly tir s6 chia cho e dé duoc p, roi suy ra duong chuan tir ham (cos hay sin) va dau.
Divide the numerator by e to get p, then find the directrix from the function (cos or sin) and
the sign.

Vi DU / EXAMPLE — Nhén dang r = 12/(3 — 6 sinf). Chia tir va mau cho 3 ta dugc r = 4/(1
— 2 sinf). Vay e =2 > 1, day la hyperbol. Tir s6 e-p = 4 nén p = 2. Ham sin cho truc dimg,
dau trir cho dudng chuan y = —2. Dé kiém tra, thay 0 = 37/2 thi r = 4/3, ta c6 dinh (0; —4/3).
Thay 6 = 7/2 thi r = —4, ta c6 dinh (0; —4). Vi dinh (0; —4/3): khoang cach dén tiéu diém 1a
4/3, @én dudng chuan 1a 2/3, ti s6 2 khop véi e.

Identify r = 12/(3 — 6 sin6). Divide top and bottom by 3 to get v = 4/(1 — 2 sinf). So e = 2 > [ and the
curve is a hyperbola. The numerator e')p = 4 gives p = 2. Sine means a vertical axis, and the minus
sign gives the directrix y = —2. To check, put 0 = 37/2: r = 4/3, so a vertex is (0, —4/3). Put 0 = /2: r
= —4, so another vertex is (0, —4). For (0, —4/3): the distance to the focus is 4/3, to the directrix 2/3,
and the ratio 2 matches e.

Vi DU / EXAMPLE — Nhén dang r = 6/(2 + cos). Chia tir va mau cho 2 ta dugc r = 3/(1 +
0,5 cosf). Vay e = 0,5 < 1, day 1a elip. Tir s6 e'p = 3 nén p = 6. Ham cos cho truc ngang, ddu
cong cho duong chuin x = 6. Thay 0 = 0 thi r = 2, ta c6 dinh (2; 0). Thay 0 =n thir =6, ta c6
dinh (—6; 0). Hai dinh cadch nhau 8 nén a =4, tdm ¢ (—2; 0) nén ¢ = 2. Ti sb c/a=0,5 khép voi
c.
Identify r = 6/(2 + cos0). Divide top and bottom by 2 to get r = 3/(1 + 0.5 cos0). So e = 0.5 < I and
the curve is an ellipse. The numerator e:p = 3 gives p = 6. Cosine means a horizontal axis, and the
plus sign gives the directrix x = 6. Put @ = 0: r = 2, 50 a vertex is (2, 0). Put 0 = w: v = 6, so the other
vertex is (—6, 0). The vertices are 8 apart, so a = 4, and the center is (=2, 0), so ¢ = 2. The ratio c/a =
0.5 matches e.
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Biét thirc va phép xoay truc — The discriminant and rotation of axes

Phuong trinh bac hai tong quat c6 dang Ax? + Bxy + Cy? + Dx + Ey + F = 0. S6 hang xy
(B #0) bao réng truc cua conic bi nghiéng so voi truc toa do. Mudn biét loai conic, ban
chua can xoay: chi can tinh biét thirc B> — 4AC.
The general quadratic equation is Ax> + Bxy + Cy? + Dx + Ey + F = 0. A xy term (B # 0) means
the conic's axes are tilted relative to the coordinate axes. To find the type you do not need to
rotate yet: just compute the discriminant B* — 4AC.

PHAI THUQC / MEMORISE — B> — 4AC < 0: elip (ké ca dudng tron). B2 — 4AC = 0:
parabol. B2 — 4AC > 0: hyperbol. Quy tic nay ap dung cho dd thi khong suy bién.

B?—4A4C < 0: ellipse (circles included). B> — 4AC = 0: parabola. B> — 4AC > 0: hyperbola. The rule
applies to non-degenerate graphs.

Vi DU / EXAMPLE — Phan loai x> + 4xy + 4y> = 3x +y =0. O day A=1,B =4, C=4. Biét
thirc 1a 16 — 4-1-4 = 0, nén day la parabol. Véixy=1thi A=0,B=1,C=0, bi¢t thirc 1a 1 >
0, nén day la hyperbol.

Classify x* + 4xy + 4> = 3x +y = 0. Here A = I, B =4, C = 4. The discriminant is 16 — 4-1-4 = 0, so
this is a parabola. For xy = 1 we have A = 0, B = 1, C = 0, and the discriminant is 1 > 0, so this is a
hyperbola.

Pé khir s6 hang xy, ban quay hé truc mot goc 6. Cong thirc ddi toa do cii sang mdi nhu
sau:

To remove the xy term, you rotate the axes by an angle 0. The formulas that convert old
coordinates to new ones are:

cot 26 = (A - C)/B, x = x'cos® - y'sinB, y = x'sin6 + y'cosé
A' = A-cos?06 + B-sinb-cos® + C-sin?6, C' = A-sin?6 — B-sinb-cos® + C-cos?6
D' = D:cos6 + E-sin®, E' = -D-sin® + E:cos®, F' = F

1. Tinh B2 — 4AC dé biét loai conic.
Compute B? — 4AC to learn the conic type.

2. Tim gbc xoay 0 tir cot 20 = (A — C)/B. Néu A = C thi cot 20 = 0, nén 0 = 45°,
Find the rotation angle 0 from cot 20 = (A — C)/B. If A = C then cot 20 = 0, so 0 = 45°.
3. Tinh cac hé s méi A', C', D', E' béng cong thure trén.
Compute the new coefficients A', C', D', E' with the formulas above.
4. Viét phuong trinh theo x', y', 0i dua vé dang chinh tac.
Write the equation in x', y" and bring it to standard form.

Vi DU / EXAMPLE — Xoay truc cho 3x2+ 2xy +3y2—8=0. 0 ddy A=3,B=2,C=3.
Biét thuc 1a 4 — 36 = —32 < 0, nén day la elip. Vi A = C nén 0 = 45°, v&i cosd = sinf = \2/2
va sinB-cos® = 1/2. Tinh A'=3/2+1+3/2=4vaC'=3/2 — 1 + 3/2 =2. Phuong trinh maéi la
4x2 + 2y = 8, tuc x'%/2 + y'?/4 = 1. D6 13 elip c6 ban truc V2 theo x' va 2 theo y'. Kiém tra:
diém x' = 0, y' = 2 (g v&i (—V2; \2), thay vao dugc 6 — 4 + 6 = 8, ding.

Rotate the axes for 3x?> + 2xy + 3y° — 8 = 0. Here A = 3, B = 2, C = 3. The discriminant is 4 — 36 =
—32 <0, so this is an ellipse. Since A = C, 0 = 45°, with cosf = sinf = \2/2 and sinf-cos = 1/2.
ThenA'=3/2+1+3/2=4and C'=3/2— 1+ 3/2 =2. The new equation is 4x"> + 2y = §, that is
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x'%/2 +y'%/4 = 1. This is an ellipse with semi-axis \2 along x' and 2 along y'. Check: the point x' = 0, y'
= 2 maps to (—\/2, \/2), and 6 — 4 + 6 = 8, which holds.

LOI HAY GAP / COMMON MISTAKE — Quén chia dé hing s6 & mau bang 1, réi doc
nham e (vi du lay e = 6 thay vi 2 & vi duy trén). Ldi thr hai 12 viét nhdm B? — 4AC thanh B? +
4AC. Lbi thir ba 1a dimg ¢ phan béc hai: néu phwong trinh c¢6 Dx + Ey thi ciing phai d6i hai
s6 hang nay sang x', y' bang D', E'. Ldi tht tu 1 doc dau ctia mau sai: 1 — e-sinf cho dudng
chuan y = —p, khong phai y = p.

Forgetting to make the constant in the denominator 1, then misreading e (for example taking e = 6
instead of 2 in the example above). A second slip is writing B> + 4AC instead of B> — 4AC. A third is
stopping at the quadratic part: if the equation has Dx + Ey, those two terms must also be converted to
x', y'using D" and E'. A fourth is misreading the sign in the denominator: 1 — e-sinf gives the directrix

Yy =—p, noty =p.

1.9. Bai tap van dung ¢0 10i giai — 1.9. Applied exercises with solutions

Bai 1. Tiép tuyén va @9 16m ciia dwong cong tham s6 — Exercise 1. Tangent line and
concavity of a parametric curve

Puong cong c¢6 x =2 + 1 va y = t3 — 3t. Hay viét phuong trinh tiép tuyén tai t = 2 va cho
biét tai d6 duong cong 16m 1én hay 16m xudng.

A curve is given by x = t* + [ and y = * — 3t. Write the equation of the tangent line at t = 2 and
decide whether the curve is concave up or concave down there.

