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Chuong 1. Ma tran va dinh thie — Chapter 1. Matrices and determinants

Muc tiéu chwong — Chapter objectives

« Biéu dién bang sd liéu kinh doanh (doanh sd, don gia, dinh muc tiéu hao) dudi dang
ma tran va vecto.
Represent business tables (unit sales, prices, input requirements) as matrices and vectors.

* Thyuc hi¢n dung cac phép cong, nhan s6, nhan ma trén, chuyén vi; kiém tra diéu kién
kich thudc trude khi nhan.
Carry out addition, scalar multiplication, matrix multiplication and transposition correctly,
check the size condition before multiplying.

« Tinh dinh thirc cap 2, cap 3 (Sarrus), cap cao (khai trién Laplace, dua vé tam giac) va
van dung céc tinh chat ctia dinh thuec.
Compute determinants of order 2 and 3 (Sarrus) and of higher order (Laplace expansion,
reduction to triangular form), using the properties of determinants.

« Tim ma tran nghich ddo bang ma tran phu hop va bang Gauss—Jordan; giai phuong
trinh ma tran AX = B, XA =B.
Find an inverse by the adjugate and by Gauss—Jordan elimination; solve the matrix
equations AX = B and XA = B.

* Tim hang ma tran bé“mg bién ddi so cép, bién luan hang theo tham $6.
Find the rank of a matrix by elementary row operations and discuss the rank in terms of a
parameter.

1.1. Ma tran va cac dang ma tran dac bi€t — Matrices and special types of matrices

Khai niém ma tran — The concept of a matrix

Bang s6 liéu kinh doanh thuong co dang hang — cot: mdi hang 1a mot cira hang, mot
thang hay mdt san phém; mdi cot 1a mot mat hang, mot loai nguyén liéu hay mot chi tiéu.
Viét bang d6 thanh mot khéi s6 dat trong ngodc vudng ta dugec mot ma tran. Phan tir &
dong i, ¢ot j ky hiéu a;;: chi s6 thir nhat ludn 1a dong, chi sé tha hai ludn 1a cot.

Business tables are usually laid out in rows and columns: each row a shop, a month or a
product; each column an item, an input or an indicator. Writing such a table as a block of
numbers in square brackets gives a matrix. The entry in row i and column j is written a;.: the
first index is always the row, the second always the column.

PHAI THUQC / MEMORISE — Ma tran ¢& m X n 1a mot bang gdm m - n s6 xép thanh m
dong va n c¢dt. Ky hiéu A = (ajj)mem, v6ii=1, ..., m vaj=1, ..., n. Hai ma trAn bing nhau
khi cling ¢& va moi phan tir & cling vi tri bang nhau.

An m x n matrix is an array of m - n numbers arranged in m rows and n columns, written A = (ay)mx
withi=1, .., mandj=1, ..., n. Two matrices are equal when they have the same size and all

corresponding entries are equal.

Dang tong quat ctia ma tran ¢& 3 x 3 (chi s6 dudi: dong trude, cot sau):

General form of a 3 x 3 matrix (subscripts: row first, column second):
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ait az a3
A= azi azz azs = (@ij)3x3
asi asz ass

Vi DU/ EXAMPLE — Cong ty banh keo Hoang Mai c¢6 2 clra hang, ban 3 loai san pham:
banh quy hop, banh bong lan, banh trung thu. S6 hop ban trong thang 9: ctra hang 1 ban 120;
80; 50 hop, ctra hang 2 ban 90; 110; 60 hop. Ma tran doanh $6 thang 9 la ma tran A ¢ 2 x 3
dudi day. Phan tir azs = 60 1a s6 hop banh trung thu (cot 3) ctra hang 2 (dong 2) ban duoc.
Hoang Mai Confectionery has 2 shops selling 3 products: boxed biscuits, sponge cakes and
mooncakes. September sales in boxes: shop 1 sold 120, 80, 50, shop 2 sold 90, 110, 60. The

September sales matrix is the 2 x 3 matrix A below. Entry az; = 60 is the number of mooncake boxes
(column 3) sold by shop 2 (row 2).

A=| 120 80 50 | (hop)
90 110 60

Cac dang ma tran dac bi€t — Special types of matrices

Pic diém Vi du

Feature Example

R R B SO dong = s0 ¢ft = n; cac phan tu ai,
Ma tran vudng cap n \ | p ,
L az, ..., an tao thanh dwdng chéo chinh
Square matrix of order , cap 2
Rows = columns = n; au, az, ..., Gm form

2: 1), (3, 4) is ‘order 2
" the main diagonal (2:1), (3: 4) is square of order

(2; 1), (3; 4) 1a ma tran vudng

Ma tran dong, ma tran  C& 1 X n hodc m x 1; con goi 1a vecto Vecto gia p = (45; 30; 120)" 1a

cOt dong, vecto cot ma tran cot 3 x 1
Row matrix, column Size 1 x norm x 1, also called row or The price vector p = (45; 30;
matrix column vectors 120)Tis a 3 % I column

Doanh s6 ctia mot cira hang
Ma tran khong O Moi phan tir bang 0; A + O = A dong ctra cé thang
Zero matrix O All entries are 0; A + O =4 Sales of a shop closed for the
whole month

Ma tran vudng, moi phan tir ngoai
Ma tran chéo duong chéo chinh bang 0
Diagonal matrix Square, all entries off the main diagonal

(2;0),(0;5)
are 0

Ma trén chéo c6 céc phan tir chéo bang

Ma tran don vi I, 1;AlI=1IA=A
: : : : : : L.=(1;0),(0; 1)
Identity matrix I, Diagonal with all diagonal entries 1; Al =
IA=4
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Tén goi Pic diém Vidu
Name Feature Example

(1;4;2),(0; 3;5),(0; 0; 6) 1a
tam giac trén
(1; 4: 2), (0: 3; 5), (0; 0;: 6) is

upper triangular

Ma tran vudng c6 moi phan tir ndm
dudi (trén) duong chéo chinh bang 0
Square, all entries below (above) the main

Ma tran tam giac trén
(dudn)
Upper (lower)

triangular matrix diagonal are 0

Bang khoang cach giira cac

Ma tran doi xing Ma tran vudng cé a;; = aj, trc AT=A kho hang
Symmetric matrix Square with a; = a;;, that is AT = A A table of distances between
warehouses

Trong bang trén va trong ca chuong, cach viét “ma trin c6 cac dong (2; 1), (3; 4)” dung
dé ghi gon ma tran trong cdu vin; dau chim phay ngan cac phan tir trong mot dong.

In the table above and throughout the chapter, “the matrix with rows (2; 1), (3, 4)” is a compact
way of writing a matrix in running text, semicolons separate the entries of a row.

1.2. Cac phép toan trén ma tran — Matrix operations

Cong, trir hai ma tran va nhan ma tran véi mot s6 — Addition, subtraction and scalar
multiplication

PHAI THUQC / MEMORISE — Hai ma trin ciing ¢& m x n cong (trir) bang cach cong
(trir) cac phan tir cung vi tri: A + B = (a;;  b)). Nhan s6 k v6i ma trn: nhan k vao moi phan
tu, kA = (k-a;;). Ma tran khac ¢ khong cong dugc.

Two matrices of the same size m % n are added (subtracted) entry by entry: A £ B = (a; + b;). A scalar
k multiplies every entry: kA = (k-a;y). Matrices of different sizes cannot be added.

A £ B = (ajj £ bi))mxn; kA = (k-aijj)mxn (1.1)
Vi DU/ EXAMPLE — Tiép vi du Hoang Mai. Doanh s6 thang 10: cira hang 1 ban 135; 70;
65 hop, cira hang 2 ban 100; 125; 80 hop (ma tran B). (a) Tong doanh s hai thang A + B. (b)
Mirc thay d6i B — A. (c) Thang 11 1a mua trung thu, cong ty dat ké hoach moi san pham ting
20% so véi thang 10: 1,2B.

Continuing the Hoang Mai example. October sales: shop 1 sold 135, 70, 65 boxes and shop 2 sold

100, 125, 80 (matrix B). (a) Two-month total A + B. (b) Change B — A. (c¢) November is the Mid-
Autumn season and the plan raises every product by 20% over October: 1.2B.

A+B
+_ 255 150 115 | (hop, hai thang)
190 235 140
B—Al |
| 15 =10 15 | (hop)
10 15 20
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1,2B=| 162 84 78 | (hdp, ké hoach thang 11)
120 150 96

Phan tir —10 ctia B — A cho biét cira hang 1 ban banh bong lan thang 10 it hon thang 9 1a
10 hop. Phép trir ma tran cho ngay bang bién dong ctia moi cip cira hang — san pham.

The entry —10 in B — A means shop 1 sold 10 fewer boxes of sponge cake in October than in
September. Matrix subtraction gives the change for every shop—product pair at once.

Nhan hai ma trin — Matrix multiplication

PHAI THUQC / MEMORISE — Tich AB chi x4c dinh khi s6 c¢ft ciia A bang s6 dong ciia
B.Néu A cdm x pvaBcdp x nthi C=AB cd m x n, phan tir ¢;; bang dong i ciia A nhan
v6 huwéng voi cot j cia B.

The product AB is defined only when the number of columns of A equals the number of rows of B. If
Aism X pandBisp xn, then C = AB is m X n, and c; is row i of A times column j of B (dot
product).

cij = aitb1j + aizbzj + ... + aipbpj = Yk=1P aikby (1.2)

Quy tic kiém c&: viét (m x p)-(p x n) — m x n. Hai s & giita phai bang nhau, hai s6 &
ngoai la c& cua tich.

Size check: write (m x p)-(p < n) — m x n. The two inner numbers must match, the two outer
numbers give the size of the product.

Vi DU/ EXAMPLE — Don gia ba san pham cua Hoang Mai 1a p = (45; 30; 120)" nghin
d6ng/hop. Doanh thu thang 9 cia ting ctra hang 14 A-p, voi A ¢d2 x 3 vap ¢d 3 x 1, tich ¢&
2 x1.Cuahang 1: 120 - 45+ 80 - 30 + 50 - 120 =5.400 + 2.400 + 6.000 = 13.800 nghin
déng. Cua hang 2: 90 - 45+ 110 - 30 + 60 - 120 =4.050 + 3.300 + 7.200 = 14.550 nghin
ddng. Twong ti, doanh thu thang 10: B-p = (15.975; 17.850)" nghin dong.

Hoang Mai’s unit prices are p = (45, 30; 120)7 thousand VND per box. September revenue of each
shop is A-p with A2 x 3 and p 3 x 1, so the productis 2 x 1. Shop 1: 120 - 45 + 80 - 30 + 50 - 120 =
5,400 + 2,400 + 6,000 = 13,800 thousand VND. Shop 2: 90 - 45 + 110 - 30 + 60 - 120 = 4,050 +
3,300 + 7,200 = 14,550 thousand VND. Likewise, October revenue: Bp = (15,975, 17,850)" thousand
VND.

. (45; 30; 120)T =

Ap=| 120 80 50
P (13.800; 14.550)"

90 110 60

Ma tran chi phi: dinh mirc ti€éu hao nhan don gia dau vao — Cost matrices: input
requirements times input prices
Xudng noi that Trudong An san xuat ban, ghé, tu. Moi san pham dung ba dau vao: van go
(tam), son (lit), gid cong. Pinh mirc ti€u hao x€p thanh ma tran N (dong: san pham; cot:
dau vao). Pon gid dau vao la ¢ = (150; 80; 40)" nghin dong cho mdt tam van, mdt lit son,
mat gio cong.
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Truong An Furniture makes tables, chairs and wardrobes. Each product uses three inputs: wood
panels (sheets), paint (litres) and labour hours. The input requirements form a matrix N (rows:
products; columns: inputs). Input prices are ¢ = (150; 80; 40)7 thousand VND per sheet, per
litre and per hour.

4 1 3
N=[ 2 1 2 | (ban;ghé; ta)
6 2 5

1. Chi phi dau vao mot don vi san pham: N-c. Ban: 4 - 150 + 1 - 80 + 3 - 40 = 800; ghé:
300 + 80 + 80 =460; ti: 900 + 160 + 200 = 1.260 nghin déng.

Input cost per unit of product: N-c. Table: 4 - 150 + 1 - 80 + 3 - 40 = 800, chair: 300 + 80 +
80 = 460, wardrobe: 900 + 160 + 200 = 1,260 thousand VND.

2. Ké hoach thang: q = (50; 200; 30) (vecto dong: 50 ban, 200 ghé, 30 t). Nhu cau dau
vao: q'N=(50-4+200-2+30-6;50-1+200-1+30-2;50-3+200-2+30-
5)=(780; 310; 700): 780 tdm van, 310 lit son, 700 gio cong.

Monthly plan: g = (50; 200; 30) (row vector: 50 tables, 200 chairs, 30 wardrobes). Input
needs: ¢-N = (50 -4 +200-2+30-6;50-1+200-1+30-2;50-3+200-2+30-5)=
(780, 310; 700): 780 sheets, 310 litres, 700 hours.

3. Tong chi phi dau vao: q-N-c. Tinh theo (q-N)-¢ =780 - 150 + 310 - 80 + 700 - 40 =
117.000 + 24.800 + 28.000 = 169.800 nghin dong; tinh theo q-(N-c) = 50 - 800 + 200
- 460 + 30 - 1.260 = 169.800 nghin dong. Hai cach cho cung mét s6, minh hoa tinh
két hop.

Total input cost: q-N-c. As (q:N)-c = 780 - 150 + 310 - 80 + 700 - 40 = 117,000 + 24,800 +
28,000 = 169,800 thousand VND; as q-(N-c) = 50 - 800 + 200 - 460 + 30 - 1,260 = 169,800
thousand VND. Both orders give the same figure, illustrating associativity.

