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Chuong 1. So tu nhién, s0 nguyén, chia hét — Chapter 1. Natural

numbers, integers and divisibility

Sau chwong nay em lam dwg'c — What you will be able to do

« Tinh nhanh, tinh dung thr ty phép tinh va tim x trong cac dang thirc c6 lily thira,
Calculate quickly, apply the order of operations and solve equations with powers.

* Dung dAu hiéu chia hét cho 2, 3, 5, 9 dé tim chit s chua biét va ching minh mot sb
chia hét.
Use the divisibility tests for 2, 3, 5 and 9 to find missing digits and to prove divisibility.

* Phan tich mot s ra thira s6 nguyén td, tim UCLN, BCNN va giai bai toan chia nhém,
lich trung nhau.
Factorise a number into primes, find the HCF and LCM, and solve grouping and repeating-
schedule problems.

« Tinh v6i s6 nguyén va tim x nguyén bang cach dung uéc, boi.
Compute with integers and find integer solutions using factors and multiples.

« Ching minh chia hét, nhan ra s6 chinh phuong va tim x nguyén dé biéu thirc nguyén
(cAu phan loai, dé chuyén).
Prove divisibility, recognise square numbers and find integer x that make an expression an
integer (top-mark and specialist-school questions).

Pé thi hay héi gi — What the exams ask

Pé vao 10 hiém khi c6 mot cau riéng cho sé ty nhién. Kién thirc cia chuong nam bén
trong cac cdu khac: tim x nguyén dé P nguyén, bai thuc té chia nhém, xac suat co sb
nguyén to. P& chuyén Toan hoi thang: chia hét, s6 chinh phuong, nghiém nguyén. Cau
phan loai 1a cau kho & cudi mot bai, ding dé tach hoc sinh kha gioi.

Entrance exams rarely have a separate question on natural numbers. The chapter's ideas sit
inside other questions: integer x making P an integer, grouping problems, probability with

primes. Specialist-school papers ask directly about divisibility, squares and integer solutions. A
top-mark question is the hard last part of a problem, used to separate the strongest students.

Dang Hay & dau Mure Muc
Type Where Level Section

Chia nhom, lich truing nhau
(UCLN, BCNN) Céu toan thuc té D&

. 1.4
Grouping and schedules (HCF, Real-life question Easy
LCM)
S6 nguyén t6 trong xac sut, liét ok . & x
ke kégt yué £ j Cau thong ké, xac suat De 13
q Probability question Easy ’

Primes in probability
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Dang Hay & dau Mure Muc
Type Where Level Section

Tim x nguyén dé biéu thirc Y cubi bai rat gon A .
nguyeé Last part of th ' lifs Phan loai 1.6
guyen . . as p.ar of the simplify Harder .
Integer x for an integer value question
Chimg minh chia hét, s chinh _ . X R
g Bai s0 hoc dé chuyén Chuyén
phuong . g 1.6
L Specialist number theory Specialist
Prove divisibility, squares
Tim s6 nguyén té, nghiém X N R N
. gy gt Bai s0 hoc dé chuyén Chuyén
nguyén o a 13,15
Specialist number theory Specialist

Find primes, integer solutions

1.1. Tap hop, cach ghi s6 va bon phép tinh — Sers, writing numbers and the four

operations

Tap hop 12 mot nhom d6i tuong xac dinh. Mdi dbi tuong 1a mot phan tir cua tap hop. Vi
du A = {0; 1; 2; 3} 1a tap hop cac sd ty nhién nho hon 4. Ta viét 3 € A (3 thudc A) va 5 &
A (5 khong thugc A).

A set is a well-defined group of objects. Each object is an element of the set. For example A =

{0; 1; 2; 3} is the set of natural numbers less than 4. We write 3 € A (3 belongs to A) and 5 € A
(5 does not belong to A).

C6 hai cach viét mot tap hop. Cach liét ké: ghi timg phén tir trong ngodc nhon, cach nhau
bang dau cham phady. Cach chi tinh chat: A = {x € N : x < 4}, doc 13 cic s ty nhién x
thoa x < 4. Tap hop khong c6 phén tir nao 1 tap rong, ki hiéu @.

A set can be written in two ways. Listing: write each element inside curly brackets, separated by

semicolons. Describing: A = {x € N : x < 4}, read as the natural numbers x with x < 4. A set
with no element is the empty set, written .

Tap hop cac sb tu nhién 1a N = {0; 1;2;3; ...}. Bo s6 0 ta dugc N* = {1;2; 3; ...}. Moi
phan tir cia N* déu thudc N nén ta viét N* < N (N* 1a tap con cta N). Tap hop céac sd
nguyénlaZ={...;-2;-1;0;1;2; ...},vaN c Z.

The set of natural numbers is N = {0; 1; 2; 3; ...}. Removing 0 gives N* = {1; 2; 3; ...}. Every
element of N* is in N, so we write N C N (N" is a subset of N). The set of integers is 7. = {...;
=2;-1;0;1;2; ...}, and N C Z.

Céch ghi sb. Ta dung hé thap phan: mudi chit sé 0 dén 9, gia tri ctia chit s6 phu thudc vi
tri. S6 c6 ba chir sb a, b, ¢ (a # 0) bang 100a + 10b + c. Vi du 4 — 0 — 7 ghép thanh 407 =
4-100 + 0-10 + 7. S6 La M4 dungkitgI=1,V=5X=10,L=50,C=100; XIV = 14,
XXIX =29.

Writing numbers. We use the decimal system: ten digits 0 to 9, and the value of a digit depends
on its position. The three-digit number with digits a, b, ¢ (a # 0) equals 100a + 10b + c. For
example digits 4, 0, 7 form 407 = 4-100 + 0-10 + 7. Roman numerals use [ = 1, V=135, X =10, L
=50, C =100; XIV = 14, XXIX = 29.
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Thir tw. Trong N, s6 dting trude nho hon sé dimg sau trén tia s6. Mdi s6 a ¢6 sb lién sau a
+1; 86 lién trudc a — 1 (khi a > 1). Hai s6 lién tiép hon kém nhau 1.

Order. In N, a number to the left on the number line is smaller. Each number a has a successor a
+ [ and, when a > 1, a predecessor a — 1. Consecutive numbers differ by 1.

Bon phép tinh o céc tinh chat: giao hoana+b=b+a,a-b=b-a; kéthop (a+b)+c=a
+ (b + ¢); phan phdi a:(b + ¢) = a-b + a-c. Phép trir a — b chi 1am duogc trong N khi a > b.
Phép chia c6 du: a=b-q+rvdi 0 <r<b;r=01a chia hét.

The four operations satisfy: commutative a + b = b + a, a-b = b-a; associative (a +b) + ¢ =a +
(b + ¢); distributive a(b + ¢) = a'b + a-c. Subtraction a — b works in N only when a > b.
Division with remainder: a = b-q + r with 0 <r < b; r = (0 means exact division.

PHAI THUQC / MEMORISE — S6 s6 hang cua diy cach déu = (s6 cudi — sé dau) : khoang
cach + 1. Tong = (s6 dau + sb cudi) - (sb s6 hang) : 2.

Number of terms in an evenly spaced list = (last — first) + step + 1. Sum = (first + last) - (number of
terms) ~ 2.

Lily thira. a” 1a tich ctia n thira s6 a; a goi 14 co s6, n 13 sd mil. Vidy 2} =2-22=8;5' =
5:7°=1.

Powers. a" is the product of n factors a; a is the base and n the exponent. For example 2° = 2-2-2
=8 51=57=1

TINH CHAT 1.1 (Quy tic lity thira) / PROPERTY 1.1 (Rules for powers) — V&ia # 0 va
m>n:a™a=a"" am:at=am " (@) =am"; a’ = 1.
FOI"CI ;& ()andm 2’1 am.an — am+n,_ am +an — anrn; (am)n — am-n; a() — ]

Vidu sd nho: 2324 =27=128; 35: 32 =33=27; (22)* =26 = 64.
Small examples: 23-2* =27 = 128, 3° + 3% =33 =27; (2°)> = 20 = 64.

PHAI THUQC / MEMORISE — Thir ty thyc hién: ngoac () rdi [ ]16i { }; trong cung mot
cap: lily thira, sau d6 nhan va chia tir trai sang phai, cudi ciing cong va trir tir trai sang phai.
Order of operations: brackets () then [ | then { }; within a level: powers, then multiplication and
division left to right, then addition and subtraction left to right.