1. Thay t =2 dé tim diém tiép xtc: x =4+ 1 =5vay=8— 6 =2, vay diém la (5, 2).
Substitute t = 2 to find the point of tangency: x =4 + 1 =5andy =8 — 6 = 2, so the point is
(5, 2).

2. Tinh dao ham theo t: dx/dt = 2t =4 va dy/dt = 3t* — 3 = 9. Vi dx/dt khac 0 nén chia
duoc.

Differentiate with respect to t: dx/dt = 2t = 4 and dy/dt = 3t* — 3 = 9. Since dx/dt is not zero,
we can divide.

3. Heé s6 goc dy/dx = (dy/dt)/(dx/dt) = 9/4. Tiép tuyén: y — 2 = (9/4)(x — 5), tlrc y = 9x/4
—37/4.
The slope is dy/dx = (dy/dt)/(dx/dt) = 9/4. The tangent lineis y — 2 = (9/4)(x — 5), thatis y =
9x/4 — 37/4.

4. Véi d6 1om, viét dy/dx = (3t> — 3)/(2t) = 3t/2 — 3/(2t). Pao ham theo t dugc 3/2 +
3/(2t2), tai t = 2 bang 3/2 + 3/8 = 15/8.
For concavity, write dy/dx = (3t — 3)/(2t) = 3t/2 — 3/(2t). Its derivative in t is 3/2 + 3/(2t3),
which equals 3/2 + 3/8 = 15/8 att = 2.

5. Chia cho dx/dt = 4: d?y/dx? = (15/8)/4 = 15/32 > 0. Két qua: tiép tuyén y = 9x/4 —
37/4 va dudong cong 10m lén tai t = 2.
Divide by dx/dt = 4: d*v/dx? = (15/8)/4 = 15/32 > 0. Result: the tangent line is y = 9x/4 —
37/4 and the curve is concave up at t = 2.
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Bai 2. Dién tich va d¢ dai cia dwong cardioid — Exercise 2. Area and length of a cardioid

Cho dudng cardioid r = 2 + 2cos0 véi 0 < 0 < 2x. Tinh dién tich mién bén trong va chu vi
cua duong cong.

Consider the cardioid r = 2 + 2cos0 for 0 < 0 < 2r. Find the area it encloses and the length of
the curve.

1. Khi 6 chay tir 0 d@én 27, duong cong quét kin diing mot vong nén ding ding cac cin
nay. Dién tich A = (1/2) ] tir 0 dén 2x ctia 12 d0 =2 [ (1 + cos0)? do.
As 0 runs from 0 to 2x the curve is traced exactly once, so these limits are correct. The area
is A= (1/2) | from 0 to 2 of r?dO = 2 | (I + cosb)? db.

2. Khai trién (1 + cos8)? = 1 + 2cos6 + cos20 va dung cos?0 = (1 + cos260)/2, dugc biéu
thire 3/2 + 2cos0 + (1/2)cos26.

Expand (1 + cos6)? = 1 + 2cos + cos?0 and use cos?0 = (1 + cos26)/2 to get 3/2 + 2cosf +
(1/2)cos26.

3. Trén mot chu ky ddy di, cac s6 hang cos va cos26 tich phan bang 0, con 3/2 cho
(3/2)(2n)=3n. Vay A=2 - 3 =6m = 18,85.
Over a full period the cosO and cos20 terms integrate to 0, and 3/2 gives (3/2)(2n) = 3x. So
A=2 3r=06m=1885.

4. V61 do dai cung, r' = —2sinf nén 1> + r'> = 4(1 + cos0)* + 4sin?0 = 8 + 8cosh =
16c0s%(6/2). Can bac hai 1a 4|cos(0/2)|.
For arc length, r' = —2sinf, so 1> + r'? = 4(1 + cos)? + 4sin’0 = 8§ + 8cosf = 16cos?*(6/2).
The square root is 4|cos(0/2)|.

5. Do dbi xtmg, L =2 [ tir 0 dén 7 ctia 4cos(0/2) d0 = 8 - [2sin(6/2)] tir 0 dén = 16. Két
qua: dién tich 6w va chu vi 16.

By symmetry, L =2 [ from 0 to m of 4cos(6/2) d6 = 8 - [2sin(6/2)] from 0 to = = 16. Result:
the area is 67 and the length is 16.

Bai 3. Elip: tiéu diém, tAm sai va phwong trinh cwe — Exercise 3. Ellipse: foci,
eccentricity and polar equation

Cho elip 9x* + 25y2 = 225. Pua vé dang chinh tic, tim tiéu diém, tdm sai, duong chuan,
10i viét phuong trinh cuc khi 14y tiéu diém (4, 0) lam gbc cuc.

Given the ellipse 9x? + 25y = 225, put it in standard form, find the foci, eccentricity and
directrices, then write its polar equation with the focus (4, 0) as the pole.

1. Chia hai vé cho 225: x%/25 + y*/9 = 1. Mau cua x2 16n hon nén tryc 16n nim ngang, a>
=25vab*=9,thica=5,b=3.
Divide both sides by 225: x%/25 + y?/9 = 1. The denominator under x? is larger, so the major
axis is horizontal, with a’> = 25 and b> =9, thatis a = 5 and b = 3.

2. Tinh ¢ =a% — b>=25— 9 =16 nén ¢ = 4. Tiéu diém 1a (4, 0) va (-4, 0).
Compute ¢ =a’— b?>=25— 9 =16, so c = 4. The foci are (4, 0) and (—4, 0).
3. Tam sai e = c¢/a = 4/5, nho hon 1 nén dung 13 elip. Puong chuan x = +a/e = +25/4.

The eccentricity is e = c/a = 4/5, which is less than 1, consistent with an ellipse. The
directrices are x = ta/e = £25/4.
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4. Lay tiéu diém (4, 0) 1am cyc thi dudng chudn twong tmg x = 25/4 nam bén phai, cach
cuc d=25/4—4=9/4. Do d6 e-d = (4/5)(9/4) = 9/5.
With the focus (4, 0) as the pole, the matching directrix x = 25/4 lies to the right, at distance
d=25/4—4=29/4. Hence e-d = (4/5)(9/4) = 9/5.

5. Phuong trinh cuc r = ed/(1 + e-cos0) = (9/5)/(1 + (4/5)cos0) = 9/(5 + 4cosh).
The polar equation is r = ed/(1 + e-cos0) = (9/5)/(1 + (4/5)cosB) = 9/(5 + 4cosb).

6. Kiém tra: 6 = 0 cho r = 1, diém cach tiéu diém 1 vé bén phai, tirc (5, 0). 6 =n chor =
9, diém c6 x =4 — 9 =—5. Ca hai déu 14 dinh cta elip. Két qua: r = 9/(5 + 4cos).
Check: 8 = 0 gives r = 1, a point I unit right of the focus, namely (5, 0). 0 = w givesr =9, a
point with x = 4 — 9 = —5. Both are vertices of the ellipse. Result: r = 9/(5 + 4cos6).

1.10. Cau héi ty luan va dan y tra loi — 1.10. Essay questions and answer outlines

Ciu 1. Khi khir tham sd, vi sao phai dé y mién ciia tham s6 t va 1am sao biét dwong
cong dwgc vé theo chiéu nao?

Question 1. When eliminating a parameter, why must you watch the range of t, and how do you
tell which way the curve is traced?

« Cach khir: rat t tir mot phuong trinh rdi thé vao phuong trinh kia, hoic dung dang thirc
nhu cos’t +sin’t=1. Vidux=2t,y=t*— 1 choy=x*4 — 1.
Method: solve one equation for t and substitute into the other, or use an identity such as cos’t
+ sin’t = 1. For example x = 2t, y =t> — 1 gives y = x%/4 — 1.

« Phuong trinh sau khir ¢6 thé chira nhiéu diém hon dudng cong gbc. Vidux =ty =t
— 1 vo6it>0 chi chonhanh x>0 ctay =x*— 1.
The equation left after elimination can contain more points than the original curve. For
example x =\lt, y = t — 1 with t > 0 gives only the branch x >0 of y = x> — 1.

« Chiéu v&: 1ap bang vai gia tri t ting dan, tinh timg diém (x, y), ndi theo thir tyr d6 va
dat miii tén theo chiéu t ting.
Direction: tabulate several increasing values of t, compute each point (x, y), join them in that
order and draw arrows in the direction of increasing t.

* Mot duong cé thé ¢4 nhiéu cach tham sb hoa, khac nhau vé chiéu di va sd 1an quét,
nén dé thuong cho kém khoéang cia t.
One curve can have several parametrizations that differ in direction and number of passes,
which is why problems usually state the interval for t.

Ciu 2. Néu cach doi giira toa dd cwc va toa dd Descartes, va nhirng chd dé sai khi
tim goc 0.