TC =q-N-c=(q:N)-c=q-(N:c) = 169.800 (nghin dong) (1.3)

Tinh chat cia cac phép toan; phép nhan khong giao hodn — Properties of the
operations; multiplication is not commutative

Tinh chét Phat biéu Luu y
Property Statement Remark

Giao hoan cua phép Dung v4i moi ma tran cung c&
cong A+B=B+A Holds for all matrices of the same
Commutativity of addition size

Cho phép bo ngodc trong tich

Két hop (A+B)+C=A+(B+C); (AB)C  nhiduma trén

Associativity =A(BC) Brackets can be dropped in long
products

Phan phéi A(B +C)=AB + AC; (A + B)C = Gilt nguyén bén trai, bén phai

Keep left factors on the left, right

Distributivi +
istributivity AC+BC factors on the right

Tai liéu nay dugc bién soan boi ddi ngii ctia website: https://globalmarket.vin
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Tinh chét Phat biéu Luu y
Property Statement Remark

Nhén véi s6 K(AB) = (kA)B = A(kB) S6 dimg ¢ dau cling dugc

Scalar factors A scalar can sit anywhere

Phan tir don vi AL =I,A=A (A cdm xn) I dong vai tro s6 1

Identity Al,=1,A=A4 (Aism X n) I plays the role of the number 1
BA c6 thé khong xac dinh, hodc
khac c&, hodc cung c& nhung

Khong giao hoin Noi chung AB # BA khac sb

Not commutative In general AB # BA BA may be undefined, of another

size, or the same size with different
entries

R - AB = AC khong suyraB=C
. , AB =0 kh A =0hoac B . )
Khong ¢6 lugt gian woe  _ ong sty ra %" Khi A khong kha nghich
No cancellation law AB = AC does not give B =C

AB = O does notimply 4 =0 or B=0 unless A is invertible

Vi DU / EXAMPLE — P ¢6 cac dong (1; 2), (0; 1); Q ¢6 cac dong (1; 0), (3; 1). PQ ¢6 céac
dong (1+6;0+2),(0+3;0+1)=(7;2),(3;1). QP c6 cac dong (1; 2), (3; 6 + 1) =(1; 2), (3;
7). Ca hai déu c¢& 2 x 2 nhung PQ # QP. Trong vi du Hoang Mai, A-p c6 nghia (doanh thu),
con p-A khong xac dinh vipcd 3 x 1, Acd 2 x 3.

P has rows (1; 2), (0; 1); Q has rows (1, 0), (3; 1). PO has rows (I + 6, 0+ 2), (0+ 3,0+ 1) =(7;
2),(3; 1). QP has rows (1, 2), (3, 6 + 1) = (1, 2), (3; 7). Both are 2 x 2 but PQ # QP. In the Hoang
Mai example A-p is meaningful (revenue), while p-A is undefined because p is 3 x 1 and A is 2 % 3.

Vi DU / EXAMPLE — Khong c6 luat gian udc: E c¢6 cac dong (1; 2), (2; 4); F ¢6 cac dong
(2;—4), (—1;2). EF co cac dong (2 — 2; —4 + 4), (4 — 4; —8 + 8) = (0; 0), (0; 0), ttc EF = O du
E#0vaF #0. Véi sb thuc, ab = 0 kéo theo a = 0 hodc b = 0; v6i ma tran thi khong.

No cancellation law: E has rows (1; 2), (2; 4); F has rows (2; —4), (=1, 2). EF has rows (2 — 2; —4 +
4),(4—4;,=8+8) =(0;0), (0; 0), so EF = O although E # O and F # O. For real numbers ab = 0
forces a = 0 or b = 0; for matrices it does not.

LOI HAY GAP / COMMON MISTAKE — Nhén sai thir ty. Sinh vién viét p-A thay cho
A-p, hoic khai trién (A + B)? = A2 + 2AB + B2 Dling: (A + B)2= A2+ AB + BA + B chi riit
gon thanh 2AB khi biét chic AB = BA. Tru6c mdi phép nhén, viét ¢& hai ma tran ra 1& dé
kiém.

Multiplying in the wrong order. Students write p-A instead of A'p, or expand (A + B)? = A% + 2AB +
B2 Correct: (A + B)? = A? + AB + BA + B it reduces to 2AB only when AB = BA is known. Before
every product, write both sizes in the margin and check.

Ma tran chuyén vi — The transpose

PHAI THUQC / MEMORISE — Chuyén vi cia A ¢ m x n 1a ma trdn AT ¢cdn x m c6
dugc bing cach doi dong thanh cot: phan tir dong i cot j ciia AT 14 a;. Tinh chit: (AT)T = A; (A
+B)T = AT + BT; (kA)T = kAT; (AB)T = BTAT.
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The transpose of an m x n matrix A is the n x m matrix A" obtained by turning rows into columns: the
entry in row i, column j of A" is a;;. Properties: (A")T=A; (A + B)T = AT+ BT; (kA)T = kAT, (AB)T =
B7AT.

[ 120 90 |
AT=| 80 110 (‘dc‘)ng: san pham; cot: clra
hang)
50 60

Chuyén vi ma tran doanh s A doi cach nhin: dong 1& san pham, cot 1a cira hang. Véi
vecto dong u = (1; 1) thi u-A = (210; 190; 110) 13 tong s6 hop mdi san pham cta ca hai
ctra hang trong thang 9; cung két qua d6 viét theo cot 1a AT-u’.

Transposing the sales matrix A changes the viewpoint: rows become products, columns become

shops. With the row vector u = (1; 1), wA = (210; 190; 110) is the September total of each
product over both shops; the same result in column form is A™u.

LOI HAY GAP / COMMON MISTAKE — Viét (AB)T=ATBT. Thur véi A cd 2 x 3, B co
3x4:ATcd 3 x2vaBTcd4 x 3 nén ATBT khong nhan dugc, trong khi BTAT c& 4 x 2 ding
béang c& ciia (AB)T. Chuyén vi mot tich thi dao thir tur.

Writing (AB)T =A™BT. Try A2 x 3and B3 x 4: ATis 3 x 2 and B is 4 x 3, so ATB" is undefined,
whereas BTATis 4 x 2, exactly the size of (AB)". Transposing a product reverses the order.

Liiy thira ma tran vuong: ma tran chuyeén dich thi phan — Powers of a square matrix:
a market-share transition matrix

Vi A vuong, A2 = A-A, A*=A%A, ...; quy udc A° = I. Liy thura chi dinh nghia cho ma
tran vuéng. Ung dung quen thudc 1a ma tran chuyén dich: phan tir p;; 1a ti 1¢ khach hang
dang dung hing i chuyén sang hing j sau mot ky; mdi dong co tong bang 1.

For square A, A = A-A, A’ = A% A, ..., with A° = I. Powers are defined only for square matrices.

A familiar application is the transition matrix: py is the share of customers of firm i who move to
firm j after one period; each row sums to 1.

Vi DU / EXAMPLE — Hai vi dién tir X va Y chia nhau thi trudng thanh toan ctia mot thanh
phé, mdi vi dang giit 50% ngudi ding: xo = (0,5; 0,5). Sau mdi quy, X giir lai 80% ngudi
dung ctia minh (20% sang Y); Y giit lai 70% (30% sang X). Thi phan sau mot quy: xi = XoP =
0,5-0,8+0,5-0,3;0,5-0,2+0,5-0,7)=(0,55; 0,45). Sau hai quy: x2 = xoP? = (0,575;
0,425). Vi X tang tir 50% 1én 57,5%.

Two e-wallets X and Y share a city’s payments market, each with 50% of users: xo = (0.5, 0.5). Each
quarter X keeps 80% of its users (20% move to Y) and Y keeps 70% (30% move to X). Shares after one
quarter: x1 =xoP = (0.5-0.8 +0.5-0.3;0.5-0.2+ 0.5-0.7) = (0.55; 0.45). After two quarters: x: =
xoP? = (0.575; 0.425). Wallet X rises from 50% to 57.5%.

= P2 = [(0,7; 0,3), (0,45;

P=l 08 0,2 0,55)]

03 0,7
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Phan tur (1; 2) cua P? bé‘mg 0,8 -0,2+0,2-0,7=0,3: sau hai quy, 30% nguoi dung ban
dau cua X dang dung Y (gdm nguoi chuyén ngay quy dau va ¢ lai Y, cong ngudi ¢ lai X
quy dau rdi chuyén sang Y quy sau).

Entry (1; 2) of P?is 0.8 - 0.2 + 0.2 - 0.7 = 0.3: after two quarters, 30% of X'’s original users are
on Y (those who switched in the first quarter and stayed, plus those who stayed with X and then
switched).

1.3. Pinh thirc — Determinants

Pinh thirc cAp 2 va cAp 3 — Determinants of order 2 and 3

M&i ma tran vudng A dugc gan véi mot s6 goi 1a dinh thire, ky hiéu det A hoic |A]. Ma
tran khong vudng khong c6 dinh thirc. Pinh thirc cho biét ma tran c6 kha nghich hay
khong (muc 1.4) va hé phuong trinh tuong tmg c6 nghiém duy nhét hay khéng (Chuong
2).

Every square matrix A has an associated number called its determinant, written det A or |A|.

Non-square matrices have no determinant. The determinant tells whether the matrix is invertible
(Section 1.4) and whether the corresponding linear system has a unique solution (Chapter 2).

PHAI THUQC / MEMORISE — Cép 2: tich dudng chéo chinh trir tich duong chéo phy.
Cép 3 (quy tic Sarrus): chép thém cot 1 va cot 2 sang bén phai, cong ba tich theo duong
chéo xudng, trir ba tich theo duong chéo 1én. Sarrus chi ding cho cép 3.

Order 2: product of the main diagonal minus product of the other diagonal. Order 3 (Sarrus’ rule):
copy columns 1 and 2 to the right, add the three downward diagonal products and subtract the three
upward ones. Sarrus’ rule works only for order 3.

det [(a; b), (c;d)] =ad — bc (1.4)
det A= a11az2a33 + aizaz3asi1 + aizaz1as2 — aiszazzasi — ai11dz3as2 — a12a21as3
(1.5)

VI DU/ EXAMPLE — Cép 2: ma trn c6 cac dong (5; =3), (2; 4) ¢6 dinh thic 5 - 4 — (=3) -
2=20+6=26.
Order 2: the matrix with rows (5; —=3), (2, 4) has determinant 5 - 4 — (=3) - 2 =20 + 6 = 26.

Cép 3: tinh det A v6i A dudi ddy bang quy tic Sarrus.
Order 3: compute det A for the matrix A below by Sarrus’ rule.

2 1 -1
A= 3 0 2 |>detA=-41
1 4 5

Ba tich cong (chéo xudng) Ba tich trir (chéo 1én)

Three added products (downward) Three subtracted products (upward)

anazan=2-0-5=0 dizdz2zdsi1 = (—1) -0-1=0
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Ba tich cong (chéo xudng) Ba tich trir (chéo 1én)

Three added products (downward) Three subtracted products (upward)
apazsan =1-2-1=2 anasaxn=2-2-4=16

dizdz2ids2 = (—1) -3-4=-12 anazan=1-3-5=15

Téng: 0+2—12=-10 Téng: 0+ 16 + 15 =31

Sum: 0+2—12=-10 Sum: 0+ 16 + 15 =31

det A=-10—-31=—41.
detA=—-10—-31=—41

Dinh thirc con, phan bu dai so va khai trién Laplace — Minors, cofactors and Laplace
expansion

PHAI THUQC / MEMORISE — X6a dong i va cdt j cia A (vudng cip n), dinh thirc cap n
— 1 con lai 1a dinh thitc con M;;. Phan bu dai s6 Aj;= (—1)i-M;;. Khai trién Laplace: det A
béng tong cac phan tir cia mot dong (hodc mot cot) bat ky nhan voi phan bu dai s twong
ung.

Deleting row i and column j of an n x n matrix A leaves an (n — 1)-order determinant, the minor Mj;.
The cofactor is A; = (—1)"7-M;;. Laplace expansion: det A is the sum of the entries of any one row (or
column) times their cofactors.

A= (—1)H-Mj (1.6)
det A = ai1Ai1 + ai2Aiz + ... + ainAin  (theo dong i) (1.7)

Dau (—1)™ xép theo ban co, bat dau bang diu cong & goc trén trai. Nén chon dong hoic
cOt ¢6 nhiéu sd 0 nhat dé khai trién.

The signs (—1)™ follow a chessboard pattern starting with plus in the top-left corner. Expand
along the row or column with the most zeros.

+ - +
Dau;| — + -—
+ - +

Vi DU / EXAMPLE — Ma tran B c6 cac dong (3; 0; 2), (1; —2; 4), (5; 0; 1). Cot 2 ¢6 hai sb
0 nén khai trién theo cot 2: chi con s hang bz =—2 & vi tri (2; 2), déu (—1)* = +. X6a dong 2,
cot 2 con dinh thirc con ¢ cac dong (3; 2), (5; 1), bang 3 — 10 =—7. Vay det B = (-2) - (+1) -
(=7)=14.

Matrix B has rows (3; 0; 2), (1, =2, 4), (5; 0; 1). Column 2 has two zeros, so expand along column 2:

only bz = =2 at position (2; 2) remains, sign (—1)* = +. Deleting row 2 and column 2 leaves the
minor with rows (3; 2), (5, 1), equal to 3 — 10 = —7. Hence det B = (=2) - (+1) - (=7) = 14.

LOI HAY GAP / COMMON MISTAKE — Quén du (—1)i*: liy thing dinh thirc con M;;
1am phan bu dai s6. Ldi nay chi 16 ra & cac vi tri i +j 16 — vi du (1; 2), (2; 1), (2; 3) —nén

két qua sai ma sinh vién khé tu phat hién. Ghi bang ddu ban cd ra nhap trude khi khai trién.
Forgetting the sign (—1)" and using the minor My as the cofactor. The error only shows at positions
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with i + j odd — for example (1; 2), (2; 1), (2; 3) — so the result is wrong in a way that is hard to
spot. Write the chessboard of signs on scrap paper before expanding.