Cac budc lam bai tinh nhanh va tim x — Steps for quick calculation and for finding x

1. Nhin céc sb: co cap nao cong hoac nhan ra s6 tron (25 va 4,47 va 53) khong.
Look at the numbers: do any pair add or multiply to a round number (25 and 4, 47 and 53)?
2. B6i chd, nhom lai bang tinh chét giao hoan, két hop; hodc dat thira s6 chung ra ngoai
bang tinh chat phan phdi.
Reorder and regroup with the commutative and associative laws, or take out a common
factor with the distributive law.

3. V&i bai tim x: dua vé dang liy thira ciing co s6, hodc ¢6 1ap x vé mot vé bang phép
tinh nguoc.
For an equation in x: reduce to powers of the same base, or isolate x on one side with
inverse operations.
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4. Thé két qua vao dé géc dé kiém lai, va xem x c6 thuoc N khong.
Substitute back into the original statement and check that x belongs to N.

ViDU 1.1/ EXAMPLE 1.1 — Cho A 1a tap hop céc s6 tu nhién chin 16n hon 5 va nho hon
17. Viét A bang hai cach va cho biét A ¢ bao nhiéu phan tir.

Let A be the set of even natural numbers greater than 5 and less than 17. Write A in two ways and
state how many elements A has.

Loi giai. / Solution.
1. Céch chi tinh chat: A = {x € N : x chan, 5 <x < 17}.
Describing: A = {x €N :xeven, 5 <x <17}
2. Cach liét ké: s6 chin dau tién 16n hon 5 13 6, s6 chin 16n nhat nhé hon 17 13 16. Vay
A =1{6;8;10; 12; 14; 16}.
Listing: the first even number above 5 is 6 and the largest even number less than 17 is 16. So
A={6;8;10;12; 14, 16}.
3.S6phantar=(16-6):2+1=6.
Number of elements = (16 — 6) ~2 + 1 = 6.
Viy A c6 6 phan ti.
So A has 6 elements. W

Vi DU 1.2/ EXAMPLE 1.2 — Tinh nhanh: a) 4-37-25; b) 47-18 + 53-18;¢c) 2 + 4 + 6 + ... +
100.

Calculate quickly: a) 4:37-25; b) 47-18 + 53-18; ¢c) 2+ 4+ 6 + ... + 100.

Loi giai. / Solution.
1. a) Nhém 4 voi 25: 4-37-25 = (4-25)-37 = 100-37 = 3.700.
a) Group 4 with 25: 4-37-25 = (4-25)-:37 = 100-37 = 3,700.
2.b) Dbat 18 lam thira s6 chung: 47-18 + 53-18 = (47 + 53)-18 = 100-18 = 1.800.
b) Take out the common factor 18: 47-18 + 53-18 = (47 + 53)-18 = 100-18 = 1,800.
3.¢) S6 s6 hang: (100 —2) : 2 + 1 =50. Tong = (2 + 100)-50 : 2 = 2.550.
¢) Number of terms: (100 — 2) +2 + 1 = 50. Sum = (2 + 100)-50 ~ 2 = 2,550.
Két qua: 3.700; 1.800; 2.550.
Results: 3,700; 1,800; 2,550. &

Vi DU 1.3/ EXAMPLE 1.3 — Tinh 120 — [32-(18 — 4-3) + 2% : 8].
Calculate 120 — [3%-(18 — 4-3) + 2% =+ §].

Loi giai. / Solution.
1. Trong ngodc tron: 4-3 =12, 16i 18 — 12 =6.
Inside the round brackets: 4-3 = 12, then 18 — 12 = 6.

2. Trong ngodc vudng: 326 =9-6 = 54 va 2* : 8 = 16 : 8 =2, nén ngoic vudng bang 54 +
2 =156.
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Inside the square brackets: 3°-6 = 9:6 = 54 and 2* ~ 8 = 16 + 8 = 2, so the brackets equal 54
+2=56.

3. Phép cudi: 120 — 56 = 64.
Last step: 120 — 56 = 64.

Vay gia tri biéu thuc 13 64.

So the value of the expression is 64. R

Vi DU 1.4 / EXAMPLE 1.4 — Tim s tu nhién x biét: a) 2*-4 = 128; b) (x — 3)? = 25.
Find the natural number x such that: a) 24 = 128; b) (x — 3)* = 25.

Loi giai. / Solution.
1. a) Chia hai vé cho 4: 2* = 32 = 25, Hai lily thira cting co s6 2 bang nhau nén x = 5.
a) Divide both sides by 4: 2* = 32 = 2°. Powers of the same base 2 are equal, so x = 5.
2.b)25=5’nén x — 3 =5 hodc x — 3 =5, trc x = 8 hodic x = 2.
b)25=5 sox—3=50rx—3=-5thatisx =8 orx = —2.
3. Pi chiéu x € N: loai x = 2.
Check x €N: reject x = —2.
Vaya)x=15;b)x=38.
Soa)x=5,b)x=8 N

LOI HAY GAP / COMMON MISTAKE — Lam phép tinh tir trai sang phai ma bé qua lity
thira va nhan chia: 2 + 3-4 = 14 chur khong phai 20.
Working strictly left to right and ignoring powers and multiplication: 2 + 3-4 = 14, not 20.

LOI HAY GAP / COMMON MISTAKE — Gidi (x — 3)> = 25 ma chi ldy x — 3 = 5, bo mét
truong hop x — 3 =—5 (hodc khong ddi chiéu x € ).

Solving (x — 3)* = 25 with only x — 3 = 5 and missing x — 3 = —5 (or not checking x €N).

LOI HAY GAP / COMMON MISTAKE — Bém sai s6 s6 hang cua diy: quén cong 1 &

cong thic (cudi — dau) : khoang cach + 1.
Miscounting the terms of a list: forgetting the + 1 in (last — first) + step + 1.

1.2. Quan hé chia hét va dau hiéu chia hét — Divisibility and divisibility tests

Dang bai nay hoi: s6 nay c6 chia hét cho sb kia khong, hodc tim chir s6 con thiéu dé sb
chia hét. D4u hiéu chia hét cho phép tra 15i chi bang cach nhin cac chir s6, khong can dit
phép chia.

These questions ask whether one number divides another, or which missing digit makes a
number divisible. The divisibility tests answer this by looking at the digits, with no long division.

PINH NGHIA 1.2 (Chia hét, wor, boi) / DEFINITION 1.2 (Divisibility, factor, multiple)
—Choa,b€eN,b#0. Néu cd q € N sao cho a =b-q thi a chia hét cho b, ki hiéu a : b. Khi d6
b la udc cua a, a la boi cua b.

Fora, b €N with b # 0: if there is ¢ € N with a = b-q then a is divisible by b, written a : b. Then b is a
factor (divisor) of a and a is a multiple of b.
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Vidul2=34nén12:3,31laudccial2, 121abdicua 3. Cacudccual2lal,?2, 34,6,
12. Cacbdicua3lao,3,6,9, ... (vd Sé).

For example 12 = 34, so 12 73, 3 is a factor of 12 and 12 is a multiple of 3. The factors of 12
are 1, 2, 3, 4, 6, 12. The multiples of 3 are 0, 3, 6, 9, ... (infinitely many).

TINH CHAT 1.3 (Tinh chit chia hét ciia tong) / PROPERTY 1.3 (Divisibility of sums) —
Néua:imvabimthi(a+b)imva(a—b):m(khia>b). Néua:m thik-a:m véimoik.
Néu a i m con b khong chia hét cho m thi (a + b) khong chia hét cho m.

Ifa imandb :mthen (a + b) imand (a — b) :m (when a >b). If a i m then k-a : m for every k. If a ¢
m but b is not divisible by m then (a + b) is not divisible by m.

Vidu18:6va30:6nén 18+ 30=48:6.Lai co 18 : 6 nhung 5 khong chia hét cho 6,
nén 18 + 5 = 23 khong chia hét cho 6.

For example 18 6 and 30 /6, so 18 + 30 =48 6. Also 18 : 6 but 5 is not divisible by 6, so 18 +
5 = 23 is not divisible by 6.

TINH CHAT 1.4 (Déu hiéu chia hét cho 2, 3, 5,9) / PROPERTY 1.4 (Tests for 2, 3, 5, 9)
— Déu hiéu chia hét. Chia hét cho 2: chit sb tan cung chin (0, 2, 4, 6, 8). Chia hét cho 5: chit
sd tan cing 13 0 hodc 5. Chia hét cho 9: tong céc chit s6 chia hét cho 9. Chia hét cho 3: tong
céc chit s6 chia hét cho 3.