Question 2. Explain how to convert between polar and Cartesian coordinates, and where
mistakes usually happen when finding the angle 6.

* Tur cuc sang Descartes: x =r-cosf, y =r-sinf. Vidu (4, 2n/3) chox=-2vay= 2V3.
Polar to Cartesian: x = r-cos6, y = r-sin. For example (4, 21t/3) gives x = —2 and y = 23.

* Tur Descartes sang cuc: 1> = x> + y? va tanf = y/x. Ham tan chi cho gdc trong nura vong
nén phai xét diém nam & goc phan tu nao.
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Cartesian to polar: v* = x? + y? and tan0 = y/x. The tangent only gives an angle within a half
turn, so check which quadrant the point lies in.

« Vi du diém (-1, 1): tan = —1 nhung v6i r = V2 > 0 thi 6 = 37/4, khong phai —n/4.
For the point (—1, 1), tan@ = —1, but with r = N2 > 0 the angle is 37/4, not —m/4.

« M6t diém c6 nhiéu cap toa do cuc, chéng han (r, 0), (r, 6 + 2m) va (-, 6 + ), nén so
sanh hai dudng cong cuc can can than.
A point has many polar pairs, such as (r, 0), (v, 8 + 2n) and (—r, 0 + 7), so be careful when
comparing two polar curves.

Ciu 3. Lam sao nhan dang dwong cardioid va dwdng hoa hong, va chon cén tich
phén thé nao khi tinh dién tich cuc?

Question 3. How do you recognize a cardioid and a rose curve, and how do you choose the
limits when computing a polar area?

« Cardioid r = a(1 + cos@) ddi ximg qua truc ngang, cé diém nhon tai gdc va quét kin khi
6 tir 0 dén 2.
The cardioid r = a(l + cos®) is symmetric about the horizontal axis, has a cusp at the origin
and closes up as 6 goes from 0 to 2x.

« Hoa hong r = a-cos(n6) hodc a-sin(nd): n 1& co n canh, n chin c6 2n canh. Vidyr=
3sin260 c6 4 canh.

The rose r = a-cos(nf) or a-sin(nb) has n petals when n is odd and 2n petals when n is even.
For example r = 3sin20 has 4 petals.

« Dién tich A = (1/2) | 12 d0. Can phai 1 khoang goc dé dudng cong quét mién ding mot
lan, néu lay du sé& bi tinh hai lan.
The area is A = (1/2) | ¥? d6. The limits must cover an interval where the curve sweeps the
region exactly once, otherwise part of it is counted twice.

« M6t canh hoa hong nam giira hai gia tri 0 lién tiép lam r = 0. Dung tinh d6i xtg dé
tinh mot phan rdi nhan 1én cho gon.
One petal of a rose lies between two consecutive values of  where r = 0. Use symmetry to
compute one part and multiply.

Céu 4. TAm sai givip phén loai conic ra sao, va l1am thé nao nhan dang conic ¢6 s6
hang xy bang B> — 4AC va phép xoay truc?

Question 4. How does eccentricity classify conics, and how do you recognize a conic with an xy
term using B> — 44AC and rotation of axes?

» Tam sai e = 1 1a parabol, e < 1 1a elip, e > 1 1a hyperbol. Vi elip va hyperbol, e = c/a.
Eccentricity e = 1 gives a parabola, e < I an ellipse and e > 1 a hyperbola. For ellipses and
hyperbolas, e = c/a.

« Conic ¢ tiéu diém tai gbc cuc viét duoc dang r = ed/(1 + e-cosB) hodc r = ed/(1 +
e-sinf). Pua mau vé dang 1 £ e-cosO dé doc e.
A conic with a focus at the pole can be written as r = ed/(1 + ecos6) or r = ed/(1 * esinb).
Rewrite the denominator as 1 + e-cosf to read off e.

* Vo1 Ax*> + Bxy + Cy? + Dx + Ey + F = 0, tinh B> — 4AC: am 1a elip (hoac duong tron),
bang 0 1a parabol, duong 13 hyperbol. Cac truong hop suy bién nhu hai duong thang
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khong xét ¢ day.

For Ax? + Bxy + Cy? + Dx + Ey + F = 0, compute B* — 4AC: negative means an ellipse (or
circle), zero a parabola, positive a hyperbola. Degenerate cases such as a pair of lines are
not considered here.

« Pé bo s6 hang xy, xoay truc mot goc ¢ thoa cot2e = (A — C)/B, 1di viét lai phuong
trinh theo hé truc méi.

To remove the xy term, rotate the axes by an angle ¢ with cot2p = (A — C)/B, then rewrite the
equation in the new coordinates.

1.11. Céu héi tric nghiém - 1.11. Multiple-choice questions

1. Khir tham s6 cta dudng cong x = 2t, y = t2 — 1 dugc phwong trinh nao?
Eliminating the parameter from x = 2t, y = t* — 1 gives which equation?

Ay=2x>—1
B.y=x*—-1

C.y=x¥4—-1
D.y=x¥2-1

2. Piém c6 toa d6 cuc (4, 2m/3) co6 toa dd Descartes 1a gi?
What are the Cartesian coordinates of the point with polar coordinates (4, 2n/3)?
A. (243, 2)
B. (-2, 2V3)
C. (2V3,-2)
D. (2, 273)

3. Puong cong x = t2, y = £ ¢4 hé sd goc tiép tuyén tai t = 1 bang bao nhiéu?
What is the slope of the tangent tox =t y =t att = 1?
A.2/3
B.3
C.3/2
D. 1

4. Puong cong cuc r = 3sin20 c6 bao nhiéu canh?
How many petals does the polar curve r = 3sin26 have?
A. 4 canh / 4 petals
B. 2 canh / 2 petals
C. 8 canh / 8 petals
D. 3 canh / 3 petals
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5. Hyperbol x%/9 — y?/16 = 1 ¢6 tiéu diém tai dau?
Where are the foci of the hyperbola x*/9 — y%/16 = 1?
A. (7, 0)
B. (4, 0)
C. (0, £5)
D. (£5,0)

6. Parabol x2 = 12y c6 tiéu diém tai dau?
Where is the focus of the parabola x* = 12y?
A. (0, 3)
B. (0, 6)
C.(0,12)
D.(3,0)

7. Conic r = 6/(2 + cos0) la duong nao?
Which conic is v = 6/(2 + cos6)?
A. Puong thang / Straight line
B. Hyperbol / Hyperbola
C. Parabol / Parabola
D. Elip / Ellipse

8. Dién tich mién gi6i han boi duong cong r =2 véi 0 < 0 < 1 1a bao nhiéu?
What is the area of the region bounded by r = 2 for 0 <0 <x?
A. 8n
B.2n
C.n
D. 4n
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Chuong 2. Vecto, dwong thiang va mit trong khong gian -

Chapter 2. Vectors, Lines and Surfaces in Space

Muc tiéu chwong — Chapter objectives

« Tinh tich v6 hudng va tich ¢6 hudng cta hai vecto, roi ding ching dé tim goc, hinh
chiéu, dién tich va thé tich
Compute the dot and cross products of two vectors and use them to find angles, projections,
areas and volumes

« Lap phuong trinh dudng thang va mit phang, rdi tinh giao diém, goc va khoang cach
Write equations of lines and planes, then find intersections, angles and distances

* Nhan dang mat cAu, mit try va mit bac hai, déng thoi d6i toa d6 mot diém gitra hé
vuong goc, hé¢ tru va h¢ cau
Identify spheres, cylinders and quadric surfaces, and convert a point's coordinates among
rectangular, cylindrical and spherical systems

2.1. Vecto trong mit phiang va cac phép toan co ban — 2.1. Vectors in the Plane

and Basic Operations

C6 nhimng dai lugng chi cin mdt con sb 1a di, nhu nhiét d6 30 d6 hay khéi luong 5 kg.
C6 nhiing dai luong phai n6i thém hudng, nhu lyc kéo mot chiée thung: kéo manh 20 N
vé phia d6ng khac hin kéo 20 N vé phia bac. Pai luong c6 do 16n va huéng goi 1a vecto.
Pai luong chi co do 16n goi 13 sb v6 hudng, hay don gian 14 "sd".

Some quantities need only one number, such as a temperature of 30 degrees or a mass of 5 kg.
Others also need a direction. Pulling a crate with 20 N of force to the east is not the same as
pulling it with 20 N to the north. A quantity with both size and direction is a vector. A quantity
with size only is called a scalar, which is just an ordinary number.

Vian toc ciing 1a vecto. May bay bay 200 km/h vé phia dong, gi6 thoi 30 km/h vé phia
bac. Méy bay thuc té khong di thang vé dong ma bi 1éch mot chit. Hudng va tée do that
ctia né 13 tong ctia hai vecto vén tdc.