Tinh chat cta dinh thitxc — Properties of determinants

Thao tac hoic tinh hudng

Operation or Situation

Anh hwéng téi dinh thire
Effect on the determinant

Chuyén vi: det AT
Transpose: det AT

D6i chd hai dong
Swapping two rows

Nhan mét dong véi s6 k
Multiplying one row by k

Nhan ca ma tran cap n voi k
Multiplying the whole n x n matrix by k

Cong vao mot dong bdi cua dong khac
Adding a multiple of one row to another

Co6 mdt dong toan 0, hodc hai dong ti
1¢

A zero row, or two proportional rows

Ma tran tam giac (hodc chéo)
Triangular (or diagonal) matrix

Tich hai ma trdn vudng cung cap
Product of two square matrices of the
same order

Khong d6i: det AT = det A; moi tinh chat vé dong ding
ca cho cot
Unchanged: det AT = det A, every row property also holds

for columns

Poi diu
Changes sign
Dinh thirc nhan véi k; nguoc lai, thira sb chung ctia mot

dong dugc dua ra ngoai
The determinant is multiplied by k; conversely, a common

factor of a row can be taken out

det(kA) = k-det A (mdi dong gop mot thira s6 k)
det(kA) = kdet A (each row contributes a factor k)
Khéng ddi — phép bién d6i dung dé khir vé tam giac

Unchanged — the operation used to reduce to triangular

form

detA=0

det A bang tich cac phan tir trén duong chéo chinh
det A is the product of the diagonal entries

det(AB) = det A - det B; nhung n6i chung det(A + B) #
det A +detB

det(AB) = det A - det B, but in general det(A + B) # det A +
det B

Vi DU / EXAMPLE — Ma tran D c6 cac dong (2; 4; 6), (1; 3; 5), (0; 2; 7). Dong 1 ¢6 thira
s6 chung 2: det D =2 - det cia ma trdn c6 cac dong (1; 2; 3), (1; 3; 5), (0; 2; 7). Lay dong 2
trir dong 1 duoc (0; 1; 2); khai trién theo cot 1 con dinh thiric con c6 cac dong (1; 2), (2; 7),
bing 7—4=3.VaydetD=2-3=6. Vi A cip 3 & trén (det A = —41): det AT=—41;

det(2A) = 2° - (—41) = —328.

Matrix D has rows (2; 4, 6), (1, 3, 5), (0; 2; 7). Row I has the common factor 2: det D = 2 - det of the
matrix with vows (1; 2; 3), (1, 3; 5), (0; 2; 7). Row 2 minus row 1 gives (0; 1, 2); expanding along
column 1 leaves the minor with rows (1, 2), (2; 7), equalto 7 — 4 = 3. So det D = 2 - 3 = 6. For the
order-3 matrix A above (det A = —41): det AT = —41; det(24) = 2° - (—41) = —328.
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LOI HAY GAP / COMMON MISTAKE — Viét det(2A) = 2-det A. Hé s k dua ra ngoai
tirng dong, nén ma tran cap n cho k». Ldi nguoc lai ciing hay gap: khi khtr dong, sinh vién
lam “dong 2 nhén 3 1di trir dong 17 (thay dz bang 3dz — di) ma quén ring dinh thirc d3 bi nhan
3. Chi phép “dz + k-di” mé1 gitt nguyén dinh thirc.

Writing det(2A4) = 2-det A. The factor k comes out of each row, so an order-n matrix gives k. The
reverse error is also common: when eliminating, students replace r: by 3r> — ri and forget that the
determinant has been multiplied by 3. Only “r> + k'r:” leaves the determinant unchanged.

Tinh dinh thirc bang cach dwa vé dang tam giac — Computing determinants by reduction
to triangular form

Véi cap 4 tro 18n, khai trién Laplace don thuan din toi nhiéu dinh thire con. Cach nhanh:
ding phép “cong bdi cia dong nay vao dong khac” dé tao sd 0 dudi duong chéo; mdi 1an
d6i chd hai dong thi ghi mot dau trir; cudi cing nhan cac phan tir chéo.

From order 4 upwards, plain Laplace expansion produces many minors. Faster: use “add a

multiple of one row to another” to create zeros below the diagonal; record a minus sign for
every row swap; finally multiply the diagonal entries.

Vi DU / EXAMPLE — Tinh lai det A =—41 (A c6 cac dong (2; 1; —1), (3; 0; 2), (1; 4; 5))
bang khir dong. Ddi chd dong 1 va dong 3 dé c6 phan tir dan bang 1 (mot dau trir): (1; 4; 5),
(3;0;2),(2;1; -1). d2— 3d1 = (0; —12; =13); ds — 2d: = (0; =7; —11). det A =—[1 -
(12)(=11) = (-=13)(-=7))] = —(132 — 91) = —41, khép v6i Sarrus.

Recompute det A = —41 (A has rows (2; 1, —1), (3, 0; 2), (1, 4, 5)) by elimination. Swap rows 1 and 3
to get a leading 1 (one minus sign): (1; 4, 5), (3, 0; 2), (2, 1, =1). r2—3ri = (0; —12; =13); s — 2r1 =
(0, =7; =11).det A =—[1-(—12)(—11) — (—13)(=7))] = —(132 — 91) = —41, matching Sarrus.

Dinh thirc cip 4: tinh det C voi C dudi day.
Order 4: compute det C for the matrix C below.

[ 1 -1 2 0 |
c=l 2 1 3 1 |=>detc=15
0 3 1 2
1 2 0 3

1. Khtr ot 1: d2 — 2d: = (0; 3; —1; 1); da — d1 = (0; 3; —2; 3); dong 3 da co $6 0 & cot 1.
Dinh thirc khong dbi.
Clear column 1:r2 — 2r1 = (0; 3, —1; 1), v+ — r1 = (0; 3; —2; 3); row 3 already has 0 in
column 1. The determinant is unchanged.
2. Khtr cot 2 bé‘mg dong 2 moi (ph;ﬁn tir dan 3): ds — d2=(0; 0; 2; 1); ds — d2 = (0; 0; —1;
2).
Clear column 2 with the new row 2 (pivot 3):rs —r: = (0, 0; 2; 1); r+ —r> = (0, 0; —1; 2).
3. Pé tranh phan sb, doi chd dong 3 va dong 4 (mot dau trwr): (0; 0; —1; 2), (0; 0; 2; 1).
R6i ds + 2d5 = (0; 0; 0; 5).
To avoid fractions, swap rows 3 and 4 (one minus sign): (0; 0, —1; 2), (0, 0, 2; 1). Then r+ +
2rs = (0, 0, 0; 5).
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4. Ma tran tam giac ¢6 duong chéo 1; 3; —1;5.detC=—[1-3 - (-1) - 5]=—(-15) = 15.
The triangular matrix has diagonal 1, 3, —1, 5. det C=—[1 -3 -(=1) - 5] = —(—15) = 15.

LOI HAY GAP / COMMON MISTAKE — Quén d6i ddu khi hoan vi dong. O budc 3 néu

b6 sot dau trir, két qua thanh —15. Cach phong: mdi 1an ddi chd hai dong, viét ngay dau

«_9

trude dinh thire trén nhap; cudi bai dém s6 dau trir (chén thi giir du, 1¢ thi d6i ddu). Ciing
khong dugc dung Sarrus cho ma trén cap 4: khong c6 “quy tac duong chéo” cho cap 4.
Forgetting the sign change on a row swap. Missing the minus in step 3 gives —15. Prevention. each

time two rows are swapped, write *

‘

— " in front of the determinant at once; at the end count the minus

signs (even: keep the sign, odd: change it). Nor may Sarrus’ rule be used for order 4: there is no

“diagonal rule” for order 4.

Ma tran can tinh

Matrix

Cap 2
Order 2

Cép 3, s6 nho

Order 3, small entries

C6 dong hodc cot nhidu
s00

A row or column with many

zeros

Cép 4 trd 1én
Order 4 and above

Chura tham so
Contains a parameter

Cach nén dung
Recommended method

ad — bc

Sarrus
Sarrus’ rule

Khai trién Laplace theo dong (cot)
do

Laplace expansion along that row
(column)

Kht vé tam giac, hoac khir mdt cot
10i Laplace

Reduce to triangular form, or clear
one column then expand

Bién d6i dé gom tham s vao mot
dong, ri Laplace

Use row operations to isolate the
parameter, then expand

1.4. Ma tran nghich ddo — The inverse matrix

Pinh nghia va diéu ki€n ton tai — Definition and existence

Ly do

Reason

Mot phép tru

One subtraction

Séu tich, khong can bien doi
Six products, no row operations

S6 hang chtra phan tir 0 bi triét
tiéu
Terms with zero entries vanish

Laplace thuan cap 4 can 4 dinh
thire cdp 3
Plain Laplace at order 4 needs

four order-3 determinants

Tréanh chia cho biéu thire ¢6 thé
bang 0

Avoids dividing by an expression
that may be zero

PHAI THUQC / MEMORISE — Ma tran vuéng A cip n kha nghich néu c6 ma trin B
cung cip sao cho AB = BA = I,; khi d6 B 14 duy nhét, ky hiéu A™'. A kha nghich & det A #
0. Ma tran c6 det A = 0 goi la suy bién.
A square matrix A of order n is invertible if there is a matrix B of the same order with AB = BA = I,;
B is then unique and written A™. A is invertible < det A # 0. A matrix with det A = 0 is called

singular.

Cong thirc qua ma tran phu hop: 14p ma tran cac phan bu dai s6 A, chuyén vi n6 duoc

ma tran phu hop adj A, réi chia cho det A.
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Formula via the adjugate: form the matrix of cofactors Ay, transpose it to get the adjugate adj A,
then divide by det A.

A-1=(1/detA)-adjA, adjA= (A" (1.8)
[(a;b), (¢ )] t=(1/(ad — bc))-[(d; —b), (—c;a)]  (1.9)

Véi cp 2: d6i chd hai phan tir trén dudng chéo chinh, d6i du hai phan tir trén dudng
chéo phuy, chia cho dinh thuec.

For order 2: swap the two main-diagonal entries, change the sign of the two off-diagonal
entries, divide by the determinant.

Vi DU / EXAMPLE — A ¢6 cac dong (3; 5), (1;2). det A=6—5=1. A ¢6 cac dong (2;
=5), (—1; 3). Thr lai: dong 1 cia Anhancot 1 cta A™":3 -2+ 5 - (—1)=1; dong 1 nhan ¢t 2:
3-(=5)+5-3=0; tuong tu cho dong 2, duoc L.

A has rows (3; 5), (1; 2). det A=6—5=1. A" has rows (2; =5), (—1, 3). Check: row I of A times
column 1 of A7':3-2+5-(—1) =1; row I times column 2: 3 - (=5) + 5 - 3 = 0; similarly for row 2,
giving .

Tim nghich dio cip 3 bang ma tran phu hop — Inverting an order-3 matrix with the
adjugate

2 3 1
A= 1 2 1 |>detA=1
3 4 2

1. Pinh thuc (Sarrus): 8§ +9+4 -6 —8 — 6 =1 # 0, A kha nghich.
Determinant (Sarrus): 8§ +9+4—6—8— 6= 1+#0, so A is invertible.

2. Chin phéan bu dai sd, c6 ddu ban cd, ghi trong bang dudi.
The nine cofactors, with chessboard signs, are listed in the table below.

Vi tri Pinh thirc con M;; Phin bu Aj;
Position Minor M Cofactor A;
+
+
+
+
+

(1; 1) 2:2-1-4=0
(1;2) 1-2-1-3=-1
(1;3) 1-4-2-3=-2
2; 1) 3-2-1-4=2
(2; 2) 2:2-1-3=1
2;3) 2-4-3-3=-1
3; 1) 3-1-1-2=1
(3;2) 2-1-1-1=1
(3; 3) 2:2-3-1=1
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3. Ma tran phan bu dai s6 ¢6 cac dong (0; 1; —2), (=2; 1; 1), (1; —1; 1). Chuyén vi dé
duoc adj A c6 cac dong (0; —2; 1), (1; 1; —1), (=2; 1; 1). Chia cho det A = 1:
The cofactor matrix has rows (0; 1, =2), (=2; 1; 1), (I, —1; 1). Transpose it to get adj A
with rows (0, —=2; 1), (1, 1, —1), (—2; 1; 1). Divide by det A = I:

0 -2 1
Al= 1 1 -1
-2 1 1

4. Thir lai mot phan tir: dong 2 cia A nhancot2 cia A" 1 (-2)+2-1+1-1=1,
dung phén tir (2; 2) ctia Is. Nén thir du it nhat mot dong.
Check one entry: row 2 of A times column 2 of A™: 1 -(=2)+2-1+1-1=1, the(2;2)
entry of Is. Check at least one full row.

LOI HAY GAP / COMMON MISTAKE — Quén chuyén vi ma trin phan bu dai s6. Néu
dat théng Ajj vao vi tri (i; j), voi vi du trén ta dugc ma trdn c6 cac dong (0; 1; —2), (—2; 1; 1),
(1; —1; 1) — sai. Phan bu dai s6 ciia dong i ndm & ¢dt i cia adj A. V6i ma tran ddi xtmg 16
nay khong 1, nén luyén trén ma tran khong ddi xung.

Forgetting to transpose the cofactor matrix. Putting A; straight into position (i, j) gives, in the
example above, the matrix with rows (0; 1; —=2), (=2, 1; 1), (1, —1,; 1) — wrong. The cofactors of row
i go into column i of adj A. With a symmetric matrix the mistake does not show, so practise on non-
symmetric ones.

Tim nghich dio bang phwong phap Gauss—Jordan — Inverting by Gauss—Jordan
elimination

Lap ma tran md rong [A | I] rdi chi ding phép bién ddi so' cap trén dong (d6i chd hai
dong; nhan mdt dong véi s6 khac 0; cong vao mot dong boi cua dong khac) dua nura trai
vé I. Khi d6 nira phai 1a A~'. Néu nira trai xuat hién mot dong toan 0 thi A suy bién.

Form the augmented matrix [A | I] and use only elementary row operations (swap two rows;

multiply a row by a non-zero number; add a multiple of one row to another) to turn the left half
into 1. The right halfis then A™". If a zero row appears on the left, A is singular.

11 2 | 1 0 0|
All
[l_]233 | 0 1 0
1 2 2 | 0 0 1

1.d2—2d:i: (0; 1; =1 |=2; 1; 05. ds—di: (0; 1; 0] —1;0; 1).
o= 200 (0; 1; =1 =2;1;0). 75— ra: (0; 1; 0| =1, 0; ).

2.d3—d2: (0; 0; 1] 1; —1; 1). Ntra trdi da c6 dang tam giac trén véi duong chéo 1; 1; 1,
néndet A=1.
rs—r2 (0;0; 1| 1; —1; 1). The left half is now upper triangular with diagonal 1, 1, 1, so det
A=1

3. Khir nguoc 1€n: d2 + ds: (0; 1; 0| —1;0; 1). di —2ds: (15 1; 0| —1; 2; =2). di — d2: (1; O;
0]0;2;-3).

Tai liéu nay dugc bién soan boi doi ngii ciia website: https://globalmarket.vin
Trang 19



Dé cuong 6n tdp Toan kinh té / Mathematics for Economics Study Guide

Eliminate upwards: > +rs: (0; 1, 0| —1; 0; 1). v1 — 2rs: (1; 1; 0| —1;2; =2). ri —r2: (1, 0;
0]0;2;-3).