Divisibility tests. By 2: the last digit is even (0, 2, 4, 6, 8). By 5: the last digit is 0 or 5. By 9: the digit
sum is divisible by 9. By 3: the digit sum is divisible by 3.

Vi du s6 nho: 4.560 : 2 va i 5 (tan cung 0). 738 ¢ tong chits6 7+ 3 + 8 =18 nén 738 : 9
va i3.123 co tong 6 nén : 3 nhung khong : 9.

Small examples: 4,560 is divisible by 2 and 5 (ends in 0). 738 has digit sum 7 + 3 + 8 = 18, so it
is divisible by 9 and 3. 123 has digit sum 6, so it is divisible by 3 but not by 9.

Cac bude tim chir s6 chwa biét — Steps for finding a missing digit

1. Ghi 13 chir s6 can tim 1a sb tir 0 dén 9 (chir s6 dau tién khac 0).
State that each missing digit is from 0 to 9 (the first digit is not 0).

2. Néu dé c6 chia hét cho 2 hodc 5: ding chir s6 tan cung, liét ké cac kha nang ctia chir
sO cuoi.
If the question involves 2 or 5: use the last digit and list the possible last digits.

3. Néu dé co chia hét cho 3 hodc 9: tinh tong cac chit s6 theo cac chir sé chua biét, rdi
tim bdi cua 3 hodc 9 phu hop.
If it involves 3 or 9: write the digit sum in terms of the unknown digits and look for the
suitable multiple of 3 or 9.

4. Véi mdi kha niing cua chit s6 cubi, tim chix s6 con lai; loai gia tri 16n hon 9.
For each possible last digit, find the other digit; reject values above 9.

5. Viét cac s6 tim duoc va kiém lai bang phép chia.
Write the numbers found and check by division.
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VI DU 1.5/ EXAMPLE 1.5 — Tim céc chir s6 x, y dé sb 3x7y chia hét cho ca 5 va 9.
Find the digits x, y such that the number 3x7y is divisible by both 5 and 9.

Loi giai. / Solution.
1. x, y 1a chir s6 tir 0 dén 9. S6 chia hét cho 5 nén y = 0 hodc y = 5.
x, y are digits from 0 to 9. Divisible by 5, soy = 0ory =35.
2. Sb chia hét cho 9 nén tong 3 + x + 7+ y =10 + x + y chia hét cho 9.
Divisible by 9, so the digit sum 3 +x + 7 +y =10 + x + y is divisible by 9.
3.Voiy=0:10+x:9,x<9nén 10 +x=18, x=8. Voiy=5:15+x:9nén 15+ x =
18, x =3 (27 cho x = 12, loai).
Fory=10:10+x:9withx<9gives 10 +x =18 x=8 Fory=>5:15+x:9gives 15 +x
=18, x = 3 (27 would give x = 12, rejected).
4. Kiém lai: 3.870 : 9 =430 va 3.375: 9 =375.
Check: 3,870 + 9 =430 and 3,375 +9 = 375.
Vay hai s6 1 3.870 va 3.375.
So the numbers are 3,870 and 3,375. W

LOI HAY GAP / COMMON MISTAKE — Xét 10 + x + y chia hét cho 9 ma quén gi6i han
X,y <9, nén gilr lai gié tri x = 12.
Taking 10 + x + y /9 and forgetting x, y <9, so keeping x = 12.

LOI HAY GAP / COMMON MISTAKE — Nhiam d4u hiéu chia hét cho 3 va cho 9: tong

chit s6 bang 6 chi cho chia hét cho 3.
Mixing up the tests for 3 and 9: a digit sum of 6 gives divisibility by 3 only.

1.3. S0 nguyén to va phan tich ra thira s6 nguyén t0 — Prime numbers and prime
factorisation

PINH NGHIA 1.5 (S6 nguyén t6, hop s6) / DEFINITION 1.5 (Prime and composite
numbers) — S6 nguyén 6 13 s6 ty nhién 16n hon 1, chi ¢6 hai wéc 1a 1 va chinh n6. Hop s6 1a
s6 tu nhién 16n hon 1 ¢6 nhiéu hon hai uée.

A prime number is a natural number greater than 1 whose only factors are 1 and itself. A composite
number is a natural number greater than 1 with more than two factors.

Céac s6 0 va 1 khong phai s6 nguyén to, ciing khong phai hop sb. S6 2 1a s6 nguyén t6
chén duy nhat. Cac s nguyén t6 nho hon 50 1a: 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37,
41, 43,47.

0 and 1 are neither prime nor composite. 2 is the only even prime. The primes less than 50 are:
2,35 7, 11,13,17,19, 23,29, 31, 37,41, 43, 47.

Cic budée kiém tra mot sé c6 nguyén to Khong — Steps to test whether a number is prime
1. Tim s6 nguyén td p 16n nhat sao cho p? <n (néu n 1 hop s6 thi n c¢6 udc nguyén to
khéng vuot qua Vn).
Find the largest prime p with p’> <n (if n is composite it has a prime factor at most \n).
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2. Thir chia n 1an luot cho 2, 3, 5, 7, ... toi p, dung d4u hiéu chia hét cho nhanh.
Try dividingn by 2, 3, 5, 7, ... up to p, using divisibility tests for speed.

3. Gap mot udc thi dimg va két luan hop sd; chia hét cho khong s6 nao thi két luan
nguyén to.
Stop at the first factor and conclude composite; if none divides, conclude prime.

VI DU 1.6 / EXAMPLE 1.6 — S6 221 va s6 197 c¢6 phai sé nguyén t6 khong?
Are 221 and 197 prime?

Loi giai. / Solution.
1.221: 142 =196 < 221 <225 = 152 nén chi can thir cac sé nguyén t6 < 13: 2, 3, 5, 7,
11, 13.
221: 14° =196 < 221 < 225 = 15°, so we only test primes up to 13: 2, 3, 5, 7, 11, 13.

2.221 18, tong chit s6 5 (khong : 3), tan cung 1 (khong : 5); 221 : 7 du 4; 221 : 11 du 1;
221:13=17.Vay 221 = 13-17 1a hop sb.
221 is odd, digit sum 5 (not divisible by 3), ends in 1 (not by 5); 221 + 7 leaves 4, 221 ~ 11
leaves 1; 221 + 13 = 17. So 221 = 13-17 is composite.

3.197: 142=196 < 197 <225 =15% nén thtr 2, 3, 5,7, 11, 13. S6 du lan luot 1a 1, 2
(téng chir s6 17), 2, 1, 10, 2.
197: 14° = 196 < 197 < 225, sowe test 2, 3, 5, 7, 11, 13. The remainders are 1, 2 (digit sum
17),2, 1, 10, 2.

Khong s6 nao chia hét, vy 197 1a s6 nguyén té; 221 13 hop sb.

None divides, so 197 is prime; 221 is composite. W

PINH LY 1.6 (Phan tich ra thira sé nguyén t6) / THEOREM 1.6 (Prime factorisation) —
Moi s6 tu nhién 16n hon 1 déu phan tich dugc thanh tich cac thira s6 nguyén tb, va cach phan
tich 1a duy nhat néu khong ké thir tu cac thira s6.

Every natural number greater than 1 can be written as a product of primes, and this is unique apart
from the order of the factors.

Thira nhan (SGK 16p 6 c6 trinh bay cach phan tich). Cach lam: chia dan cho s6 nguyén t6
nho nhat c6 thé, ghi bén phai, dén khi thuong bang 1. Hinh 1.1 phan tich 360: chia lién
tiép cho 2, 2, 2, 3, 3 1i con 5.

Accepted without proof (the grade 6 textbook shows the method). Method: divide by the smallest

possible prime, write it on the right, until the quotient is 1. Figure 1.1 factorises 360: divide
successively by 2, 2, 2, 3, 3, leaving 5.
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360 2

ulo 2

%0 2 360=222335
| :23.32.5
45— 3

1|5 3

Hinh 1.1. Phén tich 360 ra thira s6 nguyén t6
Figure 1.1. Prime factorisation of 360

Viét gon: 360 = 23-32-5. S§ wdc cua 360 tinh bang cach 1dy mdi s mil cong 1 rdi nhan
lai: (3 + 1)(2 + 1)(1 + 1) = 24. Li do: mdt udce cua 360 cd dang 22-3°-5¢ v4i a ¢o 4 cach
chon (0 dén 3), b cod 3 cach, ¢ ¢o 2 cach.