Velocity is a vector too. Suppose a plane flies 200 km/h east while the wind blows 30 km/h north.

The plane does not travel straight east but drifts a little. Its real direction and speed come from
adding the two velocity vectors.

Dang thanh phin — Component form

bat vecto trén mat phéng toa do, cho diém dau trung géc 0. Piém cudi co toa do (a, b).
Khi d6 ta viét v = (a, b). S6 a 1a thanh phan ngang (di sang phai bao nhiéu), s6 b 1a thanh
phan dimg (di 1én bao nhiéu). Hai vecto cung do 16n va cing hudng 13 bang nhau, du dat
¢ dau.

Place the vector in the coordinate plane with its initial point at the origin O. If the terminal point
is (a, b), write v = (a, b). The number a is the horizontal component (how far right) and b is the

vertical component (how far up). Two vectors with the same size and direction are equal,
wherever you draw them.
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Néu vecto di tir diém A(x1, y1) dén diém B(xz, y2) thi thanh phan cua né 13 "diém cudi trir
diém dau".

If a vector runs from point A(xi, y1) to point B(xz, y2), its components are "end point minus start
point".

| AB = (X2 - X1, Y2 — Y1)

VI DU/ EXAMPLE — Cho A(2, —1) va B(-3, 4). Thanh phan ngang: —3 — 2 = —5. Thanh
phan ding: 4 — (—1) = 5. Vay AB = (-5, 5): di sang trai 5 don vi va 1én 5 don vi.

Let A(2, —1) and B(—3, 4). Horizontal component: —3 — 2 = —5. Vertical component: 4 — (—1) = 5.
So AB = (=5, 5): five units left and five units up.

Mudn viét vecto tir 6 10n r va goc o so véi truc Ox dwong, dung luong gidc: v = (r cos a,
r sin o).

To build a vector from its magnitude r and its angle o with the positive x-axis, use trigonometry:
v = (rcos a, rsin o).

VI DU/ EXAMPLE — Vecto dai 4, hop véi truc Ox goc 60°: thanh phan ngang 13 4-cos 60°
=4-0,5 = 2. Thanh phan ding 14 4-sin 60° = 4-(3/2) = 2V3. Vay v = (2, 23).

A vector of length 4 at 60° to the x-axis has horizontal component 4-cos 60° = 4-0.5 = 2 and vertical
component 4-sin 60° = 4-(N3/2) = 2\3. So v = (2, 2N3).

VI DU/ EXAMPLE — Vecto dai 10, goc 150°. Goc nay nam & goc phan tu thir hai nén thanh
phin ngang 4m. cos 150° = —V3/2 nén 10-cos 150° = —53 ~ —8,66. sin 150° = 0,5 nén thanh

phin dung 13 5. Vay v = (53, 5). Kiém tra: 75 + 25 = 100, can 1a 10.

A vector of length 10 at 150° lies in the second quadrant, so its horizontal component is negative. cos

150° = —\/3/2, so 10-cos 150° = —5\3 = —8.66. sin 150° = 0.5, so the vertical component is 5. Thus v

= (—5\/3, 5). Check: 75 + 25 = 100, whose root is 10.

Cong, trir va nhan véi mot s0 — Addition, subtraction and scalar multiplication

Véiu = (ui, uz), v = (vi, v2) va s6 k, moi phép tinh déu lam riéng timg thanh phan. Vé
hinh hoc, u + v 1a vecto ndi diém dau cua u t6i diém cudi ciia v khi ta dét v ndi dudi u.
Nhén véi k thi kéo dai hay co ngan vecto k 1an. Néu k am thi vecto dao chiéu.

For u = (w, uz), v = (vi, v2) and a number k, every operation works on each component
separately. Geometrically, u + v goes from the start of u to the end of v when you place v at the
tip of u. Multiplying by k stretches or shrinks the vector by a factor of k. If k is negative, the
vector flips direction.

| u+v=o(u + vy u+ vy); u-v=o(u - vy, U - vz); ku=(k-u, k-u)

Vi DU/ EXAMPLE — May bay (200, 0) cong gi6 (0, 30) cho van téc thuc (200, 30). Toc do
thue 14 V(2002 + 30%) = V40900 ~ 202,2 km/h, 1éch 1én phia bic mot chut.

Plane (200, 0) plus wind (0, 30) gives actual velocity (200, 30). Its speed is (200 + 30%) = 40900 ~
202.2 km/h, tilted slightly north.

Vi DU/ EXAMPLE — Cho a= (2, 5) vi b = (—1, 3). Tinh 3a — 2b. C6 3a = (6, 15) va 2b =
(-2, 6). Lay hiéu: (6 — (-2), 15 — 6) = (8, 9).
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Leta=(2,5)and b = (=1, 3). Find 3a — 2b. We have 3a = (6, 15)and 2b = (=2, 6). Subtract: (6 —
(=2),15-6)=(8,9).

Vi DU / EXAMPLE — Cho v = (3, —2) va k = —2. Khi d6 k-v = (-6, 4). Vecto méi ngugc
chidu v va dai gip 2 1an: |v| = V13, con [k-v| = V(36 + 16) = V52 = 2V13.

Letv= (3, —2)and k = —2. Then k-v = (=6, 4). The new vector points opposite to v and is twice as
long: |v| =13, while |k~v| =36 + 16) =52 = 2\13.

Do dai va vecto don vi — Length and unit vectors
Do dai (d0 16n) ctia v = (a, b 13 canh huyén cua tam giac vudng c6 hai canh goc vudng |a|
va |b|, nén tinh theo dinh ly Pythagore. Ky hi¢u 1a |v|.

The length (magnitude) of v = (a, b) is the hypotenuse of a right triangle with legs |a| and |b
it comes from the Pythagorean theorem. It is written |v|.

, SO

| 1v1 = V@2 + b2)

Vecto don vi 1a vecto ¢ d dai 1. N6 chi dung dé "chi hudng". Tir vecto v khac khong,
chia timg thanh phan cho |v| s& dugc vecto don vi cting huéng véi v. Hai vecto don vi
chuan 1ai= (1, 0) va j = (0, 1). Moi vecto viét dugc thanh v = a-i + b-j.

A unit vector has length 1 and is used purely to point a direction. For any nonzero vector v,

dividing each component by |v| gives the unit vector in the same direction. The two standard unit
vectors are i = (I, 0)and j = (0, 1). Any vector can be written as v = a'i + bj.

Vi DU/ EXAMPLE — Viét w = (=5, 12) theo i va j: w=—51 + 12j. Bg dai |w| = \/(25 + 144)
= 13. Vecto don vi cung hudng 1a (—=5/13, 12/13) = (—0,385; 0,923). Kiém tra: 25/169 +
144/169 = 1.

Write w = (=5, 12) with i and j: w = —5i + 12j. Its length is |w| = N(25 + 144) = 13. The unit vector
in the same direction is (—5/13, 12/13)= (—=0.385, 0.923). Check: 25/169 + 144/169 = 1.

1. Tim thanh phan cta vecto (néu dé cho hai diém thi 1ay diém cubi trir diém dau).
Find the components (if the problem gives two points, take end minus start).

2. Tinh |v| = V(2% + b?).
Compute |v| = V(a? + b?).

3. Chia mdi thanh phan cho |v|. Két qua 1a vecto don vi u.
Divide each component by |v|. The result is the unit vector u.

4. Mudn vecto cung huéng nhung dai L, nhan u véi L.
For a vector of length L in the same direction, multiply u by L.

Vi DU / EXAMPLE — Cho A(1, 2), B(7, —6). Tim vecto don vi cing huéng AB va vecto
cung hudng dai 20. Co AB = (6, —8) va |AB| = V(36 + 64) = 10. Vecto don vi 14 (0,6; —0,8).
Vecto dai 20 1a 20-(0,6; —0,8) = (12, —16). Kiém tra: \/(144 +256) = 20.

Let A(1, 2), B(7, —6). Find the unit vector along AB and a vector of length 20 in the same direction.
AB = (6, —8) and |AB| = (36 + 64) = 10. The unit vector is (0.6, —0.8). The vector of length 20 is
20-(0.6, —0.8) = (12, —16). Check: (144 + 256) = 20.
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LOI HAY GAP / COMMON MISTAKE — Liy diém dau trir diém cubi nén ra vecto nguoc
chiéu. Luén 1a cubi trir dau.

Subtracting end from start, which gives the opposite vector. It is always end minus start.

LOI HAY GAP / COMMON MISTAKE — Viét |(3, 4)| = 3 +4 = 7. Phai binh phuong,
cong, roi lay can: V(9 + 16) = 5.