(1 0 0 | 0 2 -3]
1]
1 1 1
aci—| O 0 | 0
0o 0 1 | 1 -1 1

Tiéu chi Ma tran phu h
1§u§ ! 2.‘ r40 puuaop Gauss—Jordan
Criterion Adjugate

Cép 2, cép 3; ma tran chtra tham sb

Phu hop e Cép 3 tr& 1én, s6 cu thé
Best for Order 2 or 3; matrices with Order 3 and above, numeric entries
parameters
1 dinh thire cdp 3 + 9 dinh thuc cap
S6 phép tinh cap 3 2 Khoang 6-9 phép bién ddi dong
Work for order 3 One order-3 and nine order-2 About 6-9 row operations
determinants
Bién doi trén cot hodc chi bién doi
L4i hay gap Sai ddu ban cd, quén chuyén vi nira trai
Typical slip Wrong chessboard sign, no transpose | Using column operations or changing
only the left half
Tu kiém Nhan A-A' mot dong Nhu bén trai
Self-check Multiply one row of A-A™" Same as the left

Ma trin chira tham s6: khi nao kha nghich — Matrices with a parameter: when is the
inverse defined
Tim m dé ma tran K(m) dudi day kha nghich, roi tim nghich dao khi m = 0.

Find m for which the matrix K(m) below is invertible, then find the inverse when m = (.

[ 1 m 1]
K
mh 5 1 3
1 2 2
1. Khai trién theo dong 1: det K =1-(2-6)—m - (4—3)+1- (4—1)=—4-m+3 =

-1 —m.

Expand alongrow I:detK=1-(2—-6)-m-(4—-3)+1-(4—-1)=—4-—m+3=—1—m.
2. K kha nghich © —1 —m # 0 © m # —1. Khi m = —1 khong can tim quan hé tuyén tinh

giita cac dong; det K = 0 du dé két luan K suy bién.

K is invertible & —1 —m+ 0 & m # —1. When m = —1 there is no need to find the linear

relation between the rows; det K = 0 is enough to conclude that K is singular.
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3. m=0: det K =—1. Phan bu dai s6 dong 1: Auu=—4, Aio=—1, Aiz=3; dong 2: Az =
2, An=1, Axs=-2;dong 3: As1 =—1, Az2=—1, Ass = 1. Chuyén vi 10i chia cho —1:
m = 0: det K = —1. Cofactors of row 1: Aun = —4, A1z = —1, A1z = 3, row 2: Az1 = 2, A2z = 1,
Az =—=2;row 3: Asi = —1, As2 = —1, Ass = 1. Transpose and divide by —1:

4 -2 1

K(0)-!

7 1 11
-3 2 -1

Thur lai dong 1 cua K(0) 1a (1; 0; 1) nhan véibacot: 4 —3=1;-2+2=0;1—-1=0,
dung dong 1 ctia Is. Luu y det K = —1 4am nén moi phan tir cua adj K doi dau khi chia.
Check: row 1 of K(0), (1, 0; 1), times the three columns: 4 — 3 =1; =2+ 2=0; 1 — 1 =0, the
first row of Is. Note det K = —1 is negative, so every entry of adj K changes sign on division.

Tinh chat va phwong trinh ma tran — Properties and matrix equations

PHAI THUQC / MEMORISE — (A™) ' = A; (kA)™" = (1/k) A7 v6i k # 0; (AT) ' = (AT,
(AB)'=B'A"; det(A™") = 1/det A. Phuong trinh AX =B = X = A"B (nhan A bén trai);
XA =B = X =BA! (nhan A! bén phai).

(A) " =A4; (kA) " = (I/kR)A " for k+0; (A7) = (A4)7; (AB)™ = B4, det(A') = 1/det A. The
equation AX = B = X =A"B (multiply by A on the left); XA = B = X = BA™ (multiply by A~ on the
right).

AX=B=>X=A"1B; XA=B=>X=BA"1 (1.10)

VI DU/ EXAMPLE — M5t siéu thi mini nhap hai loai hang theo thung. Pon 1: 3 thung loai
I va 5 thung loai II, tra 2.100 nghin dong; don 2: 1 thing loai I va 2 thung loai II, tra 800
nghin dong. Viét A-p =t véi A c6 cac dong (3; 5), (1; 2) va t=(2.100; 800)". Ding A & vi
du trugc: p=A~"t=(2-2.100 — 5 - 800; —2.100 + 3 - 800) = (200; 300). Bon gia: loai I 200,
loai I 300 nghin déng/thung.

A minimart buys two goods by the carton. Order 1: 3 cartons of type I and 5 of type I for 2,100
thousand VND; order 2: 1 carton of type I and 2 of type II for 800 thousand VND. Write A-p = t with
A having rows (3; 5), (1, 2) and t = (2,100; 800)". Using A" from the previous example: p = A7t = (2
-2,100 — 5 - 800; —2,100 + 3 - 800) = (200; 300). Prices: type I 200, type 1l 300 thousand VND per
carton.

Vi DU / EXAMPLE — Phuong trinh XA = B véi A ¢6 cac dong (3; 5), (1; 2) va B ¢o céac
dong (4;7),(1;3). X=BA'cocacdong (4 - 2+7 - (—1);4- (-5 +7-3)=(;1)va(l -2+
3-(=1);1-(=5)+3-3)=(-1;4). Néu viét nham X = A'B s& ra ma tran c6 cac dong (3;
—1), (—1; 2) — khac hén; thu lai (3; 1), (—1; 2) nhan A khong ra B.

The equation XA = B with A having rows (3; 5), (1; 2) and B rows (4, 7), (1; 3). X = BA™ has rows (4
247 (1);4-(-5)+7-3)=(;, Dand(1-2+3-(=1);1-(=5)+3-3)=(—1;4). Writing X =
A'B by mistake gives the matrix with rows (3; —1), (=1, 2) — quite different; multiplying it by A does
not give B.
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LOI HAY GAP / COMMON MISTAKE — “Chia hai vé cho A”. Ma tran khong c6 phép
chia; phai n6i rd nhan A~ bén trai hay bén phai, va tht ty d6 quyét dinh dap s6. Ciing sai khi
viét (AB)' = A'B™": nghich d4o cua tich dao thir tw, gidng chuyén vi.

“Dividing both sides by A”. Matrices cannot be divided; say explicitly whether A™ multiplies on the
left or on the right, as the order decides the answer. Writing (AB) = A'B ™' is also wrong: the inverse
of a product reverses the order, as the transpose does.

1.5. Hang ctia ma tran — The rank of a matrix

Pinh nghia va ma tran bac thang — Definition and echelon form

PHAI THUQC / MEMORISE — Hang cta ma tran A, ky hiéu r(A), 1a cip cao nhit cua cac
dinh thirc con khac 0 1ap tir A. Tuong dwong: r(A) 1a sb dong khac 0 ctia ma trdn béc thang
nhan duoc tir A bang cac phép bién ddi so cap (phép bién ddi so cap khong lam dbi hang).
Vi A ¢d m x n: 0 < r(A) <min(m; n); A vudng cap n c6 r(A) =n < det A # 0.

The rank of A, written r(A), is the highest order of a non-zero minor of A. Equivalently, r(A4) is the
number of non-zero rows of the echelon form obtained from A by elementary operations (elementary

operations do not change the rank). For an m X n matrix: 0 <r(A) <min(m, n); a square matrix of
order n has r(4) =n & det A+ 0.

Ma tran bac thang dong: cac dong toan 0 (néu cd) nam dudi cung; phan tir khac 0 dau
tién ctia mdi dong (phan tir dan) nam léch han sang phai so v4i phan tir dan cua dong
trén.

Row echelon form: zero rows (if any) are at the bottom, the first non-zero entry of each row (the
pivot) lies strictly to the right of the pivot of the row above.

(1 2 -1 3 |
0 1 3 =2 |Dbacthangr=3
0 0 4 O
0O 0 0 O

Cach tim hang Thuwe hién Khi nao dung

Method How When to use

Tim mot dinh thire con cép k khac 0, roi

, . e , R N Ma tran nho, ma tran vuon,
chung t6 moi dinh thirc con cap k + 1 bang : j g

Dinh thirc con co tham so
. 0 .
Minors ) ) , Small matrices, square
Find a non-zero minor of order k, then show . .
. . o matrices with a parameter
every minor of order k + 1 is zero
Hau hét cac bai; ma tran
Bién doi so cap Dua ve bac thang, dém so dong khac 0 khong vuong
Elementary operations = Reduce to echelon form, count non-zero rows Most exercises, non-square

matrices
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VI DU/ EXAMPLE — M5t tap doan c6 bén phuong an san xuét, mdi phuong an 13 vecto
san lugng cua bdn nha may (nghin san phém): (1;2;-1; 3),(2;4; 1;0), (3; 6; 0; 3), (1; 2; 2;
=3). Xép thanh ma tran R ¢6 4 x 4. d2 — 2d: = (0; 0; 3; =6); ds — 3d1 = (0; 0; 3; —6); ds — d1 =
(0; 0; 3; —6). Ba dong mdi trung nhau, trir tiép con mot dong khac 0. Bac thang c6 2 dong
khac 0: r(R) = 2. Y nghia: chi c6 hai phuong an doc 1ap; hai phuwong 4n con lai 13 t6 hop cua
chung (phuong an 3 = phuong an 1 + phuong an 2; phuong 4n 4 = phuong an 2 — phuong an
1).

A group has four production plans, each a vector of output at four plants (thousand units): (1, 2, —1;
3),(2;4;1;0), (3; 6,0, 3), (1; 2; 2; —3). Stack them into the 4 x 4 matrix R. r» — 2r: = (0; 0; 3; —6);
rs— 3r1=(0; 0; 3, =6); r« — 11 = (0; 0; 3; —6). The three new rows coincide, subtracting leaves one
non-zero row. The echelon form has 2 non-zero rows: r(R) = 2. Meaning: only two plans are

independent, the other two are combinations of them (plan 3 = plan 1 + plan 2; plan 4 = plan 2 —
plan 1).

Bién luan hang theo tham s0 — Rank depending on a parameter

1 2 -1 3
R 5 1 4
3 7 m 7

1.d2—2di=(0; 1; 3; —2); ds — 3di = (0; 1; m + 3; —2).
r2=2ri=(0;1;3; =2);rs —3ri=(0; 1, m+ 3; =2).

2. Léy dong 3 méi trr dong 2 moi: (0; 0; m; 0). Ma trén bac thang c¢6 cac dong (1; 2; —1;
3), (0; 15 3; =2), (0; 0; m; 0).
New row 3 minus new row 2: (0; 0; m; 0). The echelon form has rows (1; 2; —1, 3), (0; I, 3;
=2), (0; 0; m; 0).

3. Két luan: m # 0 thi r(R) = 3; m = 0 thi dong cudi toan 0, r(R) = 2 (khi d6 dong 3 =
dong 1 + dong 2).
Conclusion: if m # 0, r(R) = 3, if m = 0 the last row is zero and r(R) = 2 (then row 3 = row
1 +row2).

LOI HAY GAP / COMMON MISTAKE — Pém s6 dong khéc 0 trwée khi dua vé bac
thang. Ma tran R & vi du bn phuong 4n c6 ca 4 dong khac 0 nhung hang chi bang 2. Mot 16i
khac khi bién luan: chia ca dong cho biéu thirc chira tham s6 (nhur m) ma khong tach riéng
truong hop biéu thirc d6 bang 0.

Counting non-zero rows before reducing to echelon form. Matrix R in the four-plan example has 4
non-zero rows but rank only 2. Another slip in parameter problems: dividing a row by an expression
in the parameter (such as m) without treating separately the case where it equals zero.

1.6. Kiém bang may tinh v6i Python — Checking with Python

Poan ma dudi tinh lai cac vi du chinh ciia chuong bang numpy va sympy. numpy tinh
bang sb thuc nén dinh thic c6 thé léch & chir s6 thap phan thir 13—15; 1am tron trudc khi
s0. sympy tinh chinh xac bang phan sd, hop voi bai ¢6 ma tran nghich dao va tham sé.

Tai liéu nay dugc bién soan boi doi ngii ciia website: https://globalmarket.vin
Trang 23



Dé cuong on tdp Toan kinh té / Mathematics for Economics Study Guide

The code below recomputes the chapter’s main examples with numpy and sympy. numpy works
in floating point, so a determinant may be off in the 13th—15th decimal place; round before
comparing. sympy works exactly with fractions, which suits inverses and parameters.

import numpy as np

from sympy import Matrix, symbols

B = np.array([[135, 70, 65], [100, 125, 8011) # doanh so thang 10

p = np.array([45, 30, 120]) # don gia, nghin dong

print ('Doanh thu thang 10:', B @ p)

N = np.array([[4, 1, 3], [2, 1, 2], [6, 2, 5]])

c = np.array([150, 80, 40]); g = np.array([50, 200, 30])

print ('Chi phi don vi:', N @ ¢, '| Tong chi phi:', g @ N @ c¢)

A = np'arraY([[zr ll _l]l [31 OI 2]/ [l/ 4/ 511)

print('det A =', round(np.linalg.det(A), 6))

¢ = Matrix([[1, -1, 2, O], [2, 1, 3, 11, [O, 3, 1, 2], [1, 2, O, 3]])

print('det C ="', C.det())

M = Matrix([[2, 3, 11, [1, 2, 11, [3, 4, 211)

print ('Nghich dao:', M.inv () .tolist())

P = np.array([[0.8, 0.2], [0.3, 0.711)

print ('Thi phan sau 2 quy:', np.array([0.5, 0.5]) @ np.linalg.matrix power (P, 2))
m = symbols('m")

R = Matrix([[1, 2, -1, 3], [2, 5, 1, 4], [3, 7, m, 71])

print ('Hang khi m = 0:', R.subs(m, 0).rank(), '| khi m = 1:', R.subs(m, 1).rank())

Két qua in ra:
Printed output:

Doanh thu thang 10: [15975 17850]

Chi phi don wvi: [ 800 460 1260] | Tong chi phi: 169800
det A = -41.0

det C = 15

Nghich dao: [[O, -2, 1], [1, 1, -1], [-2, 1, 1]]

Thi phan sau 2 quy: [0.575 0.425]

Hang khi m = 0: 2 | khi m = 1: 3

VI DU/ EXAMPLE — Cach dung dé ty kiém: giai bai bang tay trudc, sau d6 thay ma tran
ctia bai vao dong twong tig (A, C, M hoic R) va so két qua. Phép nhan ma tran trong numpy
viét bang toan tir @; ddu sao (phép nhan théng thuong) nhan timg phan tir ciing vi tri, khong
phai phép nhan ma tran.