In short: 360 = 2°-32-5. The number of factors of 360 is found by adding 1 to each exponent and
multiplying: (3 + 1)(2 + 1)(I + 1) = 24. Reason: a factor of 360 has the form 2%-3"-5¢ where a
has 4 choices (0 to 3), b has 3 and ¢ has 2.

PHAI THUQC / MEMORISE — n = p*q°1¢ (p, q, r nguyén t6 khac nhau) c6 (a + 1)(b +
I)(c + 1) udc.
n = p“q"-¥* (distinct primes p, q, r) has (a + 1)(b + 1)(c + 1) factors.

VI DU 1.7/ EXAMPLE 1.7 — Phén tich 1.260 ra thira s6 nguyén t6. 1.260 c6 bao nhiéu u6c?
Trong d6 ¢ bao nhiéu udc 1a s6 16?
Factorise 1,260 into primes. How many factors does 1,260 have? How many of them are odd?

Loi giai. / Solution.
1. Chia dan: 1.260 : 2 =630;630:2=315;315:3=105;105:3=35;35:5=7:7:7
=1.
Divide: 1,260~ 2 = 630, 630 +2=315;315+3=105,105+3=35;35+5=7,7+7~=
1.
2. Vay 1.260 = 2%-3%2-5-7,
So 1,260 = 2°-3°-5-7.
3.Sd wde: 2+ )2+ (1 + 1)1 +1)=36.
Number of factors: (2 + 1)(2 + 1)(1 + 1)(1 + 1) = 36.
4. Uéc 1¢ khong chira thira s6 2, tirc c6 dang 3°-5¢-7¢: (2 + 1)(1 + 1)(1 + 1) = 12 wdc.
An odd factor has no factor 2, so it has the form 3°-5¢-7¢: (2 + 1)(1 + 1)(I + 1) = 12 factors.
Vay 1.260 c6 36 udc, trong d6 12 uoc 1€.
So 1,260 has 36 factors, 12 of them odd. W
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LOI HAY GAP / COMMON MISTAKE — Coi 1 14 s6 nguyén t5, hodic quén 2 13 s6 nguyén
t6 duy nhét chan.
Treating 1 as prime, or forgetting that 2 is the only even prime.

LOI HAY GAP / COMMON MISTAKE - Chia thir virot qua Vn lam mét thei gian, hoac
dirng sém qué va két luan nguyén t6 thiéu can ci.

Testing far beyond \n and wasting time, or stopping too early and calling a number prime without
evidence.

NHAN XET / REMARK — Dé dém udc chi can cac sd mi. Pung li¢t ké udce cua so 16n, dé
sot.

To count factors only the exponents matter. Do not list the factors of a large number; omissions are
easy.

1.4. U6c chung, bdi chung, UCLN va BCNN - Common factors, common multiples,
HCF and LCM

Hai dang thyc té hay gip: chia déu thanh nhiéu nhom nhat (ding UCLN) va hai viéc lap
lai, hoi bao 1au thi tring nhau (ding BCNN). Chon ding UCLN hay BCNN 1a buéc dau
tién cua loi giai.

Two real-life types appear often: splitting evenly into as many groups as possible (HCF) and two
repeating events, asking when they coincide (LCM). Choosing the right one, HCF or LCM, is the
first step of the solution.

PINH NGHIA 1.7 (UC, UCLN, BC, BCNN) / DEFINITION 1.7 (Common factor, HCF,
common multiple, LCM) — Udc chung (UC) ctia a va b 1a s chia hét ca a va b. U6c chung
16n nhéat (UCLN) 14 s 16n nhét trong cac udc chung. Boi chung (BC) ctia a va b 1a s6 chia hét
cho ca a va b. Boi chung nho nhat (BCNN) 14 s6 nho nhat khac 0 trong cac boi chung.

A common factor of a and b divides both. The highest common factor (HCF) is the largest common
factor. A common multiple of a and b is divisible by both. The lowest common multiple (LCM) is the
smallest nonzero common multiple.

Vi du 12 va 18. Ki hiéu U(a) l1a tip hop cac udc cua a. U(12) = {1; 2; 3; 4; 6; 12} va
U(18)={1;2;3,6;9; 18}. Ubc chung 1a 1, 2, 3, 6 nén UCLN(12; 18) = 6. Bdi cua 12: 0,
12, 24, 36, ... Bdi cua 18: 0, 18, 36, ... B0i chung nho nhat khac 0 14 36 nén BCNN(12;
18) = 36. Hinh 1.2 cho thay cic wdc chung nim & phan giao.

Example with 12 and 18. The symbol U(a) means the set of factors of a. Factors of 12: {1; 2, 3;
4, 6, 12}, factors of 18: {1; 2; 3; 6, 9; 18}. The common factors are 1, 2, 3, 6, so HCF(12; 18) =
6. Multiples of 12: 0, 12, 24, 36, ... Multiples of 18: 0, 18, 36, ... The smallest nonzero common
multiple is 36, so LCM(12; 18) = 36. Figure 1.2 shows the common factors in the overlap.
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U(12) U(18)

Hinh 1.2. Udc cta 12 va cta 18, phan giao 14 u6c chung
Figure 1.2. Factors of 12 and of 18; the overlap holds the common factors

Cic buée tim UCLN va BCNN bang thira s6 nguyén t6 — Steps for the HCF and LCM
by prime factors

1. Phan tich timg s6 ra thira s6 nguyén t6 (viét dang lity thira).
Factorise each number into primes (as powers).

2. UCLN: chi lay cac thira s nguyén t6 chung, mdi thira s6 1dy véi s6 mit NHO nhit.
Nhan lai.
HCF: take only the common primes, each with its SMALLEST exponent. Multiply.

3. BCNN: lay tét ca thira s6 nguyén to (chung va riéng), mdi thira sb 1y véi s6 mit LON
nhat. Nhan lai.
LCM: take all primes (common and not), each with its LARGEST exponent. Multiply.

4. Kiém lai bang UCLN-BCNN = a-b (véi hai s).
Check with HCF-LCM = a-b (for two numbers).

TINH CHAT 1.8 (Tich UCLN va BCNN) / PROPERTY 1.8 (Product of HCF and LCM)
— Véi hai s6 ty nhién a, b khac 0: UCLN(a; b)-BCNN(a; b) = a-b. Moi wdc chung ciia a va b
déu 13 wéc cua UCLN(a; b); moi bdi chung déu 1a boi cia BCNN(a; b). Hai s6 c6 UCLN
bang 1 goi 1 nguyén tb cing nhau.

For nonzero natural numbers a, b: HCF(a; b)-LCM(a; b) = a-b. Every common factor divides the
HCF; every common multiple is a multiple of the LCM. Two numbers with HCF 1 are called coprime.

Kiém véi 12 va 18: 6:36 =216 = 12-18. Hai s 8 va 15 nguyén té cung nhau vi UCLN(S;
15) = 1. Hai s6 ty nhién lién tiép luon nguyén t6 cling nhau.

Check with 12 and 18: 6:36 = 216 = 12-18. The numbers § and 15 are coprime since HCF(S8;
15) = 1. Two consecutive natural numbers are always coprime.

VIDU 1.8/ EXAMPLE 1.8 — Tim UCLN va BCNN ctia 180 va 420.
Find the HCF and LCM of 180 and 420.

Loi giai. / Solution.
1. Phan tich: 180 = 22-32-5 va 420 =22-3-5-7.
Factorise: 180 = 2?-3%-5 and 420 = 2?-3-5-7.
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2. UCLN: thira s6 chung 13 2, 3, 5 voi s6 mii nho nhét 2, 1, 1. UCLN = 22-3-5 = 60.
HCF': the common primes are 2, 3, 5 with smallest exponents 2, 1, 1. HCF = 2°-3-5 = 60.
3. BCNN: lay 2, 3, 5, 7 v6i s6 mii 16n nhat 2, 2, 1, 1. BCNN = 22:32:5-7 = 1.260.
LCM: take 2, 3, 5, 7 with largest exponents 2, 2, 1, 1. LCM = 2°-3%-5-7 = 1,260.
4. Kiém lai: 60-1.260 = 75.600 = 180-420.
Check: 60-1,260 = 75,600 = 180-420.
Vay UCLN = 60 va BCNN = 1.260.
So HCF = 60 and LCM = 1,260. &

Thuat toan Euclid. Vi s6 16n, phan tich thira s6 mat thoi gian. Dung: UCLN(a; b) =
UCLN(b; 1), trong do r 1a sb6 du khi chia a cho b. Lap lai dén khi s6 du béng 0; sb chia
cudi cing 1a UCLN. Li do: moi sb chia hét ca a va b ciling chia hét r = a — b-q, va nguoc
lai.