Writing | (3, 4)| = 3 + 4 = 7. You must square, add, then take the root: \(9 + 16) = 5.

LOI HAY GAP / COMMON MISTAKE — Nghi ring [u + v| = [u] + |v|. Diéu nay chi ding
khi hai vecto ciing hudng. O vi du may bay, 200 + 30 = 230 nhung tdc do thuc chi khoang
202,2.

Assuming |u + v| = |u| + |v|. That holds only when the vectors point the same way. In the plane
example, 200 + 30 = 230, yet the real speed is about 202.2.

LOI HAY GAP / COMMON MISTAKE — Bé may tinh & ché d6 radian khi dé cho goc
theo d6 (hoac nguoc lai). B4im cos 60° ra 0,5 méi ding; néu ra —0,95 thi may dang & sai ché
do.

Leaving the calculator in radian mode when the angle is given in degrees (or the reverse). cos 60°
must show 0.5; if you see —0.95, the mode is wrong.

LOI HAY GAP / COMMON MISTAKE — B6 qua d4u ciia thinh phan khi géc 16n hon 90°.
Hay xac dinh goc phan tu trude, roi kiém tra ddu cua cos va sin.

Ignoring the signs of the components when the angle exceeds 90°. Find the quadrant first, then check
the signs of cos and sin.

PHAI THUQC / MEMORISE — Vecto = d6 16n + huéng. Thanh phan cia AB = cudi — dau.
Iv| = V(a2 + b?). Vecto don vi cing huéng v 14 v chia cho |v].

A vector = magnitude + direction. Components of AB = end — start. |v| = \(a? + b?). The unit vector
along v is v divided by |v|.

2.2. HE toa do ba chiéu, khoang cach va mat cAu — 2.2. Three-Dimensional

Coordinates, Distance and Spheres

H@ truc va quy tic ban tay phai — Axes and the right-hand rule

O 16p 12 ban d3 vé diém trén mit phang bang hai truc Ox, Oy. Mubn mé ta mot con rudi
bay trong phong thi hai s6 chua du, ta cin thém do cao. Vi véy ta thém truc thir ba, Oz,
vudng goc vai ca hai truc kia, va mdi diém trong khong gian c6 ba s (x, y, z).
On a flat page, two axes Ox and Oy are enough to place a point. To describe a fly moving
around a room, you also need a height. So we add a third axis, Oz, perpendicular to both of the
others, and every point in space gets three numbers (x, y, z).

Ba tryc cit nhau vudng goc tai goc O. Chiéu cua truc z khong tily y: ta dung quy tic ban
tay phai. Dat ban tay phai sao cho cdc ngén chi theo chiéu dwong truc x, roi khum céc
ngoén vé phia chiéu duong truc y. Ngon cai khi d6 chi chiéu duong truc z.
The three axes meet at right angles at the origin O. The direction of the z-axis is not a free

choice: we use the right-hand rule. Point the fingers of your right hand along the positive x-axis,
then curl them toward the positive y-axis. Your thumb points along the positive z-axis.
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Mbi cap truc tao thanh mot mat phéng toa 0. Mat phéng xy chira moi diém c6 z = 0. Mat
phang xz chira moi diém c6 y = 0. Mit phang yz chira moi diém c¢6 x = 0. Phuong trinh
dang z = ¢ (c 1a s6 cho trudc) 13 mit phiang song song v4i mat phang xy, nam & do cao c.
Tuong tu chox=avay=b.

Each pair of axes spans a coordinate plane. The xy-plane holds every point with z = 0, the xz-

plane every point with y = 0, and the yz-plane every point with x = 0. An equation like z = ¢ (c a
given number) is a plane parallel to the xy-plane, at height c. The same goes for x = a and y = b.

Ba mit phang nay chia khong gian thanh tdm phan, goi 1a tam géc phan tdm (octant).
Piém c6 ca ba toa do khac 0 ludn nam trong dung mot goc phan tam.

These three planes cut space into eight regions called octants. A point whose three coordinates
are all nonzero lies in exactly one octant.

Vi DU/ EXAMPLE — Xét diém M(3, -2, 4). Vix >0, y <0, z> 0 nén M nam & goc phan
tam c6 diu (+, —, +). Hinh chiéu cua M xudng mit phing xy 1a (3, =2, 0). M cach mit phang
xy ding |z| = 4 don vi. Khoang cach tir M dén gbc O 1a V(9 + 4 + 16) = 29.

Take the point M(3, —2, 4). Since x > 0, y < 0, z > 0, M lies in the octant with signs (+, —, +). Its
projection onto the xy-plane is (3, —2, 0). M sits exactly |z| = 4 units from the xy-plane. The distance
from M to the origin O is N9 + 4+ 16) =~29.

Khoang cach giira hai diém — Distance between two points

Trong mit phang, khoang céach 1a can ciia tong binh phurong hiéu hai toa d9. Trong khong
gian ta chi thém mot sb hang cho toa d6 z. V6i A(xu, y1, z1) va B(x2, y2, 22):

In the plane, distance is the square root of the sum of squared coordinate differences. In space
we simply add a term for z. For A(x1, y1, zi1) and B(xz, y2, z2):

| 2B = Vit - 52 + (32 - v 4 (- 207

Vi DU / EXAMPLE — Tim khoang céch gitra A(1, 2, 3) va B(4, —2, 15). Hi¢u céc toa do: 4 —
1=3,-2-2=-4,15-3=12. Binh phuong: 9, 16, 144. Téng bang 169, nén AB =169 =
13.

Find the distance between A(1, 2, 3) and B(4, —2, 15). The coordinate differences are 4 — 1 =3, =2 —
2=—4,15—-3=12 Squares: 9, 16, 144. The sum is 169, so AB = V169 = 13.

LOI HAY GAP / COMMON MISTAKE - Hiéu 4m van cho binh phurong dwong: (—4)? =
16, khong phai —16. Mot 18i nira 1 cong xong rdi quén l4y cin, nén ra 169 thay vi 13.

A negative difference still gives a positive square: (—4)? = 16, not —16. Another slip is adding
everything up and forgetting the square root, which leaves 169 instead of 13.

Miit cAu — Spheres

Mit cau 13 tap moi diém cach mot diém c6 dinh (tim) mot khoang khong d6i (ban kinh),
giong dudng tron nhung trong khong gian. Piém M(x, y, z) nam trén mit cau tam I(a, b,
¢), ban kinh R khi IM = R. Binh phuong hai vé cong thirc khoang cach ta dugc phuong
trinh chinh tic:
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A sphere is the set of all points at a fixed distance (the radius) from a fixed point (the center),
like a circle but in space. A point M(x, y, z) lies on the sphere with center I(a, b, c¢) and radius R
when IM = R. Squaring the distance formula gives the standard equation:

| =-az2+ -1z + (z-0c) =R

Vi dy, mit cau tdm (2, —1, 3) di qua diém (5, 3, 3) c6 ban kinh bang khoang cach hai
diém nay: \/(32 + 42 + 0?) = 5. Phuong trinh 1a (x — 2)*+ (y + 1)*+ (z — 3)* = 25.

For example, the sphere centered at (2, —1, 3) through the point (5, 3, 3) has radius equal to the
distance between them: \/(32 + 42+ 0% = 5. Its equation is (x — 2)*+ (y + 1) + (z — 3)? = 25.

Vi DU/ EXAMPLE — Mit cau nhan doan AB lam duong kinh, véi A(1, 2, —3) va B(5, -2,
1). Tam la trung diém AB: ((1+5)/2,2-2)2,(-3+1)2)=(3,0,-1). bd dai AB = \/(16 I
16 + 16) = V48 = 43, nén ban kinh R = 2v/3 va R? = 12. Phuong trinh: (x — 32 + y2 + (z + 1)?
=12.

A sphere has segment AB as its diameter, with A(1, 2, —3) and B(5, =2, 1). The center is the midpoint
of AB: (1 + 5)/2, (2= 2)/2, (-3 + 1)/2) = (3, 0, —1). The length AB =(16 + 16 + 16) =48 = 4\3,
so the radius is R = 2N3 and R? = 12. The equationis (x — 3)?+y?+ (z + 1)>=12.

T phwong trinh khai trién tim tdm va ban kinh — From an expanded equation to center
and radius

bPé thuong cho dang da khai trién, co x2, y?, 7> cung cac sb hang bac nhét. Ta dua nd vé
dang chinh tic bang cach hoan thanh binh phuong, tirc 1a bién x2 + px thanh (x + p/2)? —
p*/4.

Exams often give the expanded form, with x? y? z? and some linear terms. We rewrite it in
standard form by completing the square, which turns x* + px into (x + p/2)? — p%/4.