How to self-check: solve by hand first, then put the exercise’s matrix into the matching line (A, C, M
or R) and compare. Matrix multiplication in numpy uses the @ operator, the asterisk (ordinary
multiplication) multiplies entry by entry and is not matrix multiplication.

1.7. Téng hop cong thirc va thuat nglvx — Summary of formulas and terminology

Bang tong hop cong thitc — Formula summary

Cong thirc Y nghia va diéu kién

Formula Meaning and conditions

Cong, trur khi cung ¢d; nhan sO vao moi phan tor —
tong doanh so, ke hoach tang k lan

A £ B = (ajj £ bjj); kA = (k-a;) Add or subtract matrices of the same size; a scalar
multiplies every entry — combined sales, a plan scaled
by k
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Cong thire

Formula

Y nghia va diéu kién

Cij = Yk aikbyj; (M X p)*(p X n) > m X n

AB #BA; (AB)" = BTAT; (AB) ' =B'A"!

det [(a; b), (c; d)] =ad —bc

Sarrus: 3 tich chéo xudng — 3 tich chéo 1én
Sarrus: 3 downward products — 3 upward
products

Aij = (—1)i+jMij; det A = Zj aiinj

det(kA) = k»-det A; det(AB) = det A - det
B; det AT=det A

A'=adj A/det A; adj A= (A"
[A|1] - [I]A™]
AX=B=>X=A"'B; XA=B=> X=BA"!

1(A) = s6 dong khac 0 ciia dang bac thang
r(A) = number of non-zero rows in echelon
form

Meaning and conditions

Dong nhan cdt; doanh thu = ) lugng - don gia, chi
phi = dinh mtc - don gia dau vao

Row times column; revenue = quantities - prices, cost =
requirements - input prices

Khong giao hoan; chuyén vi va nghich déo ctia tich
dao tha tu

Not commutative; transpose and inverse of a product
reverse the order

Dinh thirc cap 2

Order-2 determinant

Chi cho cép 3
Order 3 only

Khai trién Laplace theo dong i (hodc theo cot)
Laplace expansion along row i (or a column)

Tinh chit dinh thic (A, B vudng cip n)

Determinant properties (A, B square of order n)

Tbn tai © det A # 0; nhé chuyén vi
Exists & det A # 0; remember to transpose

Gauss—Jordan, chi bien d6i dong
Gauss—Jordan, row operations only

Suy don gia tir hda don, suy dau vao tir dau ra
Recover prices from invoices, inputs from outputs

S6 phuong an (vecto) doc 1ap tuyén tinh; r(A) <
min(m; n)

Number of linearly independent plans (vectors), r(A) <
min(m; n)

Bang thuit ngir Viét — Anh — Vietnamese — English glossary

Tiéng Anh

English

Thuéat ngir

Term (Vietnamese)

Giai thich ngin
Short definition

Ma tran Matrix

Phén tur Entry (element)

Ma tran vudng Square matrix

Béng s6 m dong, n cot
Array of numbers with m rows and n
columns

SO ajj & dong 1, cot |
The number a; in row i, column j

S6 dong bang s6 cot
Rows equal columns
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Thuéat ngir Tiéng Anh Giai thich ngin

Term (Vietnamese) English Short definition

Chéo, cac phan tir chéo bang 1

Ma tran don vi Identity matrix
) ) Y Diagonal with ones on the diagonal
. , , . Céc phan tir a1, az, ..., am
Puong chéo chinh Main diagonal p e
Entries ai, az, ..., am
. 2 D6i dong thanh cot
Ma tran chuyén vi Transpose & , j
Rows turned into columns
R A e % e Nhan s6 vao moi phén tir
Nhan ma tran véi s Scalar multiplication ) P
Multiply every entry by a number
. A . Dong nhan cot
Tich ma tran Matrix product g. .
Row times column
. , . S6 gan véi ma tran vudn
Dinh thirc Determinant & : & .
Number attached to a square matrix
Dinh thtrc sau khi x6a mét dong, mot
. , . ot
Dinh thirc con Minor ©o ) ) )
Determinant after deleting a row and a
column
A1y 4. X —1)*i nhan dinh thirc con M;;
Phan bu dai so Cofactor ( )A - i !
(—1)" times the minor M
o oR Laplace (cofactor Tinh dinh thirc theo mot dong hodc cot
Khai trién Laplace P . ( ) " ’ ST
expansion Determinant along one row or column
. , uy tic duong chéo cho cip 3
Quy tac Sarrus Sarrus’ rule Quy & P

Diagonal rule for order 3

Invertible (non-singular) CoA ", detA#0

Ma tran kha nghich .
) g matrix Has an inverse; det A # 0
n .4 . . det A =0, kho 5 nghich da
Ma trén suy bien Singular matrix © .ong conghich dao
det A = 0, no inverse
. . A'voi AATT=ATA=1
Ma tran nghich dao Inverse matrix
RES A with A4 =474 =1
A . .. . Chuyén vi ciia ma tran phan bu dai s6
Ma tran phu hop Adjugate (adjoint) matrix yenvi o anp o
Transpose of the cofactor matrix
A LR : . Do6i chd, nhan, cong boi dong
Phép bien doi so ca Elementary row operation ’ ST i
p p Ty p Swap, scale, add a multiple of a row
o Dang bac thang sau khir
Ma tran bac thang Row echelon form i g 0d _ g. L
Staircase form after elimination
S : Phan tir khac 0 dau tién cta d¢
Phin tir din Pivot an tir khac 0 dau tién ctia dong

First non-zero entry of a row
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Thuéat ngir Tiéng Anh Giai thich ngin
Term (Vietnamese) English Short definition

S6 dong doc lap tuyén tinh

Hang ma tran Rank
ane : Number of linearly independent rows
Ti 1é chuyén giita cAc trang thai sau
Ma tran chuyén dich Transition matrix (0.5

Shares moving between states in one
period

Luong dau vao cho mot don vi san
pham
Input used per unit of output

Input requirement (input

Dinh murc tiéu hao .
coefficient)

1.8. Bai tap van dung c¢0 101 gidi — Applied exercises with solutions

Bai 1. Doanh thu va ldi gép cita chudi cira hang dién gia dung — Exercise 1. Revenue
and gross profit of a home-appliance chain

Chudi cira hang Minh Phat c6 ba cira hang (Quan 3, Binh Thanh, Thu Ptic) cing ban ba
mit hang: ndi com dién, quat ding, may xay sinh t6. S6 luong ban trong quy III (cai) xép
thanh ma tran Q, mdi dong 1a mot cira hang, mdi ¢t 1a mot mit hang: dong 1 (40; 120;
60), dong 2 (55; 90; 70), dong 3 (30; 150; 45). Gid ban lan luot 1,2; 0,5; 0,8 triéu
déng/céi; gia von 1an luot 0,9; 0,35; 0,6 triéu déng/céi. (a) Tinh doanh thu va Iai gop tung
ctra hang bang phép nhan ma tran. (b) Tinh tong s6 luong ban theo timg mat hang. (c)
Quy IV dy kién s6 luong ban moi mit hang ting 20%, gia khong doi; chi phi cd dinh quy
clia ba cira hang 1a 25; 28; 22 triéu dong. Tinh loi nhuan timg cira hang quy IV va cho
biét ctra hang nao 13i nhiéu nhat.

The Minh Phat chain has three shops (District 3, Binh Thanh, Thu Duc) selling three products:
rice cookers, standing fans and blenders. Third-quarter unit sales form a matrix Q, one row per
shop and one column per product: row 1 (40; 120, 60), row 2 (55, 90, 70), row 3 (30, 150; 45).
Selling prices are 1.2, 0.5 and 0.8 million VND per unit, unit costs are 0.9, 0.35 and 0.6 million
VND. (a) Use matrix multiplication to find each shop’s revenue and gross profit. (b) Find total
unit sales of each product. (c) In Q4 unit sales of every product are expected to rise by 20% at
unchanged prices; quarterly fixed costs of the three shops are 25, 28 and 22 million VND. Find
each shop’s Q4 profit and say which shop earns the most.

1. Lap dir liéu: Q 1a ma trdn 3 x 3; vecto gia ban p = (1,2; 0,5; 0,8)T; vecto gia vonc =
(0,9; 0,35; 0,6)". Lai gop mét don vi: g=p —c =(0,3; 0,15; 0,2)T tricu déng.

Set up the data: Q is 3 % 3; selling-price vector p = (1.2; 0.5, 0.8)"; unit-cost vector ¢ =
(0.9; 0.35; 0.6)". Unit gross margin: g =p — ¢ = (0.3, 0.15; 0.2)" million VND.

2. Doanh thu R =Q-p. Dong 1: 40 - 1,2+ 120 - 0,5+ 60 - 0,8 =48 + 60 + 48 = 156.
Dong 2: 66 +45+ 56 =167. Dong 3: 36 + 75 + 36 = 147. Vay R = (156; 167; 147)T
triéu déng, tong 470 triéu dong.

Revenue R = Q'p. Row 1: 40 - 1.2+ 120-0.5 + 60 -0.8 =48 + 60 + 48 = 156. Row 2: 66 +
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45+ 56 = 167. Row 3: 36 + 75 + 36 = 147. So R = (156, 167; 147)" million VND, 470
million in total.

3.Lai gdp G=Q-g. Dong 1: 12 + 18 + 12 =42. Dong 2: 16,5 + 13,5 + 14 = 44. Dong 3:
9+22,5+9=40,5. G = (42; 44; 40,5)" triéu dong, tong 126,5 triéu dong. Kiém lai:
Q:p— Q-c = Q-(p — ¢) theo tinh chat phan phdi.

Gross profit G = Q-g. Row 1: 12+ 18 +12=42. Row 2: 16.5 + 13.5 + 14 =44. Row 3: 9 +
225+ 9 =405 G = (42; 44, 40.5)" million VND, 126.5 million in total. Check: Q-p — Q-c
= Q-(p — ¢) by distributivity.

4. Téng theo mat hang: nhan vecto hang (1; 1; 1) bén trai Q: (1; 1; 1)-Q = (125; 360;
175) — ndi com 125 cai, quat 360 céi, may xay 175 cai. Vecto dung bén trai vi can
cong theo cat.

Totals by product: multiply the row vector (1, 1, 1) on the left of Q: (1, 1, 1)-Q = (125, 360;
175) — 125 rice cookers, 360 fans, 175 blenders. The vector goes on the left because the
columns are summed.

5. Quy IV: 86 luong 1,2Q nén 1ai gop (1,2Q)-g = 1,2G = (50,4; 52,8; 48,6)T. Trir chi phi
c¢d dinh F = (25; 28; 22)T: lgi nhuan = 1,2G — F = (25,4; 24,8; 26,6)" triéu dong, tong
76,8 tridu dong.

04: quantities 1.2Q, so gross profit (1.20)-g = 1.2G = (50.4, 52.8, 48.6)". Subtract fixed
costs F'=(25; 28; 22)7: profit = 1.2G — F = (25.4; 24.8; 26.6)" million VND, 76.8 million
in total.

6. Két luan: quy III cira hang Binh Thanh c6 13i gdp cao nhat (44 triéu dong), nhung quy
IV sau khi trir chi phi ¢6 dinh thi Thu Bic 13i nhiéu nhét (26,6 triéu ddng) nho chi phi
c¢d dinh thap nhét. So sanh hiéu qua cira hang phai dung loi nhuan sau chi phi ¢6 dinh,
khong dung doanh thu.

Conclusion: in Q3 Binh Thanh has the highest gross profit (44 million VND), but in O4,
after fixed costs, Thu Purc earns the most (26.6 million VND) because its fixed cost is the
lowest. Shop performance must be compared on profit after fixed costs, not on revenue.

Bai 2. Suy ra don gia nhap tir ba hoa don — Exercise 2. Recovering unit prices from three
invoices

Pai 1y nudc giai khat Hung Thinh nhip ba mit hang: sita hop, nude sudi, nudc ngot (tinh
theo thung) tir mot nha phan phdi, don gia khong ddi trong thang. Ba hoa don trong
thang: hoa don 1 gém 2 thung sira, 1 thing nudc sudi, 1 thiung nude ngot, tra 570 nghin
ddng; hoa don 2 goém 2; 2; 1 thung, tra 630 nghin ddng; hoa don 3 gém 3; 2; 2 thung, tra
960 nghin dong. (a) Viét bai toan dudi dang phuong trinh ma tran. (b) Tim ma trin
nghich dao ctia ma tran s6 lugng. (c) Tim don gi4 timg mat hang. (d) Hoa don thir tur gdm
4; 5; 3 thung thi phai tra bao nhiéu?

The Hung Thinh beverage dealer buys three items — boxed milk, bottled water and soft drinks
(by the carton) — from one distributor at prices fixed for the month. Three invoices: invoice I
has 2 cartons of milk, 1 of water and 1 of soft drinks, total 570 thousand VND; invoice 2 has 2,
2, 1 cartons, total 630 thousand VND; invoice 3 has 3, 2, 2 cartons, total 960 thousand VND. (a)

Write the problem as a matrix equation. (b) Find the inverse of the quantity matrix. (c) Find the
unit price of each item. (d) How much does a fourth invoice of 4, 5, 3 cartons cost?
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. Goi p = (p1; p2; p»)" 1a don gia (nghin ddng/thung). Ma tran s6 lugng M c¢6 cac dong
(2; 1; 1), (2; 2; 1), (3; 2; 2); vecto tién t = (570; 630; 960)T. Phuong trinh: M-p =t.
Let p = (p1, p2; p3)" be unit prices (thousand VND per carton). The quantity matrix M has
rows (2; 1; 1), (2; 2; 1), (3; 2; 2); the payment vector is t = (570, 630; 960)7. Equation: M-p
=1

. Dinh thirc theo Sarrus: detM=2-2-2+1-1-3+1-:2:2—-12-3-2-112—-12:2=8+3
+4—-6—-4—4=1+%#0,nén M kha nghich.