Euclid's algorithm. For large numbers factorising takes long. Use HCF(a;, b) = HCF(b; r),

where r is the remainder of a divided by b. Repeat until the remainder is 0; the last divisor is the
HCF. Reason: any number dividing both a and b divides r = a — b-q, and conversely.

Vi DU 1.9/ EXAMPLE 1.9 — Dung thuat toan Euclid tim UCLN(1.260; 546), r0i tinh
BCNN(1.260; 546).
Use Euclid's algorithm to find HCF(1,260; 546), then compute LCM(1,260; 546).

Loi giai. / Solution.
1. 1.260 = 546-2 + 168, nén UCLN(1.260; 546) = UCLN(546; 168).
1,260 = 546-2 + 168, so HCF(1,260, 546) = HCF(546, 168).
2.546 = 1683 + 42, nén UCLN(546; 168) = UCLN(168; 42).
546 = 168-3 + 42, so HCF(546; 168) = HCF(168; 42).
3.168 =424+ 0, s6 du bang 0 nén UCLN =42,
168 = 42-4 + 0, remainder 0, so the HCF is 42.
4. BCNN = 1.260-546 : 42 = 687.960 : 42 = 16.380.
LCM = 1,260-546 +~ 42 = 687,960 ~ 42 = 16,380.
Vay UCLN =42, BCNN = 16.380.
So HCF =42 and LCM = 16,380. &

Bai toan thue té: dung UCLN hay BCNN - Real-life problems: HCF or LCM

Pé néi Ding Cach dit
The question says Use Setting up

Chia déu, cét thanh doan béng nhau,
nhiéu nhom nhat, canh 6 vudng 16n nhat UCLN
Share equally, cut into equal pieces, most HCF

SO can tim 1a wdc chung cia céc so
da cho

groups, largest square side The answer is a common factor
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Pé néi Ding Cach dit
The question says Use Setting up

Bao lau sau lai trung, lap lai, xép hang
vira du, s6 nhé nhét BCNN
When they coincide again, repeat, arrange LCM

So can tim 1a boi chung cua cac so6
da cho

The answer is a common multiple
exactly, smallest number

. X 1 e BCNN rdi con o
Xeép hang du r em, moi cach déu du r ME i boi chung

Rows leave the same remainder r each time n — ris a common multiple

LCM then add r

Gap tr khoa & cdt tréi thi chon cach ¢ cdt gitra. Dang thir ba (cung du r) kh6 nhan ra
nhat; vi du 1.12 lam mau.
Match a keyword in the left column with the method in the middle. The third type (same
remainder r) is the hardest to spot; example 1.12 shows it.

VI DU 1.10 (mirc dé vao 10) / EXAMPLE 1.10 (entrance level) — D6i vin nghé c6 48 ban
nam va 60 ban nit. C6 gido mudn chia thanh nhiéu t6 nhit sao cho mdi t6 c6 s6 nam bang
nhau va s6 nit bang nhau. Chia dugc nhiéu nhét bao nhiéu t6? Mdi t c6 miy nam, miy nit?
A choir has 48 boys and 60 girls. The teacher wants as many groups as possible, each with the same
number of boys and the same number of girls. What is the largest number of groups? How many boys
and girls are in each?

Loi giai. / Solution.
1. Goi s6 t0 1 k. Chia déu 48 nam va 60 nit nén k 13 wéc chung cta 48 va 60. Nhiéu to
nhat nén k = UCLN(48; 60).
Let k be the number of groups. Boys and girls are shared equally, so k is a common factor of
48 and 60. Most groups, so k = HCF(48; 60).

2.48 =2%3 va60=223-5nén UCLN =223 =12.
48 = 2?3 and 60 = 2°-3-5, so the HCF is 2°-3 = 12.
3. M&i t6 c6 48 : 12 =4 nam va 60 : 12 =5 ni.
Each group has 48 ~ 12 = 4 boys and 60 + 12 = 5 girls.
Vay chia duogc nhiéu nhét 12 t5, mdi té 4 nam va 5 nit.
So at most 12 groups, each with 4 boys and 5 girls. B

VI DU 1.11 (mirc dé vao 10) / EXAMPLE 1.11 (entrance level) — Ba ban An, Binh, Chi
tryc nhat theo lich: An ctr 6 ngay mot 1an, Binh cir 8 ngay mot lan, Chi ctr 10 ngay mot lan.
Hoém nay ca ba cing truc. Sau it nhit bao nhiéu ngay thi ba ban lai cing truc?

Three friends An, Binh and Chi are on duty by a schedule: An every 6 days, Binh every 8 days, Chi
every 10 days. Today all three are on duty. After at least how many days are all three on duty together
again?

Loi giai. / Solution.

1. S6 ngay can tim chia hét cho 6, 8 va 10 nén 1a boi chung cia ba s6. It nhat nén do 1a
BCNN(6; 8; 10).
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The number of days is divisible by 6, 8 and 10, so it is a common multiple. At least, so it is
LCM(6; 8; 10).
2.6=2-3;8=23%10=2-5. BCNN = 2%-3-5 = 120.
6=23;8=2%10=25LCM=2%35=120.
Viy sau it nhat 120 ngdy ba ban lai cting truc.
So after at least 120 days all three are on duty together again. M

VI DU 1.12 (mirc dé vao 10) / EXAMPLE 1.12 (entrance level) — Mot khéi hoc sinh khi
xép hang 6, hang 8 hodc hang 10 déu du 3 em. Biét s6 hoc sinh 16n hon 100 va nhé hon 200.
Tinh sb hoc sinh.

A year group of students, when lined up in rows of 6, 8 or 10, always has 3 left over. The number of
students is between 100 and 200. Find it.

Loi giai. / Solution.
1. Goi s hoc sinh 12 n. Bot 3 em du thi xép vira di nén n — 3 chia hét cho 6, 8 va 10, tirc
n — 3 1a bdi chung cua 6, 8, 10.
Let n be the number of students. Removing the 3 left over, the rows fit exactly, son — 3 is
divisible by 6, 8 and 10, a common multiple.

2. BCNN(6; 8; 10) =120 (vidu 1.11), nén n — 3 € {0; 120; 240; ...}, tac n € {3; 123;
243; ...}.
LCM(6; 8; 10) = 120 (example 1.11), son — 3 € {0; 120; 240; ...}, thatisn € {3; 123; 243,
oA

3. Déi chiéu 100 < n < 200: chin = 123.
Check 100 < n < 200: only n = 123.

4. Kiém lai: 123 =6-20+3=8-15+3=10-12+3.
Check: 123 =620+ 3=815+3=1012 + 3.

Vay c6 123 hoc sinh.
So there are 123 students. ®

LOI HAY GAP / COMMON MISTAKE — Nhdm UCLN véi BCNN: bai chia nhém ding
UCLN, bai lich tring nhau ding BCNN. Ty hoi: dap s6 nho hon hay 16n hon céc s dé cho?
Mixing up HCF and LCM: grouping uses the HCF, repeating schedules use the LCM. Ask: should the
answer be smaller or larger than the given numbers?

LOI HAY GAP / COMMON MISTAKE — Bai du r: 14y luon BCNN lam d4p s6 ma quén
cong r, hoac quén ddi chiéu khoang cua n.
Remainder problems.: giving the LCM as the answer without adding r, or forgetting to check the range

of n.

LOI HAY GAP / COMMON MISTAKE — Liy s6 mii 16n nhat khi tim UCLN (hodc nhé
nhét khi tim BCNN).
Using the largest exponent for the HCF (or the smallest for the LCM).
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PHAI THUQC / MEMORISE — UCLN: thira s6 chung, mii nh6 nhat. BCNN: moi thira s6,
mil 16n nhit. UCLN-BCNN = a-b. UCLN(a; b) = UCLN(b; 1).

HCEF': common primes, smallest exponents. LCM: all primes, largest exponents. HCF-LCM = a-b.
HCF(a; b) = HCF(b; r).

1.5. S0 nguyén va cac phép tinh — Integers and their operations

Sd nguyén g6m sb tu nhién va céc sd ddi cua chung: Z={...; -3;-2;-1;0; 1; 2; 3; ...}.
S6 am dung cho nhi¢t d6 dudi 0, ng, d6 sau dudi muc nudc bién.