1. Chia ca phuong trinh cho hé sb chung cta x2, y2, z2 dé hé s6 mdi binh phuong bang 1.
Divide the whole equation by the common coefficient of x?, y?, z? so each squared term has
coefficient 1.

2. Gom cac sb hang theo timg bién va chuyén hang s6 sang vé phai.
Group the terms by variable and move the constant to the right side.

3. V&i mdi bién, léy hé sb cua sb hang bac nhat, chia doi, binh phuong, roi cong s6 do
vao ca hai vé.
For each variable, take the coefficient of the linear term, halve it, square it, and add that
number to both sides.

4. Viét mdi nhoém thanh binh phuong mét nhi thic. Poc tam (ddi ddu sb trong ngodc) va
béan kinh (can vé phai).
Write each group as a squared binomial. Read off the center (flip the sign of each number
inside the brackets) and the radius (square root of the right side).

Vi DU / EXAMPLE — Xéc dinh x2 + y* + 72 — 4x + 6y — 2z — 2 = 0. Gom: (x2 — 4x) + (y* +
6y) + (22 — 2z) = 2. Nira hé s6 rdi binh phuong: 4, 9, 1. Cong vao hai vé: (x —2)2 + (y + 3)> +
(z—1)*=2+4+9+1=16. Vay day la mat cAu tam (2, -3, 1), ban kinh 4.

Identify x? +y? +z2 — 4x + 6y — 2z — 2 = 0. Group: (x> — 4x) + (y° + 6y) + (z° — 2z) = 2. Half the
coefficients, then square: 4, 9, 1. Add to both sides: (x —2)?+ (y +3)’+ (z—1)?’=2+4+9+ 1=
16. This is a sphere with center (2, =3, 1) and radius 4.
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Vi DU / EXAMPLE — Xac dinh 2x2 + 2y? + 272 — 4x + 82 — 2 = 0. Chia cho 2: x* + y> + 22 —
2x+4z—1=0. Gom: (x> —2x) +y?*+(z>+4z)=1.Cong 1 vad: (x — 1>+ y*+ (z+ 2)*=6.
Tam (1, 0, —2), ban kinh V6.

Identify 2x? + 2y? + 2z — 4x + 8z — 2 = 0. Divide by 2: x> + y? + z? — 2x + 4z — 1 = 0. Group: (x* —
2x) ty?+ (22 +4z) = 1. Add 1 and 4: (x — 1)*> +y? + (z + 2)? = 6. Center (1, 0, —2), radius \6.

LOI HAY GAP / COMMON MISTAKE - Sai ddu tAm: (y + 3)? cho tung d6 tdm la —3,
khong phai 3. Hay quén cong s6 bu vao vé phai, hodc quén chia hé s6 chung trude. VE phai 1a
R2, nén phai lay cin mdi ra ban kinh.

Sign slip on the center: (y + 3)? gives a y-coordinate of —3, not 3. Students also forget to add the
completing numbers to the right side, or forget to divide out the common coefficient first. The right
side is R? so take the square root to get the radius.

GHI CHU / NOTE — Néu vé phai sau khi hoan thanh binh phuong bang 0 thi d6 chi 1a mot
diém. Néu am thi khong c6 diém nao théa mén.

If the right side equals 0 after completing the square, the graph is a single point. If it is negative, no
point satisfies the equation.

Vecto trong khong gian — Vectors in space

Vecto 13 mii tén c¢6 do dai va hudng. Trong khong gian ta viét v = (a, b, c), tirc 13 v = ai
+ bj + ck, vdi i, j, k 1a ba vecto don vi doc theo truc x, y, z. Vecto tir P(x1, yi1, z1) dén
Q(x2, y2, 72) c6 toa d0 (X2 — X1, y2 — y1, Z2 — Z1).

A vector is an arrow with a length and a direction. In space we write v = (a, b, c¢), meaning v =

ai + bj + ck, where i, j, k are unit vectors along the x, y, z axes. The vector from P(xi, yi, z1) to
O(xz, y2, z2) has components (x2 — X1, V2 — y1, Z2 — Z1).

* Cong, tru: lam ting toa d0 mot. (a, b, c) +(d, e, ) =(a+d,b+e,c+1).
Addition and subtraction work one component at a time: (a, b, c)+ (d, e, f)=(a +d b +e, c
+ 1)

« Nhan v6i s6 k: (ka, kb, ke). Do dai: [v| = V(a2 + b? + ¢2).
Multiplying by a number k gives (ka, kb, kc). The length is |v| = N(a? + b? + ¢?).

* Vecto don vi cung hudng véi v (v # 0): v chia cho |v]|.
The unit vector in the direction of v (v # 0) is v divided by |v|.

Vi DU/ EXAMPLE — Cho P(1, 2, 3), Q(3, 0, 4). Vecto PQ = (2, -2, 1). D6 dai \/(4 +4+1)
= 3. Vecto don vi cung huéng 1a (2/3, —2/3, 1/3). Kiém tra: 4/9 + 4/9 + 1/9 = 1.

Let P(1, 2, 3), O(3, 0, 4). The vector PQ = (2, =2, 1) has length \/(4 + 4 + 1) = 3. The unit vector in
the same direction is (2/3, —2/3, 1/3). Check: 4/9 + 4/9 + 1/9 = 1.

Vi DU / EXAMPLE — Cho u= (1, -2, 3) va w = (4, 0, —1). Tinh 2u — w. Nhan d6i u dugc
(2,4, 6). Tru tng toa do: (2—4,-4-0,6 — (—1)) = (-2, —4, 7). BJ dai cua két qua la \/(4 +
16 + 49) = V69.

Letu= (1, -2, 3)andw = (4, 0, —1). Find 2u — w. Doubling u gives (2, —4, 6). Subtract component
by component: (2 — 4, =4 — 0, 6 — (—1)) = (-2, —4, 7). The length of the result is \(4 + 16 + 49) =
V69.
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LOI HAY GAP / COMMON MISTAKE — Léy toa do dau trir toa do cudi thay vi cudi trir
dau sé ra vecto nguoc hudng.

Subtracting the tail from the head is the rule. Doing it the other way round gives a vector pointing the
opposite way.

2.3. Tich v hwéng, goc giira hai vecto va hinh chiéu — 2.3. The Dot Product,
Angles and Projections

Tich v6 hudng nhan vao hai vecto va tra ra MOT con sd, khong phai vecto. N6 do mirc
d6 hai vecto "cing chiéu" v6i nhau. Hai ngudi cing kéo mot chiée xe vé mot hudng thi
strc kéo cong don nhiéu. Hai ngudi kéo vudng goc thi khong ai gitip ai. Tich vo hudng
ghi lai dung ¥ d6 bang sd.

The dot product takes two vectors and returns ONE number, not a vector. It measures how much
two vectors point the same way. Two people pulling a cart in the same direction add up their

effort. Two people pulling at right angles do not help each other at all. The dot product records
that idea as a number.

Dinh nghia va tinh chét — Definition and properties

PHAI THUOC / MEMORISE — V6i a = (a1, a2, a3) va b = (b1, b2, bs): a - b=aib: + azb2 +
asbs. Trong mit phing chi c6 hai s6 hang dau.

Fora = (a1, az as) and b = (bi, bz, bs): a - b = aib: + azb: + asbs. In the plane, only the first two terms
appear.

Nhén ting cip thanh phan cung vi tri 16i cong lai. Vidu (2,3, -1) - (4,0,5)=8+0—5=
3.
Multiply each pair of matching components, then add. For example, (2, 3, =1) - (4,0, 5) =8 + 0
-5=3
* Giao hodn:a-b=b - a.
Commutative: a b =b - a.
«Phan phdi:a- (b+c)=a-b+a-c.
Distributive: a - (b +c¢) =a-b+a-c.
«Nhan sb: (ka) -b=k (a - b).
Scalar factor: (ka) -b =k (a-b).

«a-a=|aP nén do dai a| = V(a - a).

a-a=|al? so the length is |a| = (a - a).
*0-a=0.
0-a=0.

Tim goc gitra hai vecto — Finding the angle between two vectors
C6 mot cach viét thir hai cia tich vo hudng: a - b = [a] |b| cos 0, trong d6 0 13 goc giita hai
vecto khi dat chung gbc, 0° < 0 < 180°. Ghép hai cach viét lai ta tinh dugc goc.

There is a second way to write the dot product: a - b = |a| |b| cos 6, where 0 is the angle between
the vectors placed tail to tail, 0° <0 < 180°. Combining the two forms gives you the angle.
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1.Tinha-b bé‘mg cong thure toa do.
Compute a - b with the component formula.

2. Tinh |a| va [b| (cin cua tong binh phuong cac thanh phan).

Compute |a| and |b| (square root of the sum of squared components).