Determinant by Sarrus: det M = 2-2-2 + 113+ 1-22—123—-212—-122=8+3+4—
6—4—4=1%#0, so M is invertible.

. Phél’l bu dai Sé): A= 2, A= —1, A= —2; Ao = 0, Axn= 1, Az = —1; Az = —1, Az =
0, Ass = 2. Chuyén vi duoc ma tran phy hop; chia cho det M = 1: M! ¢6 cac dong (2;
0;-1), (=15 1, 0), (=25 -1; 2).

COfaCl‘Ol/‘S.' A= 2, Az = —1, Az = —2,‘ Az = 0, Az = ], Az = —],' Az = —], Az = 0, Aszz =
2. Transposing gives the adjugate; dividing by det M = 1: M has rows (2; 0; —1), (—1, 1;
0), (-2, -1, 2).

.Pongiap=M"t:p1=2-570 — 960 = 180; p =—570 + 630 = 60; ps =—2 - 570 —
630 + 2 - 960 = 150. Sita 180, nudc sudi 60, nudc ngot 150 nghin ddng/thing.
Pricesp=M"t:p1=2-570 — 960 = 180; p> = =570 + 630 = 60; ps = =2 -570 — 630 + 2
960 = 150. Milk 180, water 60, soft drinks 150 thousand VND per carton.

. Thrlaihéadon3:3 - 180+2 - 60+ 2 - 150 =540 + 120 + 300 = 960, khép. Hoa don

4:4-180+5-60+3-150=720+ 300 + 450 = 1.470 nghin déng.

Check invoice 3: 3 - 180 + 2 - 60 + 2 - 150 = 540 + 120 + 300 = 960, as given. Invoice 4: 4

180+ 560+ 3-150=720+ 300+ 450 = 1,470 thousand VND.

Y nghia: ba hoa don chi x4c dinh dugc ba don gid khi ma tran sb lugng c6 dinh thirc
khac 0. Néu héa don 3 dung bang tong hai hoa don dau thi det M = 0 va dir liéu
khong du dé tach gia.

Interpretation: three invoices pin down three prices only when the quantity matrix has a
non-zero determinant. If invoice 3 were exactly the sum of the first two, det M = 0 and the
data could not separate the prices.

1.9. Cau hoi tu luan va dan y tra loi — Essay questions and answer outlines

Cau 1. Cho A la ma tran 2 x 2 ¢6 cac dong (15 2), (—1; 3) va B 1a ma tran 2 x 3 ¢6 cac
dong (2; 05 1), (1; —1; 4). (a) Tinh AB; tich BA cé xac dinh khong? (b) Kiém tra
(AB)T = BTAT™. (¢) Chung minh A>—4A +5I=0 vasuyra A™.

Question 1. Let A be the 2 x 2 matrix with rows (1; 2), (—1; 3) and B the 2 x 3 matrix with rows
(2;0; 1), (1, —1; 4). (a) Compute AB; is BA defined? (b) Verify (AB)" = BTA". (c) Show that A* —
44 + 51 = O and deduce A

* AB cd 2 x 3, cac dong (4; —2;9), (1; =3; 11). BA khong xac dinh vi B c6 3 ¢t con A
c6 2 dong.

ABis 2 x 3 withrows (4, —2; 9), (1; —3; 11). BA is undefined: B has 3 columns but A has 2
rows.
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* (AB)T ¢0 3 x 2, cac dong (4; 1), (—2; —=3), (9; 11). BT (3 x 2) nhan AT (2 x 2) cho ding
ma tran do.
(AB)Tis 3 x 2 withrows (4; 1), (=2, —3), (9; 11). BT (3 x 2) times AT (2 x 2) gives the same
matrix.

* A2c6cacdong (—1;8), (—4;7). A>—4A+5L: (-1 -4+5;8—-8+0)=(0; 0) va (—4 +
4+0;,7-12+5)=(0;0). Vay A2—4A + 51 =0.
A% has rows (—1;8), (-4, 7). A>— 44+ 51: (-1 —4+5;8—-8+0)=(0;,0)and (—4 + 4 +
0;7—12+5)=(0; 0). Hence A> — 44 + 51 = O.

« Viét lai A(4I — A) = 5Inén A" = (41 — A)/5, cac dong (3/5; —2/5), (1/5; 1/5).
Rewrite as A(4l — A) = 51, so A = (41 — A)/5 with rows (3/5; —2/5), (1/5; 1/5).

« Kiém bang cong thirc cap 2: det A=3+2 =35, A = (1/5)-[(3; =2), (1; 1)], trung két
qua trén.
Check with the 2 x 2 formula: det A =3 +2 =5, A" = (1/5)-[(3; —=2), (1; 1)], the same
result.

Cau 2. (a) Tinh dinh thirc ciia ma tran C cz“'lp 4 ¢6 cac dong (2; 15 05 3), (1; 05 25 1),
(3;2; 15 0), (05 15 15 2). (b) Cho ma tran R ¢6 cac dong (1; 2; —15 3), (25 5; 15 4), (35 7;
m; 7). Bién luan hang cia R theo m.
Question 2. (a) Compute the determinant of the 4 x 4 matrix C with rows (2; 1, 0, 3), (1; 0; 2;
1), (3;2;1;0),(0;1;1;2). (b) Let R have rows (1; 2; —1; 3), (2; 5; 1, 4), (3; 7, m; 7). Discuss
the rank of R in terms of m.
« (a) Poi chd dong 1 va dong 2 dé c6 phan tir dan bang 1 (dinh thire doi dau): dong méi
(1;0;2; 1), (2; 15 0; 3), (35 2; 15 0), (05 15 15 2).
(a) Swap rows 1 and 2 to get a leading 1 (the determinant changes sign): new rows (1, 0; 2;
1), (2, 1;0;3),(3,2;1,0), (0; 1, 1; 2).
* Khtr ¢t 1: d2—2d1=(0; 1; —4; 1), ds — 3d1 = (0; 2; —=5; —3). Khr c6t 2: ds — 2d2 = (0;
0; 3;-5),da—d2=(0; 0; 5; 1).
Clear column 1:v:— 2ri = (0; 1; —4; 1), rs — 3r: = (0; 2, =5, —3). Clear column 2: rs — 2r:
=(0;0;3;=5), rs —r2=(0;0; 5, 1).
* Con khéi 2 x 26 g6cdudi:3-1—(=5)-5=28.Vaydet C=—(1 -1 -28)=-28.
The remaining 2 x 2 block: 3 -1 — (=5) -5 = 28. Hence det C = —(1 - 1 - 28) = —28.
*(b)d2—2di=(0; 1; 3; -2); ds — 3d1 = (0; 1; m + 3; —2); 1€iy dong mai thu ba trir dong
moi thir hai duoc (0; 0; m; 0).
(b)r2—2ri1 = (0, 1; 3; =2); rs — 3r1 = (0, 1, m + 3; —2), subtracting the new second row
from the new third row gives (0; 0; m; 0).
« Két luan: m = 0 thi dong cudi béng 0, r(R) =2; m # 0 thi ma tran béc thang c6 3 dong
khac 0, r(R) = 3.
Conclusion: if m = 0 the last row is zero and r(R) = 2, if m # 0 the echelon form has 3 non-
zero rows and r(R) = 3.

Cau 3. Cho A la ma tran 3 x 3 ¢6 cac dong (15 25 2), (15 35 4), (1; 15 1) va B 1a ma
tran 2 x 3 ¢6 cac dong (1; 2; 3), (0; 15 1). (a) Tinh det A. (b) Tim A™ bz‘ing phwong
phap Gauss—Jordan. (c¢) Giai phwong trinh ma tran XA = B.
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Question 3. Let A be the 3 x 3 matrix with vows (1, 2; 2), (1; 3, 4), (1, 1, 1) and B the 2 x 3
matrix with rows (1, 2; 3), (0; 1, 1). (a) Compute det A. (b) Find A™ by Gauss—Jordan
elimination. (c) Solve the matrix equation XA = B.

*(a)Sarrus: 3+8+2—-6—-4—2=1.det A=1# 0nén A kha nghich.

(a) Sarrus: 3 +8+2—6—4—2=1.detA=1%#0, so A is invertible.

*(b)Lap[A|I];d2—di,ds—di: (0; 1;2|—1; 1;0), (0; —1; =1 | =1; 0; 1); ds + d: (0; O;
1]-2;1;1).

(b) Form [A|1]; r2—ri, rs—ri: (0, 1; 2| —1;1;0), (0; —1; =1 |—1,;0; 1); rs +r2: (0, 0; 1]
=2, 1, 1).

* Khu nguoc: d2—2ds=(0; 1; 0| 3; —1; —2); di —2ds —2d2=(1; 0; 0 | —1; 0; 2). A" c6
cac dong (—1; 0; 2), (3; —1; =2), (=2; 1; 1).

Back substitution: v — 2rs = (0; 1; 0| 3, =1; =2); i1 —2rs — 2r2= (1; 0; 0| =1, 0, 2). A~
has rows (—1, 0; 2), (3; —1; =2), (-2, 1, 1).

*(c) XA =B = X =B-A"' (nhan A bén PHAI). X ¢& 2 x 3, cac dong (—1; 1; 1), (1; 0;
—-1).

(c) XA =B =2 X = B-A" (multiply by A on the RIGHT). X'is 2 x 3 withrows (—1; 1, 1), (I;
0;—1).

* Thirlai: dong 1 cia X nhan A: (-1 +1+1;2+3+1;2+4+1)=(1;2;3), ding
dong 1 cua B. Viét X = A B 1a sai vi A (3 x 3) khong nhan duoc v6i B (2 x 3).
Check: row 1 of X times A: (—1 +1+1;, =2+3+ 1, -2+4+1)=(1;2;3), row I of B.
Writing X = A™'B is wrong: A™ (3 x 3) cannot multiply B (2 x 3).

1.10. Cau héi tric nghiém — Multiple-choice questions

1. Ma tran doanh sd A ¢& 2 x 3 (2 ctra hang, 3 mat hang), ma tran B ¢ 3 % 4. Tich AB c6
cd nao?
The sales matrix A is 2 x 3 (2 shops, 3 products) and B is 3 x 4. What is the size of AB?
A.3x%x3
B.2 x4
C.4x%x2
D. Khoéng nhan dugc / Not defined

2. Pinh thitc ctia ma tran cap 2 c6 cac dong (3; —2), (4; 1) bang bao nhiéu?
What is the determinant of the 2 x 2 matrix with rows (3; —=2), (4, 1)?
A. 11
B.-5
C.5
D.-11
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3. A 1a ma tran vudng cap 3 c6 det A = 2. Dinh thiic cia 3A bang bao nhiéu?
Ais a 3 X 3 matrix with det A = 2. What is det(34)?
A.6
B. 18
C.54
D. 2/3

4. Ma tran A cdp 3 c6 det A = 5. P6i chd dong 1 va dong 3, roi nhan dong 2 véi 2, duoc

ma tran B. det B bang bao nhiéu?
Ais 3 x 3 withdet A =35. Swap rows 1 and 3, then multiply row 2 by 2, giving B. What is det
B?

A. 10

B.5

C.-5

D.—-10

5. Ma tran nghich ddo cua ma tran cép 2 c6 cac dong (3; 5), (1; 2) 1a ma tran c6 cac dong:
The inverse of the 2 x 2 matrix with rows (3, 5), (1; 2) is the matrix with rows:
A.(2;-5), (-1;3)
B. (2;5),(1; 3)
C.(—2;5),(1;-3)
D. (2; 1), (-5;3)
6. Ma tran A c6 cac dong (1; 2; 3), (2; 4; m), (1; 3; 4). V&i gid tri ndo ciia m thi hang cta

A bang 2?
Matrix A has rows (1; 2; 3), (2, 4, m), (1, 3, 4). For which m is the rank of A equal to 2?

A.m=-6
B.m=0
C.m=6
D.m=4

7. Véi A, B 1a cac ma tran sao cho tich AB xac dinh, ma tran chuyén vi (AB)T bang:
For matrices A, B such that AB is defined, the transpose (AB)" equals:
A. ATBT
B. BTAT
C.BA
D. AB
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Chuong 2. H¢ phwong trinh tuyén tinh — Chapter 2. Systems of linear
equations

Muc tiéu chwong — Chapter objectives

« Viét mot bai toan kinh té thanh hé phuong trinh tuyén tinh va chuyén sang dang ma
tran AX = B.
Translate an economic problem into a system of linear equations and write it in matrix form
AX =B.

« Giai hé vuong bang quy tac Cramer va bang ma tran nghich dao; biét khi nao hai cach
nay khong dung duogc.
Solve square systems by Cramer’s rule and by the inverse matrix, know when these methods
do not apply.

- Giai hé bat ky bang phuong phap khir Gauss, viét nghiém téng quat voi an ty do.
Solve any system by Gaussian elimination and write the general solution with free variables.

« Bién luan s6 nghiém theo hang (dinh 1y Kronecker—Capelli) va theo tham sb.
Determine the number of solutions from ranks (Kronecker—Capelli theorem) and in terms of
a parameter.

* Tim diéu kién c6 nghiém khong tam thuong va hé nghiém co ban cta hé thuan nhat; tu
kiém dap s6 bang Python.
Find when a homogeneous system has non-trivial solutions and find a fundamental system of
solutions, check answers in Python.