The integers are the natural numbers and their opposites: 7. = {...; =3; =2; =1, 0; 1; 2; 3; ...}.
Negative numbers describe temperatures less than 0, debts and depths under sea level.

S6 ddi cua a 1a —a. Hai s6 d6i nhau nam cach déu s6 0 ¢ hai phia trén truc s6 (Hinh 1.3: 3
va —3). Gia trj tuyét d6i cta a, ki hiéu [a], 12 khoang cach tir a dén 0. Vidu |-7| =7, |5| =
5, 10| = 0. Trén truc $6, s6 nhé hon nam bén trai sb 16n hon: =5 < -2 <0 < 3.

The opposite of a is —a. Two opposites lie at equal distances from 0 on either side of the number
line (Figure 1.3: 3 and —3). The absolute value of a, written |a|, is its distance from 0. For

example |=7| =7, |5| =5, |0| = 0. On the number line the smaller number lies to the left: —5 <
—-2<0<3.

—3 va 3 cung cach 0 ba don vi

Hinh 1.3. Truc sd: 3 va —3 12 hai s§ ddi nhau

Figure 1.3. The number line: 3 and —3 are opposites

TINH CHAT 1.9 (Cng, trir s6 nguyén) / PROPERTY 1.9 (Adding and subtracting
integers) — Cong hai s6 ciing ddu: cong hai gié tri tuyét ddi, gitt diu chung. Cong hai sé khac
dau: 14y gia tri tuyét d6i 16n trir gid tri tuyét ddi nho, dau cua s co gia tri tuyét dbi 16n hon.
Phép tru: a—b=a+ (-b).

Adding numbers of the same sign: add the absolute values and keep the sign. Adding numbers of
different signs: subtract the smaller absolute value from the larger, and keep the sign of the number
with the larger absolute value. Subtraction: a — b = a + (—b).

Vi du s6 nho: )+ (-6)=-10;(-9)+5=-4,7+(-7)=0;3—-8=3+(8)=-5,3—
(-8)=3+8=11.
Small examples: (—4) + (=6) = =10, (-9) +5=—4;7+(=7)=0;3—8=3+(=8) =—5,3 —
(—8) =3+8=11.

TINH CHAT 1.10 (D4u ngodc va nhan s6 nguyén) / PROPERTY 1.10 (Brackets and
multiplying integers) — Quy tic diu ngoic: bo ngoic c6 ddu + dang trudc thi giit nguyén diu
cac s trong ngoic; bo ngodc co ddu — dang trudc thi d6i ddu moi sb trong ngoidc. Quy tic

Tai li€u nay duogc bién soan boi doi ngli ciia website: https://tailieuso.vin
Trang 22



Tong 6n Toan cdp 2 (6-9) nang cao — Thi vao 16p 10 / Grades 6-9 Maths Revision for the
Grade 10 Entrance Exam

nhan: (+)-(+) = (+), (5) () = (H), () () = ).
Brackets rule: removing brackets preceded by + keeps the signs inside,; removing brackets preceded
by — changes every sign inside. Multiplication: (+)(+) = (+), (=)(=) = (1), (+):(—) = ().

Vidu: 10-3-5+2)=10-3+5-2=10; (—4):(-3) = 12; (-4):3 =—12; (-2)* = -8;
(—2)* = 16. Lily thira s6 mil chin ctia s6 am 1a s6 duong, s6 mil 1é cho s6 am.

Examples: 10 — (3 —5+2)=10-3+5—-2=10; (-4)«(=3) = 12; (-4):3=—12; (-2)° =-8§;
(—2)? = 16. An even power of a negative number is positive; an odd power is negative.

DINH NGHIA 1.11 (Uéc va béi trong Z) / DEFINITION 1.11 (Factors and multiples in
7Z)—Choa,b € Z, b#0.Néu cé q € Z sao cho a = b-q thi a chia hét cho b; b 1a udc va a la
bdi ctia nhau trong Z. U(a) trong Z gdm cac uwdc duong va cac sb ddi cia ching.

Fora, b € Zwith b+ 0: if there is q € Z with a = b-q then a is divisible by b, b is a factor and a is a
multiple of each other in Z. The factors of a in Z are the positive factors and their opposites.

Vi du U(6) trong Z = {*1; £2; £3; +6}, gém 8 s6 vi mdi ude duong kéem mot sb6 d6i. Boi
cla 4 trong Z: ...; —8; —4; 0; 4; 8; ... Phép chia hét dung quy tic ddu nhu phép nhan:
(-12):3=-4;(-12): (-3)=4; 12 : (-3) = 4.

For example the factors of 6 in Z are {x1; +2; £3; +6}, 8§ numbers since each positive factor

comes with its opposite. Multiples of 4 in Z: ..., —=8; =4, 0; 4, 8; ... Exact division follows the
sign rule of multiplication: (—12) +3 = —4; (—12) + (=3) =4, 12+ (-3) = —4.

Cac budc tim x nguyén tir tich hodc tlr wéc — Steps for integer x from a product or a factor
condition
1. Pua dé vé dang (biéu thirc chtra x)-(biéu thirc chira y) = s6 ¢d dinh, hoic (biéu thirc
chira x) 1a uwdc cia so co dinh.
Rewrite the question as (expression in x)-(expression in y) = a fixed number, or (expression
in x) is a factor of a fixed number.
2. Liét ké MOI udc cta sb ¢d dinh trong 7, gdm ca udec am.
List ALL factors of the fixed number in Z, including negative ones.
3. Véi mdi uéc, giai ra x (va y). Lap bang cho gon.
For each factor, solve for x (and y). Use a table to stay tidy.
4. Béi chiéu diéu kién cta dé (x duong, x trong khoang...), roi két luan.
Check the conditions of the question (x positive, x in a range...), then conclude.

Vi DU 1.13/ EXAMPLE 1.13 - Tinh A = 15 — (—6) + 2-(-4) - [12 — (3 - 9)].
Calculate A = 15 — (=6) + 2(—4) — [12 — (3 — 9)].

Loi giai. / Solution.
1. Trong ngodc tron: 3 — 9 = —6. Trong ngodc vudng: 12 — (—6) = 18.
Round brackets: 3 — 9 = —6. Square brackets: 12 — (—6) = 18.
2. Phép nhan: 2-(—4) = -8.
Multiplication: 2-(—4) = —8.
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3.A=15+6+(—8)—18=21-8—- 18 =-5.
A=15+6+(—8) —18=21—-8—-18=-5.

Vay A =-5.

SoA=-5 1

VI DU 1.14 (mirc dé vao 10) / EXAMPLE 1.14 (entrance level) — a) Tim sb nguyén x sao
cho x + 3 14 u6c duong cua 12. b) Tim cac s6 nguyén x, y thoa (x — 2)(y + 1) = 5.

a) Find the integers x such that x + 3 is a positive factor of 12. b) Find the integers x, y with (x — 2)(y
+1)=3

Loi giai. / Solution.
1.a) Ubc duong cia 12: 1,2,3,4,6,12. Vayx + 3 € {1;2;3;4;6; 12}, suyrax € {-2;
—1;0; 1; 3; 9}.
a) Positive factors of 12: 1, 2, 3,4, 6, 12. Sox + 3 €{1; 2; 3, 4; 6; 12}, givingx € {=2; —1;
0;1;3; 9}
2.b) U(5) = {1;—1; 5;—5}. Lap bang cho x — 2 va y + 1 (tich bang 5):
b) The factors of 5 are 1, —1, 5, —5. Tabulate x — 2 and y + 1 (product 5):
cx—2=1y+1=5x=3y=4
x—2=1Ly+1=5:x=3y=4.
ex—2=-1l,y+1=-5:x=1,y=-6.
x—2=—-Ly+Il=-5:x=1y=—6.
ex—2=5y+1=1x=7,y=0.
x—2=5y+1=1:x=7y=0.
ex—2=-5,y+tl=-1l:x=-3,y=-2
x—2=-S5,y+1l=—-1:x=-3y=-2.
Vaya)x € {=2;-1;0; 1;3; 9} b) (x; y) € {(3; 4), (1, 76), (7; 0), (=3; —2)}.
Soa)x €{=2;,—1;0;1;3; 9}, b) (x;y) €{(3,4), (1, =6), (7, 0), (3, =2)}. &

LOI HAY GAP / COMMON MISTAKE — B6 ngoic c6 d4u — ding trudc ma khong ddi
dau: 10 — (3 — 5) bang 10 — 3 + 5 chir khong phai 10 — 3 — 5.