3. Tinh cos 6 = (a - b) / (|a] |b]).
Compute cos 0 = (a - b) / (|a| |b|).

4. Dung may tinh bdm arccos (cos™') dé ra 6. Chti y may dang & ché do do hay radian.
Press arccos (cos™) on your calculator to get 0. Check whether it is set to degrees or
radians.

ViDU /EXAMPLE —a=(1,2,2),b=(2,-1,2). Tacoa-b=2—-2+4=4, |a| =3, |b| =3.
Vay cos 0 =4/9 = 0,4444 va 6 = 63,6°.

a=(1,2,2),b=(2,-1,2).Thena-b=2—-2+4=4, |a| =3, |b| =3. Socos0=4/9=0.4444 and 0
=~ 63.6°.

VIiDU/EXAMPLE —a=(2,-1),b=(-3,4). Tacoa-b=—6—4=-10, |a| = V5 = 2,236,
Ib| = 5. Vay cos  =—10/ (5V5) = —2/5 = —0,8944 va 0 ~ 153,4°. Tich v6 hudng 4m nén goc
t0, khop vai két qua.

a=(2,-1),b=(-3,4).Thena-b=-6—4=—10, |a| =5~ 2.236, |b| = 5. So cos 0 = —10/ (5\5)
= =25~ —0.8944 and 0 = 153.4°. The dot product is negative, so the angle is obtuse, which
matches.

Déu cua tich vo hudng cho biét ngay loai goc: dwong thi gbc nhon, 4m thi goc i, bang 0
thi goc vudng. Hai vecto khac 0 vuong goc véi nhau khi va chi khia - b=0. Vidu (3, 1)
(=1, 3) =—-3 + 3 = 0 nén hai vecto nay vuong goc.

The sign tells you the type of angle: positive means acute, negative means obtuse, zero means

right angle. Two nonzero vectors are perpendicular exactly when a - b = 0. For example, (3, 1) -
(—1, 3) = —3 + 3 =0, so these two vectors are perpendicular.

Piéu kién vudng goc con dung dé tim mot sd chua biét. Pit tich vo hudng bang 0 rdi giai
phuong trinh.

The perpendicular test also finds an unknown number. Set the dot product equal to 0 and solve
the equation.

Vi DU / EXAMPLE — Tim k dé (k, 2, =3) vuong goc voi (4, 5, 2). Taco 4k + 10 — 6 = 0, tic
4k =—4,nén k = —1. Kiém tra: (-1,2,-3) - (4,5,2)=—4+10—6=0.

Find k so that (k, 2, —3) is perpendicular to (4, 5, 2). We need 4k + 10 — 6 = 0, so 4k = —4 and k =
—1. Check: (—1,2,-3)-(4,5,2)=—4+ 10— 6= 0.

Goc chi phuwong va cosin chi phwong — Direction angles and direction cosines

Mot vecto khac 0 trong khong gian tao véi ba truc Ox, Oy, Oz céac goc a, B, y. Do 1a cac
gdc chi phuong. Cosin cua chiing goi 1a cosin chi phuong. Véi v = (vi, vz, v3): cos o =
vi/|v], cos B = v2/|v|, cos y = vs/|v|. Cac cong thirc ndy suy ra tir viéc ldy tich vo hudng cia
vvoii,j, k.
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A nonzero vector in space makes angles o, B, y with the x-, y- and z-axes. These are its direction
angles, and their cosines are the direction cosines. For v = (vi, vz, v3): cos o = vi/|v|, cos f =
v2/|v|, cos y = vs/|v|. These follow from taking the dot product of v with i, j, k.

PHAI THUQC / MEMORISE — cos? o + cos? B + cos? y = 1. Vecto (cos a, cos B, cos v) 1a
vecto don vi cung hudng véi v.
cos?a + cos? ff + cos?y = 1. The vector (cos o, cos f, cos y) is the unit vector in the direction of v.

Vi DU / EXAMPLE — v = (2, —1, 2), |v| = 3. Ta ¢ cos o.= 2/3, cos p = —1/3, cos y = 2/3, tirc
0~ 48,2°, B~ 109,5°, y~ 48,2°. Kiém tra: 4/9 + 1/9 + 4/9 = 1.

v=(2,—1,2),|v| =3. Then cos a = 2/3, cos p = —1/3, cos y = 2/3, so a = 48.2°, f= 109.5°, y= 48.2°.
Check: 4/9 + 1/9 + 4/9 = 1.

Thanh phén am cho goc tu voi truc tuong ung, nhu = 109,5° & trén. Vecto nam doc truc
thi goc voi truc do6 1a 0° va hai géc con lai la 90°.

A negative component gives an obtuse angle with that axis, like = 109.5° above. A vector lying
along an axis makes 0° with that axis and 90° with the other two.

Hinh chiéu cua vecto — Vector projection

Hay hinh dung 4nh ning chiéu thang xudng, bong cia vecto v d6 1én dudng thang chira
u. Cai bong d6 1a hinh chiéu vecto ctia v 1én u, ky hiéu proj_u v. N6 cho biét phan cua
v di theo hudng u.

Picture the sun shining straight down: the shadow of v falls on the line along u. That shadow is
the vector projection of v onto u, written proj u v. It tells you the part of v that goes in the
direction of u.

PHAI THUQC / MEMORISE — proj_uv=((u- v)/ [uP) u. Hinh chiéu v6 huéng 14
comp_u V= (u-vVv)/|ul, chinh la d¢ dai c6 diu cua cai bong.

proj uv=((u-v)/|ul’) u. The scalar projection is comp_uv = (u -v)/ |u|, the signed length of the
shadow.

1. Tinhu - v.
Compute u - v.

2. Tinh |u? bang cach cong binh phuong cac thanh phan cia u.
Compute |u|? by adding the squares of the components of u.

3. Nhan s (u - v) / [u? véi vecto u dé duoc hinh chiéu vecto.
Multiply u by the number (u - v) / |u|? to get the vector projection.

4. Mubn c6 phan vudng goc véi u, 1ay v — pro _uv.
For the part perpendicular to u, take v — proj uwv.

Vi DU /EXAMPLE —u=3,4,0),v=(2,1,2). Tacou - v=6+4=10 va|u]? = 25. Vay
proj uv=(10/25)@3, 4, 0) = (6/5, 8/5, 0), con comp_u v =10/5=2. Phén vudng goc 1a (2,
1,2)—(1,2; 1,6; 0) = (0,8; —0,6; 2). Kiém tra: tich vo hudéng véi u béng 24-24=0.
u=(3,40),v=(212).Thenu-v==6+4=10and |u]?=25. S0 proj uv=(10/25)3, 4, 0) =
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(6/5, 8/5, 0) and comp _uv = 10/5 = 2. The perpendicular partis (2, 1, 2) — (1.2, 1.6, 0) = (0.8, —0.6,
2). Check: its dot product with u is 2.4 — 2.4 = (.

Vi DU /EXAMPLE —u=(1,0),v=(-3,2). Tacou-v=-3valuP=1,nénproj uv=
(-3)(1,0)=(-3,0) va comp_uv=-3. Dau 4m bao cai bong quay nguoc chidu véi u, vi goc
gitra hai vecto 1a goc tu.

u=(1,0),v=(=32).Thenu-v=-3and |ul’= 1, so proj uv=(=3)(1,0)= (=3, 0) and
comp_uv = —3. The minus sign says the shadow points against u, because the angle between the
vectors is obtuse.

Cong cia lyc khong ddi — Work done by a constant force

Khi luc F lam vat dich chuyén mot doan s, chi phén luc nam doc theo hudng chuyén
dong moi sinh cong. Cong la W =F - s = [F| |s| cos 0, v&i 0 1a goc gitra luc va hudng dich
chuyén. Pon vi 12 jun (J) khi luc tinh bang niuton (N) va quing dudng bang mét (m).
When a force F moves an object through displacement s, only the part of the force along the
motion does work. The work is W =F -5 = |F| |s| cos 0, where 0 is the angle between the force

and the direction of motion. The unit is the joule (J) when force is in newtons (N) and distance in
meters (m).

VI DU/ EXAMPLE — Ban kéo vali trén san ngang bang day xién 30° so v&i mit san. Luc
kéo 50 N, vali di 20 m. Céong 1a W =50 - 20 - cos 30° = 1000 - (\/3/2) = 500V3 ~ 866 J. Cach
khac: F = (25V3, 25), s = (20, 0), nén F - s = 5003, cing két qua.

You pull a suitcase along a level floor with a rope at 30° above the floor. The pull is 50 N and the
suitcase travels 20 m. The work is W = 50 - 20 - cos 30° = 1000 - (N3/2) = 500N3 = 866 J.
Alternatively, F = (25\/3, 25) and s = (20, 0), so F -s = 5()0\/3, the same result.