2.1. Khai niém va dang ma tran cua hé — Basic notions and the matrix form

H¢ m phuong trinh tuyén tinh n n x1, X2, ..., X, CO dang téng quat:

A system of m linear equations in n unknowns xi, Xz, ..., x, has the general form:
A11X1 taXo + ...+ a1 Xn = b1
A1Xq1 T azxXy + ...+ A2 X, = bz
Am1X1 T Am2X2 + ... + AmeXn = by (2.1)

Trong d6 a;j 1a hé s6 cla an x; & phwong trinh thir i, b; 13 hé s6 tu do (vé phai). Mdi an chi
xuat hién ¢ bac mot, khong cé tich hai an, khong c6 ham cta an. Gom cac hé sb thanh ba
ma tran:

Here aj is the coefficient of x; in equation i and b; is the constant term (vight-hand side). Each
unknown appears only to the first power, with no products of unknowns and no functions of
unknowns. Collect the coefficients into three matrices:
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d11 4di2 d1n
A= dpzq1 d22 don
Adm1  dm2 dmn

X1

X=| %z | B=(by bz ..;bm)"

Xn

PHAI THUQC / MEMORISE — Dang ma trin cua hé (2.1): AX = B. A 1a ma tran hé s6
(m x n), X 1a vecto cot an (n x 1), B 1a vecto cot hé s6 tr do (m x 1).

Ma trin bé sung (ma trin mé rong) A =[A | B]: ghép cot B vao bén phai A, cdp m x (n + 1).
Mot bd s6 (c1; c2; ...; ¢u) 12 nghiém néu thay x; = ¢; thi moi phwong trinh déu dung. Hai hé
cung 4n 13 twong dwong néu co cung tap nghiém.

Matrix form of (2.1): AX = B. A is the coefficient matrix (m x n), X is the column vector of unknowns
(n x 1), B is the column vector of constants (m % 1).

Augmented matrix A = [A | B]: append column B to the right of A, size m % (n + 1).

A tuple (ci; ¢z, ...; ¢,) is a solution if putting x; = ¢; makes every equation true. Two systems in the
same unknowns are equivalent if they have the same solution set.

AX=B, A=[A|B] (2.2)

Tich AX 1a vecto ¢t ¢ dong thir i bang aiux: + apXz + ... + ainXy, tirc vé trai ctia phuong
trinh thr i. Vi vay viét AX = B chi 1a viét gon m phuong trinh. Phép nhan phai dung thir
tu A r6i dén X: XA khong xac dinh khi m # 1.

The product AX is a column vector whose i-th entry is aux: + ai2x2 + ... + awx,, the left-hand side

of equation i. Writing AX = B is therefore shorthand for the m equations. The order A then X

matters: XA is undefined when m # 1.

Phan loai hé theo s6 nghiém — Classification by number of solutions

Tén goi Nghia Vi du hai 4n

Name Meaning Two-unknown example

H¢ tuong thich, xac dinh ~ Co6 diing mot nghiém
Consistent, determinate Exactly one solution

xty=5x-y=1=>3;2)

H¢ tuong thich, khong
xac dinh

Consistent, indeterminate

€6 v0 56 nghiém X+y=52x+2y=10= (5—t; 1)
Infinitely many solutions
H¢ khong tuong thich Khong c6 nghi¢m

Inconsistent No solution

Xx+ty=5x+ty=7
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Tén goi Nghia Vi du hai an
Name Meaning Two-unknown example

S0 LIRSS 21 00 e Dung dugc Cramer, A™! khi det A #

Hé¢ vuong =n)
Square system As many equations as unknowns Cramer, A~ apply when det A # 0
(m=n)
Hé thuan nhét Moi bi =0, tiic B =0
: ¥ : Xx+2y=0;3x+6y=0
Homogeneous system Allbi=0,ie. B=0

Mot hé tuyén tinh chi c6 thé roi vao mét trong ba kha ning: vo nghiém, dung mot
nghiém, vo sd nghiém. Khong c6 hé tuyén tinh nao c6 ding hai hoic dung ba nghiém:
néu Xi # Xz déu 1 nghiém thi moi diém X + t(Xz — X1) ciing 12 nghiém.

A linear system has exactly one of three outcomes: no solution, exactly one solution, or infinitely

many. No linear system has exactly two or three solutions: if X1 # Xz are both solutions, then
every point X; + t(X> — X1) is a solution too.

Vi DU/ EXAMPLE — Vi du 2.1. Co s& banh trung thu Hitu Hanh (Can Tho) 1am ba loai
banh: dau xanh, thap cam, trung mudi. Pon vi san lugng 1a trim cai. Mdi trim banh can sb
gi0 cong ¢ ba khau nhu sau: nhao bot 2, 1, 3 gio; nudng 1, 2, 1 gid; dong gobi 3, 1, 2 gid (theo
thir tw dau xanh, thap cAm, tring mudi). Mdi ngdy co s& ¢6 17 gio nhao, 12 gid nudng, 19 gid
dong goi. Goi x1, X2, X3 14 san luong ba loai (trim cai). Dung hét gio cong & ca ba khau:
2x1+tx2+t3x3=17; x1 +2x2+x3=12; 3x1 + X2+ 2x3=19.

Dangmatran: A=[213;121;312],B=(17;12;19). Thu X=(4;3;2):8+3+6=17;4
+6+2=12; 12+ 3 +4=19. Vay lam 400 banh d4u xanh, 300 thap cim, 200 tring mudi thi
dung hét gio cong. Muc 2.2 chimg minh day 13 nghiém duy nht.

Example 2.1. Hitu Hanh mooncake bakery (Can Tho) makes three kinds: mung bean, mixed nut and
salted egg. Output is measured in hundreds of cakes. Each hundred needs these labour hours:
kneading 2, 1, 3; baking 1, 2, 1, packing 3, 1, 2 (in the order mung bean, mixed nut, salted egg). Daily
capacity is 17 kneading, 12 baking and 19 packing hours. Let x1, X2, x3 be the outputs (hundreds).
Using all hours in every stage:

2x1tx2+3x3=17; x1+2x2+x3=12; 3x: + x>+ 2x3 = 19.

Matrix form: A=[213;121;312],B=(17;12;19). Try X=(4,3;2):8+3+6=17,4+6+2
=12, 12+ 3+ 4 =19. So 400 mung bean, 300 mixed nut and 200 salted egg cakes use up all hours.
Section 2.2 shows this is the only solution.

Ma tran bo sung cta Vi du 2.1:
The augmented matrix of Example 2.1:

2 1 3 | 17
A=l 1 2 1 | 12
31 2 | 19

LOI HAY GAP / COMMON MISTAKE — Lap ma tran hé s6 sai: (1) xép hé s6 khong
theo cling mot thir ty an & moi dong; (2) bo tréng thay vi ghi 0 khi mot an ving mat, vi du
phuong trinh x — 2z = 0 phai ghi dong [1 0 —2], khong phai [1 —2]; (3) vdi bai kinh té, dat
dong theo san pham nhung cot ciing theo san pham. Quy wdc an toan: mdi dong 13 mdt rang
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budc (mot ngudn lyc, mot didu kién), mbi cot 1a mot 4n.

Building the coefficient matrix wrongly: (1) ordering coefficients differently in different rows, (2)
leaving a blank instead of writing 0 for a missing unknown, e.g. x — 2z = 0 must give the row [1 0
=2/, not [1 =2]; (3) in an economic problem, indexing rows by product as well as columns. Safe rule:
each row is one constraint (a resource, a condition), each column is one unknown.

2.2. Quy tic Cramer — Cramer’s rule

H¢ vudéng n phuong trinh, n an c6 dinh thirc ma tran hé s6 D = det A # 0 goi 1a hé
Cramer. Goi D; 1a dinh thirc ctia ma trdn nhan dugc tir A khi thay cot thir j bang cot vé
phai B, gilt nguyén cac cot khac.

A square system of n equations in n unknowns whose coefficient determinant D = det A # 0 is

called a Cramer system. Let D; be the determinant of the matrix obtained from A by replacing
column j with the right-hand side B, all other columns unchanged.

PHAI THUQC / MEMORISE — Binh Iy Cramer. Néu A vudng cap n va D = det A # 0 thi
hé AX =B c6 nghiém duy nhit:

Xj=Dj/D, j= 1,2, ooog b

Néu D = 0 thi quy tdc Cramer khong dung dugce: hé hodc vé nghiém, hodc vo ) nghiém; phai
bién luan bang phuong phap Gauss hay theo hang (muc 2.5).

Cramer’s theorem. If A is square of order n and D = det A # 0, the system AX = B has a unique
solution:

x=D;/D, j=1,2, .., n

If D = 0, Cramer’s rule does not apply: the system has either no solution or infinitely many, decide by
Gaussian elimination or by ranks (Section 2.5).

xi=Dj/D, D=detA#0 (2.3)

Vi hé hai 4n ax + by = e; cx + dy = f, ba dinh thirc viét thang ra:

For two unknowns, ax + by = e; cx + dy = f, the three determinants are:

D=ad —bc, Di=ed —Dbf, D=af —ec (2.4)

Vi DU /EXAMPLE — Vi du 2.2. Gidi h¢ 3x + 2y = 16; 5x —y = 18.
D=3(-1)-25=-13#0.D1=16-(—1)—2:18=-52. D>2=3-18 — 16-5 = -26.

x =Di/D =-52/(-13) =4; y = Do/D = -26/(—13) = 2. Kiém: 12 +4=16;20-2=18.
Example 2.2. Solve 3x + 2y = 16; 5x —y = 18.

D=3(1)—-25=—-13#0.D:=16(—1) — 2:18 = =52. D> =318 — 165 = —26.

x=DyD =-52/(—13) =4;y =D:/D = —=26/(—13) = 2. Check: 12 +4=16;,20—2=18.

VI DU/ EXAMPLE — Vi du 2.2b. Quén ca phé Phb Nui (Pa Lat) khong niém yét gia 1¢.
Hoéa don thir nhat: 3 ly ca phé sita va 2 banh mi hét 125 nghin déng. Hoéa don thir hai: 2 ly ca
phé sira va 3 banh mi hét 120 nghin dong. Goi x, y la gia mot ly va mot banh (nghin dong): 3x
+ 2y = 125; 2x + 3y = 120.

D=9-4=5;D:1=125-3 -2-120=135; D-=3-120 — 125-2 =110.

x = 135/5=27; y = 110/5 = 22. Gia mot ly ca phé sita 27 nghin dong, mot banh mi 22 nghin
ddng. Kiém: 81 + 44 = 125; 54 + 66 = 120.

Example 2.2b. Phé Niii café (Pa Lat) posts no unit prices. Bill one: 3 iced milk coffees and 2
baguettes cost VND 125 thousand. Bill two: 2 coffees and 3 baguettes cost VND 120 thousand. Let x, y
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be the unit prices (VND thousand): 3x + 2y = 125; 2x + 3y = 120.
D=9—-4=5D;=1253—2-120=135; D> = 3-120 — 1252 = 110.

x=135/5=27;y=110/5 = 22. A coffee costs VND 27 thousand and a baguette VND 22 thousand.
Check: 81 + 44 = 125; 54 + 66 = 120.

Vi du 2.3. Giai bai toan banh trung thu bing Cramer — Example 2.3. The mooncake
problem by Cramer’s rule

Quay lai Vi du 2.1. Buéc 1: tinh D bang quy tic Sarrus.

Return to Example 2.1. Step 1: compute D by Sarrus’ rule.

2 1 3
=8+3+3—-18—-2-2
=-8

D= 1 2 1

3 1 2

D =—8 # 0 nén h¢ 1a h¢ Cramer, c6 nghi€ém duy nhét. Bude 2: thay lan luot tung cot béng
B=(17;12; 19).

D = =8 # 0, so this is a Cramer system with a unique solution. Step 2: replace each column in
turn by B = (17; 12; 19).

17 1 3

=68+19+36—114 —
Dp= 122 1 17 — 24 = —32

19 1 2

2 17 3

=48 +51+57 — 108 —
D= 1 12 1 38 —34=—-24

3 19 2

2 1 17

=76+36+17 —102 —

Ds= 1 2 12, 19-_16

3 1 19

Budce 3: x1 = —32/(—8) = 4; x2 = —24/(—8) = 3; x3 = —16/(—8) = 2 (tram cai). Két qua khop
v6i phép thar & Vi du 2.1, va vi D # 0 nén khong con ké hoach nao khac dung hét dung
17,12, 19 gio.

Step 3: x1 = =32/(=8) = 4, x2 = —24/(—8) = 3, x3 = —16/(—8) = 2 (hundreds of cakes). This
matches the check in Example 2.1, and since D # 0 no other plan uses exactly 17, 12 and 19
hours.
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Truong hop Két luan Ciach xir ly
Case Conclusion What to do

D0 Nghiém duy nhét x; = DyD Dung Cramer
Unique solution x; = Dy/D Use Cramer

D =0 va ¢6 it nhat mot D; , ,

0 otD;# H¢ v nghiém Két luan ngay
No solution Conclude at once

D = 0 and some D; # 0

Chua két luan duoc: c6 thé vo so
nghiém hodc vo nghi¢m
Undecided: infinitely many or none

D=0vamoiD;=0
D=0andall D, =0

Khtr Gauss, so sanh hang
Eliminate, compare ranks

LOI HAY GAP / COMMON MISTAKE — Théay D = 0 va D: = D> = D = 0 rdi két luan
“hé vo sb nghiém”. Phan vidu: x +y+z=1;x+y+z=2;x +y+z=3. Ba cdt cia A bang
nhau nén D = 0, va mdi D; van c6 hai cot bang nhau nén D; = 0; nhung ba phuong trinh mau
thuan nhau nén hé vo nghiém. Vi hé tir 3 an tro 1én, truong hop moi dinh thirc bang 0 phai
giai bang Gauss.

Seeing D = 0 and D: = D2 = Ds = 0 and concluding “infinitely many solutions”. Counterexample: x +
vtz=10Lx+y+z=2;x+y+z=3. All three columns of A are equal, so D = 0, and each D; still
has two equal columns, so D; = 0, yet the three equations contradict one another, so there is no
solution. With 3 or more unknowns, the all-zero case must be settled by Gaussian elimination.

LOI HAY GAP / COMMON MISTAKE — Thay dong j thay vi ¢t j bang B khi 1ap D;,
hodc 1ay DyD nhung quén ddu am ciia D. O Vi du 2.3, bo ddu caa D = —8 s& ra nghiém (—4;
—3; —2): san luong am 13 d4u hiéu tinh sai.

Replacing row j instead of column j with B when forming D, or dividing by D but dropping its minus
sign. In Example 2.3, ignoring the sign of D = =8 gives (—4,; —3; —2): negative outputs signal an
arithmetic error.