Removing brackets after a minus sign without changing signs: 10 — (3 — 5) equals 10 — 3 + 5, not 10
-3-35

LOI HAY GAP / COMMON MISTAKE - Chi l4y wéc duong, bé wdc 4m khi giai tich
béng s6 ¢ dinh.

Using only positive factors and dropping the negative ones when a product is fixed.

NHAN XET / REMARK — (—2)* = 16 nhung —2* = —16: du trir nim ngoai liiy thira thi
khong bi nang lén liy thira.

(—2)? = 16 but —2* = —16: a minus sign outside the power is not raised to it.
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1.6. Nang cao: chirng minh chia hét, s6 chinh phwong, x nguyén dé biéu thirc
nguyén — Advanced: divisibility proofs, squares, integer x

Cau phan loai va dé chuyén can ba cong cu: (1) phan tich thanh tich rdi chi ra mot thira sb
chia hét; (2) xét s6 du khi chia cho 2, 3, 4, 5; (3) tach phén nguyén cua biéu thurc ¢6 dang
thuong dé dua vé bai tim udc.

Top-mark and specialist questions need three tools: (1) factorise into a product and show one

factor is divisible; (2) check remainders on division by 2, 3, 4, 5, (3) split off the whole part of a
quotient expression to reduce to a factor-finding problem.

Chirng minh chia hét — Proving divisibility
1. Phén tich biéu thirc thanh tich céc thira s (d4t nhan tr chung, hang dang thic).

Factorise the expression into a product (common factor, identities).

2. Tach s6 can chia thanh cac sd nguyén t6 cung nhau, vi du 6 =2-3, 30 = 2-3-5.
Split the divisor into coprime parts, for example 6 = 2-3, 30 = 2-3-5.

3. Ching minh biéu thirc chia hét cho timg sé d6 (trong 2 s6 lién tiép c6 mot sb chan;
trong 3 s6 lién tiép c6 mot sb chia hét cho 3; hodc xét timg s6 du).
Show the expression is divisible by each part (among 2 consecutive integers one is even;
among 3 consecutive one is divisible by 3; or check each remainder).

4. Két luan: néu a chia hét cho m va cho n ma UCLN(m; n) = 1 thi a chia hét cho mn.
Conclude: if a is divisible by m and by n with HCF(m; n) = I then a is divisible by m-n.

PHAN TiCH / ANALYSIS — Thiy n?® — n, nghi ngay dén dat n 1am thira s6 chung va dung
hang dang thirc n2 — 1 = (n — 1)(n + 1). Ra ba s nguyén lién tiép.
On seeing n° — n, take out n and use n” — 1 = (n — 1)(n + 1). This gives three consecutive integers.

Vi DU 1.15 (mirc chuyén) / EXAMPLE 1.15 (specialist level) — Chimg minh n® — n chia
hét cho 6 v&i moi sb nguyén n.
Prove that n’ — n is divisible by 6 for every integer n.

Loi giai. / Solution.
1. Phéan tich: n* —n=n(n?— 1) = (n — 1)-n-(n + 1), tich ctia ba s6 nguyén lién tiép.
Factorise: n* —n =nm? — 1) = (n — 1)-n-(n + 1), a product of three consecutive integers.
2. Trong hai s6 lién tiép luén c6 mot s6 chin, nén tich chia hét cho 2.
Among two consecutive integers one is even, so the product is divisible by 2.
3. Trong ba sb lién tiép c6 ding mot s6 chia hét cho 3 (ba s6 du khac nhau 0, 1, 2 khi
chia cho 3), nén tich chia hét cho 3.

Among three consecutive integers exactly one is divisible by 3 (their remainders on division
by 3 are 0, 1, 2 in some order), so the product is divisible by 3.

4. UCLN(2; 3) = 1 nén tich chia hét cho 23 = 6.
HCF(2; 3) = 1, so the product is divisible by 2-3 = 6.
Vay n’ — n chia hét cho 6 v6i moi s6 nguyén n.
So n’ — n is divisible by 6 for every integer n. ®
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S6 chinh phwong — Square numbers

PINH NGHIA 1.12 (S6 chinh phwong) / DEFINITION 1.12 (Square number) — S5 chinh
phuong 1a binh phuong cia mot s6 tu nhién: 0, 1, 4, 9, 16, 25, 36, ...
A square number is the square of a natural number: 0, 1, 4, 9, 16, 25, 36, ...

TINH CHAT 1.13 (D4u hi¢u nhén biét s6 chinh phwong) / PROPERTY 1.13 (Tests for
square numbers) — S6 chinh phuong c6 chir s6 tan cung 12 0, 1, 4, 5, 6 hoac 9, khong bao gid
tan cung béng 2,3, 7, 8. Khi chia cho 3 s6 chinh phuong du 0 hodc 1; khi chia cho 4 du 0
hoac 1.

A square number ends in 0, 1, 4, 5, 6 or 9, never in 2, 3, 7, 8. On division by 3 a square leaves
remainder 0 or 1, on division by 4 it leaves 0 or 1.

Chirng minh. / Proof.
Chia cho 3: s6 ty nhién n ¢6 dang 3k, 3k + 1 hodc 3k + 2. Binh phuong lan luot béng ok,
9k>+ 6k +1,9k*+ 12k +4=33k*+4k+ 1)+ 1.Du 0, 1, 1.

Remainder on division by 3: n has the form 3k, 3k + 1 or 3k + 2. The squares are 9k°, 9k* + 6k +
1, 9k + 12k + 4 = 3(3k? + 4k + 1) + 1. Remainders 0, 1, 1.

Chia cho 4: n = 2k hodc 2k + 1. Binh phuong 1a 4k? (du 0) hodc 4k? + 4k + 1 = 4(k* + k)
+ 1 (dul).

Remainder on division by 4: n = 2k or 2k + 1. The squares are 4k? (remainder 0) or 4k> + 4k + 1
=4(k> + k) + I (remainder 1). ®

Vi du 2.026 khong phai s6 chinh phuong vi chia cho 4 du 2 (2.026 = 4-506 + 2). S6
3.333 khong phai s6 chinh phuong vi tin cing 3.

For example 2,026 is not a square because it leaves remainder 2 on division by 4 (2,026 = 4-506
+ 2). 3,333 is not a square because it ends in 3.

PHAN TICH / ANALYSIS — Tich bdn s6 lién tiép cong 1 trong khong c6 gi dic biét. Thir n
=1:1234+1=25=52Thirn=2:2-3-4-5+ 1= 121 = 11%2. Doan 1a chinh phuwong. Ghép
s6 dau voi s6 cudi va hai sb giita voi nhau dé hai tich ¢6 cing phan n? + 3n.

The product of four consecutive numbers plus 1 looks ordinary. Tryn = 1: 1-2-3-4 + 1 =25 =5 Try
n=2:2345+ 1= 121 = 11I°. Guess a square. Pair the first with the last and the two middle ones so
both products share the part n’ + 3n.

VI DU 1.16 (mirc chuyén) / EXAMPLE 1.16 (specialist level) — Chirng minh véi moi s tu
nhién n, sé n(n + 1)(n + 2)(n + 3) + 1 1a s6 chinh phuong.
Prove that for every natural number n, n(n + 1)(n + 2)(n + 3) + 1 is a square number.

Loi giai. / Solution.
1.Ghép:n(n+3)=n?+3nva(n+1)(n+2)=n?>+3n+2.
Pair:nn+3)=n’+3nand (n+ 1)(n +2) =n’ + 3n + 2.
2. Patt=n?+ 3n. Biéu thic bang t(t + 2) + 1 =t2 + 2t + 1 = (t + 1),
Put t = n’ + 3n. The expression equals t(t +2) + 1 = + 2t + 1 = (t + 1)°.
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3. Vay biéu thirc bang (n? + 3n + 1)2, ma n®+ 3n + 1 1 s6 tu nhién.
So the expression equals (n® + 3n + 1)°, and n’ + 3n + 1 is a natural number.
Két luan: n(n + 1)(n + 2)(n + 3) + 1 13 s6 chinh phuong.
Conclusion: n(n + 1)(n + 2)(n + 3) + 1 is a square number. W

Tim x nguyén dé biéu thirc nguyén — Integer x making an expression an integer

1. Tach phan nguyén: viét tir sd thanh (s6 nguyén)-(mau) + (s6 c¢d dinh), ri chia timg
phan cho mau dé duoc (s6 nguyén) + (s6 co dinh)/(mau).
Split off the whole part: write the numerator as (integer)-(denominator) + (fixed number),
then divide each part by the denominator to get (integer) + (fixed number)/(denominator).