VI DU/ EXAMPLE — Luc F = (3, 4, 2) N lam vét doi tir gbc t6i diém cach d6 s = (5, 0, 1)
m. ConglaW=F-s=15+0+2=17]J. Khi biét toa do, khong can tim gobc.

A force F = (3, 4, 2) N moves an object by s = (5, 0, 1) m. The workis W=F -s=15+0+2=17J.
When you have coordinates, you do not need the angle.

Néu goc giita luc va huéng di 1a goc tu thi cong am: luc dang can chuyén dong, nhu ma
sat. Néu luc vudng goc véi huéng di thi cong bang 0.

If the angle between force and motion is obtuse, the work is negative: the force is resisting the
motion, like friction. If the force is perpendicular to the motion, the work is 0.

LOI HAY GAP / COMMON MISTAKE — Nham tich vo hudng 1a vecto, hodc viéta-b=
(aibi, azbz, asbs). Két qua ludn 1a mét $6.

Treating the dot product as a vector, or writing a - b = (aibi, azbz, asbs). The result is always one
number.

LOI HAY GAP / COMMON MISTAKE — Quén chia cho |u|? (hay |ul) khi tinh hinh chiéu,
hodc 1an hai cong thirc. Hinh chiéu vecto ¢6 u & cudi, hinh chiéu v hudng thi khong.
Forgetting to divide by |u|? (or |u|) in a projection, or mixing up the two formulas. The vector
projection ends with u, the scalar projection does not.

LOI HAY GAP / COMMON MISTAKE — Tinh c6ng bang |F| |s| ma quén cos 6, hoic ding
goc giita ddy va phuong thang dung thay vi goc gitta lyc va hudng di.
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Computing work as |F| |s| without cos 0, or using the angle between the rope and the vertical instead
of the angle between the force and the direction of motion.

LOI HAY GAP / COMMON MISTAKE — Péo thtt tw trong hinh chiéu. proj_u v chiéu v
1én u va c6 hudéng cia u. proJj v u thi ngugc lai, cho két qua khac.

Swapping the order in a projection. proj uv projects v onto u and points along u. proj v u does
the opposite and gives a different result.

MEO / TIP — Trudc khi bdm arccos, kiém tra cos 0 ndm trong khoang tir —1 dén 1. Néu ra
ngoai khoang nay thi tinh |a] hodc |b| da sai.

Before pressing arccos, check that cos 0 lies between —1 and 1. If it falls outside that range, |a| or |b|
was computed wrongly.

2.4. Tich c6 hwéng, tich hon tap va g dung dién tich, thé tich — 2.4 The Cross
Product, Triple Scalar Product, Area and Volume

Tich vo hudng cua hai vecto cho ra mot sb. Tich co hudng thi cho ra mot vecto mdi,
vudng goéc voi ca hai vecto ban dau. Vi du doi thuong: ban dit hai cdy thudc trén mat
ban, cdy coc cam thang ding vao ban chinh 1a hudng cua tich c6 hudng. N6 chi dung
dugc trong khong gian ba chiéu.

The dot product of two vectors gives a number. The cross product gives a new vector that is
perpendicular to both originals. Picture two rulers lying on a desk: a stake pushed straight up
into the desk shows the direction of the cross product. It works only in three-dimensional space.

Ba vecto don vi tao thanh mgt vong dé nhé: i x j =k, j x k=1, k x i = j. Di nguoc vong
thi mang dau trir, chang han j x i = —k. Ban dung ba dang thtrc nay dé thir nhanh quy tic
ban tay phai.

The three unit vectors form a loop that is easy to remember: i X j =k, j x k=i, k xi=j. Going
against the loop adds a minus sign, for example j % i = —k. Use these three identities to test the
right-hand rule quickly.

Cach tinh bz"ing dinh thie — Computing it with a determinant

Pinh thirc 3 x 3 13 mot con sd tinh tir bang 3 hang 3 cot. O day ta muon cach viét dinh
thirc 1am meo nhé cong thirc. Dong thu nhét cua bang ghi i, j, k, tirc cac vecto (1, 0, 0),
(0,1, 0),(0,0,1) nam doc ba truc x, y,z. V&ia=(ai, az, as) vab = (b1, bz, bs) tacoa x b
= (azbs - asbz, asb: — albs, aibz — azbl).

A 3 x 3 determinant is a number computed from a table of 3 rows and 3 columns. Here we
borrow the determinant layout as a memory aid for the formula. The first row of the table holds
i, j, k, meaning the vectors (1, 0, 0), (0, 1, 0), (0, 0, 1) along the x, y and z axes. For a = (ai, a.,
as) and b = (bi, bz, b3), a X b = (azbs — asbz, asb: — aibs, aib: — a:b:).

1. Ké bang 3 hang: hang 1 ghi i, j, k; hang 2 ghi ba thanh phan ctia a; hang 3 ghi ba
thanh phan cta b.
Draw a table with 3 rows: row I holds i, j, k; row 2 holds the three components of a; row 3
holds the three components of b.
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2. Thanh phﬁn 1: che cot 1, léy azbs — asbo.

The i component: cover column 1 and take a:bs — asb..

3. Thanh phan j: che cot 2, 1dy asb: — aibs. Day 12 két qua da d6i ddu so véi cach khai
trién dinh thtc thong thudng, nén ban ct chép diing cong thirc nay.
The j component: cover column 2 and take asb: — a:bs. This already includes the sign flip of
the usual determinant expansion, so copy this formula as written.

4. Thanh phan k: che cot 3, 1y aib> — azbu.

The k component: cover column 3 and take a:b> — a:xb:.

5. Kiém tra bang tich v6 huéng: két qua nhan v6 hudng véi a va véi b phai ra 0.
Check with dot products: the result dotted with a, and with b, must give 0.

Vi DU /EXAMPLE - Choa=(1,2,3)vab=(2,—1,4). Thanh phﬁn 1:2:4-3-(-1)=11.
Thanh phén j: 3-2 — 1-4 =2. Thanh phan k: 1-(-1) —2-2 =-5. Vay a x b= (11, 2, —5). Kiém
tra: (11,2, -5)a=11+4—-15=0va(11,2,-5)b=22-2-20=0.

Leta= (1,2, 3)and b= (2, —1, 4). The i component: 2-4 — 3-(—1) = 11. The j component: 3-2 — 14
= 2. The k component: 1-(—1) —2:2=-5.Soa xb = (11, 2, =5). Check: (11,2, =5)-a=11+4—15
=0and (11,2, =5)b=22—-2-20=0.

Do6i chd hai vecto ¢ vi du trén: b x a = (=11, -2, 5), dang béng —(a X b). Moi thanh phén
déu doi dau.

Swap the two vectors in the example above: b X a = (=11, —2, 5), exactly —(a * b). Every
component changes sign.

Huwéng va d dai — Direction and length

Huéng ciia a x b theo quy tic ban tay phai: xde ban tay phai, bon ngon chi theo a roi
cudn vé phia b, ngon cai chi huéng cia a x b. Doi thir ty thi ngén cai quay nguoc lai, nén
b xa=—(axDb).

The direction of a * b follows the right-hand rule: curl the fingers of your right hand from a

toward b, and your thumb points along a % b. Swap the order and the thumb flips, so b x a =
—(a x b).

Do dai 1a |a x b| = [a]-|b|-sinB, v&i O 1a gbe gitra hai vecto. Do chinh 14 dién tich hinh binh
hanh c6 hai canh ké 13 a va b. Hai vecto song song thi sind =0, néna xb=0,vaaxa=
0.

The length is |a x b| = |a||b|-sin0, where 0 is the angle between the vectors. This equals the area
of the parallelogram with adjacent sides a and b. Parallel vectors give sinf = 0, so a x b = 0,
anda x a = 0.

Vi DU/ EXAMPLE — Tam giac c6 dinh A(1, 0, 2), B(3, 1, 1), C(2, 3,4). Taco AB=(2, 1,
—1)va AC = (1, 3, 2). Tich ¢6 hudng: thanh phanila 1-2 — (—1)-3 = 5, thanh phan j 1a (=1)-1
—2-2 =-5, thanh phﬁn kla2-:3—-1-1=5,nén AB x AC=(5,-5,5). B¢ dai la \/(25 +25+
25) = 5V3. Tam gic bang nira hinh binh hanh, nén dién tich bang 5V3/2 = 4,33.

A triangle has vertices A(1, 0, 2), B(3, 1, 1), C(2, 3, 4). Then AB = (2, 1, —1) and AC = (1, 3, 2). The
cross product: the i component is 1-2 — (—1):3 = 5, the j component is (—1)-1 — 2-:2 = =5, the k
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