2.3. Giai hé b%lng ma tran nghich ddo — Solving by the inverse matrix

Néu A vudng va det A # 0 thi A c6 ma tran nghich diao A~ (Chuong 1). Nhan bén trai
hai vé cia AX =B v6i A: A(AX) =A"'B, ma A'A =1valIX =X, nén:

If A is square and det A # 0, A has an inverse A~ (Chapter 1). Multiply both sides of AX = B on
the left by A': A'(AX) = A'B; since A4 = [ and IX = X:

AX=B, detA#0 = X=A"B (2.5)
XA=B, detA#0 = X=BA-! (2.6)

PHAI THUQC / MEMORISE — Phwong phap ma tran nghich ddo: tinh A~ = (1/det
A)-CT, trong d6 C 1a ma trén cic phan bu dai s6 Aj; = (—1)"M;;; sau ¢6 nhan X = A"'B. An
dung bén phai A thi A~ nhan bén trai B; 4n ding bén trai A thi A~ nhan bén phai B.
Céch nay c6 loi khi cling ma tran A phai giai v6i nhiéu vé phai Bi, Be, ... (nhiéu kich ban
ké hoach, nhiéu don hang): chi tinh A™' mot lan.

Inverse-matrix method: compute A~ = (1/det A)-C7, where C is the matrix of cofactors Ay =
(—1)7iMj;, then multiply X = A™'B. If the unknown stands to the right of A, A~ multiplies B on the left;
if it stands to the left of A, A~ multiplies B on the right.
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1t pays off when the same matrix A must be solved with many right-hand sides B:, B:, ... (several
planning scenarios, several orders): A is computed only once.

Vi du 2.4. Mgt ma tran nghich dao, hai kich ban nguyén liéu — Example 2.4. One
inverse, two input scenarios

Nha may thurc an chan nuéi Phu Thinh (Déng Nai) tron ba loai cam G1, G2, G3. Mdi tan
cim can: ngo 1, 1, 0 ta; khd dau nanh 2, 3, 1 ta; cam gao 1, 2, 2 ta (theo tht ty G1, G2,
G3). Thang 10 kho c6 50 ta ngo, 170 ta kho dau, 160 ta cam gao; thang 11 du kién 55,
175, 155 ta. Tim s6 tin mdi loai dé dung hét nguyén liéu trong timg thang.

Phii Thinh feed mill (Pong Nai) blends three feeds G1, G2, G3. Each tonne needs: maize 1, 1, 0
quintals; soybean meal 2, 3, 1 quintals; rice bran 1, 2, 2 quintals (in the order G1, G2, G3). In
October the store holds 50 quintals of maize, 170 of soybean meal and 160 of rice bran;

November is expected to bring 55, 175 and 155. Find the tonnes of each feed that use up all
inputs in each month.

1 1 0
detA=1(6-2)—1(4 —
A= 2 3 1 ( ) (
=1

1 2 2

Céac phan bu dai s6: Au=4, A=-3,Au=1;Au=-2,An=2 An=—1; Au=1, An =
—1, Ass = 1. Chuyén vi ma trdn phan bu va chia cho det A = I:

Cofactors: Ain =4, A1z = =3, Ais = 1; Aos = =2, A22 = 2, Aoz = —1; As1 = 1, As2 = —1, Ass = 1.
Transpose the cofactor matrix and divide by det A = 1:

4 -2 1
Al=| -3 2 -1
1 -1 1

Kiém A bang cach khac: khir Gauss—Jordan trén [A | I]. Khi nta trai thanh I thi nira
phai chinh 12 A~'. Cach nay it phép tinh hon phan bu dai s6 khi ma tran tir cap 3 trg 1én.
Check A" another way: Gauss—Jordan elimination on [A | I]. When the left half becomes I, the
right half'is A™. For order 3 and above this takes fewer operations than cofactors.

(11 0 | 1 0 0|
Al
1 2 2 | 0 0 1
[ 1 |1 0 |
SL001 1 | =21 0 |d—d,
0 | -1 1
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(11 0 | 1 0 0|

S0 11 | =21 0 |dy—ds; di—ds
o 0 1 | 1 -1 1

1 0 0 | 4 -2 1 |

Sl o1 0 | -3 2 —1|=[]AY
o 0 1 | 1 -1 1

Théng 10, B: = (50; 170; 160):
October, B: = (50; 170, 160):

200 — 340 + 160
X1 =
A™'By —150+ 340 — 160 | = (20;30; 40)

50—-170+ 160

Théng 11, B2=(55; 175; 155):
November, B> = (55, 175, 155):

220 — 350 + 155
X2 =
A"1B,| —165 + 350 — 155 | = (25; 30; 35)

55—175+ 155

Vi DU/ EXAMPLE — Két luan Vi du 2.4: thang 10 tron 20 tan G1, 30 tin G2, 40 tin G3;
thang 11 trén 25 tan G1, 30 tin G2, 35 tAn G3. Kiém thang 10: ngd 20 + 30 = 50; kho dau 40
+90 + 40 = 170; cam gao 20 + 60 + 80 = 160. Y nghia cia A™': cot 1 cia A™'1a (4; —3; 1),
nén c6 thém 1 ta ngd (gitr nguyén hai nguyén liu kia) thi phuong an dung hét nguyén lidu d6i
thanh +4 tn G1, -3 tan G2, +1 tAn G3.

Conclusion of Example 2.4: in October blend 20t of G1, 30 t of G2, 40 t of G3, in November 25 t of
G1, 30t of G2, 35 t of G3. October check: maize 20 + 30 = 50, soybean meal 40 + 90 + 40 = 170;
rice bran 20 + 60 + 80 = 160. Meaning of A": its first column is (4; =3, 1), so one more quintal of
maize (others unchanged) shifts the full-use plan by +4t of GI, =3 t of G2, +1 t of G3.

Phuong trinh dang XA = B (4an 1a vecto dong hodc ma tran dimg trudc A) giai bang X =
BA™. Vidu: tim X =(x y)saocho X-[21;53]=(7 4).detA=6—-5=1,A"'=[3-1;
—52].X=(7 4)A"'=21—-20; -7+8)=(1 1). Kiém: (I-2+1-5; 1-1+1-:3)=(7 4).
An equation XA = B (the unknown is a row vector or a matrix standing before A) is solved by X
= BA™. Example: find X = (x y) with X-[2 1; 53] =(7 4).detA=6—-5=1,A"=[3—1, -5
2]1.X=(7 4)A"=21—-20;, —=7+8) =(1 1). Check: (1-2+ 1-5; 11+ 13)=(7 4).
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LOI HAY GAP / COMMON MISTAKE — Viét X = BA™! cho phuong trinh AX = B. Phép
nhan ma tran khong giao hoan, nén A™'B # BA™ ndi chung; véi B 1a ¢t n x 1 thi BA™! tham
chi khong xac dinh. Meo: A~! ludn diing & cung phia voi A trong phuong trinh gdc.

Writing X = BA™ for AX = B. Matrix multiplication is not commutative, so A'B # BA™ in general;
with B an n x I column, BA™ is not even defined. Tip: A" always goes on the same side as A in the
original equation.

2.4. Phwong phap khir Gauss — Gaussian elimination

Cramer va ma tran nghich dao chi dung cho h¢ vuéng c6 det A # 0. Phuong phap Gauss
ding cho mei hé: vudéng hay khong vudng, c6 nghiém duy nhit, v s6 nghiém hay vo
nghiém. Y tuéng: ding cac phép bién doi khong lam doi tap nghiém dé dua ma tran bd
sung vé dang bac thang, sau d6 giai tir dudi 1én.

Cramer’s rule and the inverse apply only to square systems with det A # 0. Gaussian elimination
works for every system: square or not, with a unique solution, infinitely many or none. Idea: use
operations that keep the solution set unchanged to bring the augmented matrix to echelon form,
then solve from the bottom up.

Phép bién doi so cip trén dong | Ky hiéu Tac dong Ién hé
Elementary row operation Notation Effect on the system

D6i chd hai dong di > d P6i thir ty hai phuong trinh
Swap two rows 1 Reorders two equations

Nhan hai vé mot phuong trinh véi

Nhan mét dong véi s6 k # 0 di — k-d; k#0
Multiply a row by k# 0 ri— ko Multiplies both sides of an equation by
k#0
Cong vao mot dong k 1an don Cong k 1an phuong trinh j vao
.,g C g g & — di+ ked; Ong ‘p‘ g J
khac phuong trinh 1
: ri— itk : oo oo
Add k times another row Adds k times equation j to equation i

PHAI THUQC / MEMORISE — Ma trin bic thang (theo dong): (1) cac dong toan s6 0,
néu c6, nam dudi cing; (2) phan tir khac 0 dau tién ciia mdi dong (goi 1a phan tir tru) nim &
cot 1éch sang phai so véi tru clia dong trén. Bac thang riit gon: thém diéu kién moi tru bang 1
va 1a phan tir khac 0 duy nhat trong cot clia no.

Ba phép bién d6i so cip trén dong bién hé thanh hé twong dwong. Chi bién ddi dong, khong
bién d6i cot; cot vé phai ludn di cung dong ciia nd.

Row echelon form: (1) zero rows, if any, are at the bottom, (2) the first non-zero entry of each row
(the pivot) lies in a column to the right of the pivot of the row above. Reduced row echelon form: in
addition every pivot equals I and is the only non-zero entry in its column.

The three elementary row operations turn a system into an equivalent system. Operate on rows only,
never on columns; the right-hand entry always travels with its row.

Quy udc ky hiéu: trong cic ma tran bién d6i, d; 13 dong tht i; mii tén — ndi hai ma tran
tuong duong; ghi bén phai ma tran 1a cac phép vira lam dé ra ma tran ké tiép.
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Notation: in the matrix displays, d; denotes row i (v in the English text); an arrow — links two

equivalent matrices, the note to the right of a matrix lists the operations that produce the next
one.

Cac buérce giai — Procedure

1. Lap ma tran bo sung A = [A | B].
Form the augmented matrix A = [A | B].
2. Chon tru & ¢ot 1 (nén chon dong c6 hé s6 1 hodc —1, doi 1én dau). Dung phép di — d;
+ k-di d& moi phén tir dudi try thanh 0.
Choose a pivot in column 1 (preferably a row with coefficient 1 or —1, moved to the top).
Use ri — r; + k'r1 to make every entry below the pivot zero.
3. B6 qua dong 1, 13p lai véi ma tran con con lai cho to1 khi dugc dang bac thang.
Set row 1 aside and repeat on the remaining submatrix until echelon form is reached.
4. Poc két qua: ¢c6 dong [0 0 ... 0] c] véi ¢ # 0 thi hé vo nghiém. Néu khong, an tmg voi
cOt ¢6 tru 14 4n co sé, cic 4n con lai 12 4n tu do.
Read off: arow [0 0 ... 0| c] with ¢ # 0 means no solution. Otherwise, unknowns in pivot
columns are basic variables, the rest are free variables.
5. Thé nguoc: gidi an co s& tir dong cudi 1én dong dau, theo cic an tu do (néu cb).
Back substitution: solve for basic variables from the last row upwards, in terms of the free

variables (if any).
Vi du 2.5. Hé ¢6 nghiém duy nhat — Example 2.5. A system with a unique solution
Gidi hé x +2y +z=9;2x + 3y —z=4; 3x +y + 2z = 13. Ma tréin b sung:
Solvex +2y +z=9;2x + 3y —z=4; 3x +y + 2z = 13. Augmented matrix:

1 2 1 | 9
3 1 2 | 13
1 2 1 | 9
0 -5 —1 | -14
1 2 1 | 9
S0 -1 =3 | -—14
0 0 14 | 56

Ma tran da c6 dang bac thang, ba tru & ba cot, khong c6 dong mau thuan. Thé nguoc: 14z

=56=>z=4;-y—34=-14=>y=2;x=9—22—4=1. Nghiém duy nhat (1; 2; 4).
Kiém phuong trinh 2: 2 + 6 — 4 = 4.
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The matrix is in echelon form with three pivots in three columns and no contradictory row. Back
substitution: 14z =56 =2z =4, -y —34=—-14 2y =2, x=9 — 22— 4 = 1. Unique solution
(1; 2; 4). Check equation 2: 2 + 6 — 4 = 4.

Pi tiép dén dang bac thang rat gon (phuong phap Gauss—Jordan) thi doc nghiém thang ¢
cot cudi, khong can thé nguoc: chia ds cho 14, d2 cho —1, roi khur nguoc lén trén.
Continuing to reduced echelon form (the Gauss—Jordan method) lets you read the solution
straight from the last column, without back substitution: divide rs by 14 and r: by —1, then
eliminate upwards.

1 0 0 |
- 01 0 | 2 |=2&yn2)=>024
0 0 1 |

Vi du 2.6. HE c6 vo s0 nghi€ém — Example 2.6. A system with infinitely many solutions
Giai hé 3 phuong trinh, 4 an: X1 + X2 — X3 + 2Xa = 3; 2X1 + 3X2 + X3 + 3x4 = 10; 3x1 + 4x2 +
S5xa=13.

Solve 3 equations in 4 unknowns: x1 + x2 — xs + 2x4 = 3; 2x1 + 3x2 + x5 + 3x4 = 10; 3x1 + 4x2 +
Sx4=13.

i 12 | 3|
| 13
[ 1 12 | 3|
i 1 3 -1 | d3—d2
0 1 3 -1 | 4
1 1 -1 2 | 3
- 0 1 3 -1 | 4
0O 0 0 0 | O

Dong cudi toan 0 (phuong trinh 0 = 0, ludn ding). Con hai tru & cot 1 va cot 2: xi, x2 12
4n co sO; X3, X4 12 an tu do. Pt xs =s, x4 = t. Dong2: x2=4—-3s+t.Dong l: xi=3 — x»
+s—2t=—-1+4s—3t.

The last row is all zero (the equation 0 = 0, always true). Two pivots remain, in columns 1 and

2: x1, X2 are basic, xs3, x+ are free. Put xs =5, x+ =t. Row 2: x2 =4 —3s +t. Row I: x1 =3 —x2 +
s—2t=—1+4s— 3t

X=(—-14+4s—-3t; 4—3s+¢t s; t), s,teR (2.7)

MBbi cip (s; t) cho mot nghiém riéng, vidus=1,t=1cho (0; 2; 1; 1). Kiém phuong trinh
2:0+6+1+3=10.
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