2. Biéu thirc nguyén khi (mau) 1 uéc cta s ¢b dinh.
The expression is an integer when the denominator is a factor of the fixed number.

3. Liét ké cac udc (ca am), gidi ra x. Mau khac 0.
List the factors (including negative), solve for x. The denominator is nonzero.

4. Thé nguoc vao dé gdc kiém gid tri nguyén.
Substitute back into the original expression to check it is an integer.

VI DU 1.17 (mirc dé vao 10) / EXAMPLE 1.17 (entrance level) — Tim tit ca s6 nguyén x
dé A = (2x + 5)/(x + 1) 1a s6 nguyén.
Find all integers x for which A = (2x + 5)/(x + 1) is an integer.

Loi giai. / Solution.

1. Piéu kién x #—1. Tach: 2x + 5=2(x + 1)+ 3, nén A =2 + 3/(x + 1).
Conditionx +#—1. Split: 2x + 5=2(x + 1) + 3,50 A =2 + 3/(x + 1).

2. A nguyén khi 3/(x + 1) nguyén, tic x + 1 laudc cua 3: x + 1 € {I; —1; 3; —3}.
A is an integer when 3/(x + 1) is, that is x + 1 is a factor of 3: x + 1 €{1; —1, 3; —3}.

3. Suyrax € {0; —2; 2; —4}, déu khac —1.
Sox €{0;, —2; 2; —4}, all different from —1.

4.Kiém lai: x=0cho A=5;x=-2choA=—-1;x=2choA=3;x=—4choA=1.
Check: x =0gives A =5; x =—2givesA=—1; x =2gives A =3, x = —4 gives 4 = 1.
Vay x € {—4;-2;0; 2}.
Sox €{—4;,-2;0;2). &

S0 nguyén to trong bai kho va chir so tAn cung — Primes in harder problems and last
digits

PHAN TiCH / ANALYSIS —Ba s p, p + 2, p + 4 hon kém nhau 2 nén khi chia cho 3 chung
¢6 ba s du khac nhau. Vay c6 mot sb chia hét cho 3. S§ d6 phai bang 3 méi 1a nguyén t6.
The numbers p, p + 2, p + 4 differ by 2, so on division by 3 their remainders are all different. Hence
one of them is divisible by 3. That one must equal 3 to be prime.
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VI DU 1.18 (mirc chuyén) / EXAMPLE 1.18 (specialist level) — Tim s nguyén té p sao
cho p + 2 va p + 4 ciing 13 s6 nguyén td.
Find the prime p such that p + 2 and p + 4 are also prime.

Loi giai. / Solution.

1.p=2:p+2=41ahop s, loai. Tl day p 1é.

p = 2: p + 2 =4 is composite, rejected. From now on p is odd.
2.p=3:p+2=5,p+4="7deéu lasd nguyén td, nhan.
p=3:p+2=25 p+4=7areboth prime, accepted.

3.p > 3: p khong chia hét cho 3 nén p =3k + 1 hodcp=3k+2. Néup=3k+ 1thip+2
=3(k + 1) chia hét cho 3 va 1én hon 3, 1a hop s6. Néu p =3k + 2 thip + 4 = 3(k + 2)
chia hét cho 3 va 16n hon 3, 14 hop sd.

p > 3: pisnotdivisible by 3, sop =3k + 1orp =3k + 2. Ifp =3k + [ thenp + 2 = 3(k +
1) is divisible by 3 and greater than 3, so composite. If p = 3k + 2 thenp + 4 = 3(k + 2) is
divisible by 3 and greater than 3, so composite.

Vay chi co p = 3.

So the only solutionisp =3. &

VI DU 1.19 (mirc chuyén) / EXAMPLE 1.19 (specialist level) — Tim chif s tan cing cua
72026.

Find the last digit of 7°"*.

Loi giai. / Solution.
1. Tinh chit s6 tan cing cta céac lity thira dau: 7' = 7 tan cing 7; 72 = 49 tan cung 9; 7° =
343 tin cung 3; 7* = 2.401 tan cung 1; roi laplai 7,9, 3, 1 (chu ki 4).
Last digits of the first powers: 7' endsin 7; 77 =49in 9; 72 = 343 in 3; 7Y = 2,401 in 1, then
the pattern 7, 9, 3, I repeats (period 4).
2.2026 =4-506 + 2. Ma 7* tan cung 1 nén 729%* = (74)°% tan cung 1.
2026 = 4-506 + 2. Since 7% ends in 1, 7°9°* = (7?)°% ends in 1.
3. 72026 = 72024.72 chir 56 tan cung bang chir s6 tan cing ctia 1-9 = 9.
72026 = 72024.72 endls in the last digit of 1-9 = 9.
Vay chit s6 tan cing ctia 72°26 13 9.
So the last digit of 79?0 is 9. ®

LOI HAY GAP / COMMON MISTAKE — Chimg minh chia hét cho 6 bang cach thir vai
gi4 tri n. Thir vai s6 khong phai 1a chimg minh.

Proving divisibility by 6 by testing a few values of n. Testing examples is not a proof.

LOI HAY GAP / COMMON MISTAKE — Chia hét cho 4 va 6 rdi két luan chia hét cho 24:
sai vi UCLN(4; 6) =2 # 1 (vi du 12). Chi ghép hai s6 nguyén té cting nhau.

Divisible by 4 and 6, concluding divisible by 24: wrong since HCF(4, 6) = 2 + I (for example 12).
Only combine coprime divisors.
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LOI HAY GAP / COMMON MISTAKE — Tim x nguyén dé biéu thirc nguyén ma quén udc

am hodc quén diéu kién mau khéc 0.

Finding integer x for an expression but forgetting negative factors or the condition denominator # (.

NHAN XET / REMARK - Bai chttng minh c6 tham s6 n ma thir n = 1, 2 cho ra s dep (25,
121) thuong 1a dau hiéu binh phuong mot biéu thirc. Thir truée dé doan, rdi chimg minh téng
quat.

A proof question with parameter n where n = 1, 2 give nice numbers (25, 121) often hides the square

of an expression. Test first to guess, then prove in general.

n—n=(m-1n(n+1) (1.1)
nn+1(n+2)(n+3)+1=(Mm?+3n+1)2 (1.2)
UCLN(a; b)-BCNN(a; b) =a-b (1.3)

SO wéc ciaapagbrela(a+ 1) (b+ 1)(c+ 1) (1.4)

1.7. Luyén cau héi trac nghi€ém - Multiple-choice and short-answer practice

Nhiéu lya chon: tinh nhanh dap s6 roi ddi chiéu; hoac loai phuong an sai (sai diu hiéu,
sai tan cung). Pung/sai: xét doc 1ap ting y a, b, ¢, d, ¥ ndo ciing can mot 1i do. Tra 1oi
ngan: tinh ra mot sb rdi ghi ding sé d6, khong kém chir; néu dé néi 1am tron thi 1am tron
ding hang.

Multiple choice: compute the answer and match it, or eliminate wrong options (wrong test,
wrong last digit). True/false: judge parts a, b, c, d independently, each with a reason. Short
answer: compute one number and write just that number; if the question asks for rounding,
round to the stated place.

Cau 1/ Question 1 — S nao sau day chia hét cho ca 2,3 va5? A.1.236 B.2.310 C.
1.505 D.4.125
Which number is divisible by 2, 3 and 5? A. 1,236 B. 2,310 C. 1,505 D. 4,125

Cau 2 / Question 2 — UCLN(72; 108) béng A.12 B.18 C.36 D.216
HCF(72; 108) equals A.12 B. 18 C.36 D.216

Cau 3/ Question 3 —Giatricua3 —(-5)+(-2)41a A.—10 B.0 C.16 D.8
The value of 3 — (=5) + (=2)4is A.—10 B.0 C.16 D.$§

Cau 4 / Question 4 — Trong céc 6 51,53, 57, 59, 91 ¢6 bao nhiéu sb nguyén 6?2 A.1 B.2
C.3 D.4
How many of 51, 53, 57, 59, 91 are prime? A.1 B.2 C.3 D.4

Cau 5/ Question 5 — Cho A = 23-32-5. M&i khang dinh dung hay sai? a) A ¢6 dung ba thira
s6 nguyén t4 khac nhau. b) A chia hét cho 45. ¢) A ¢6 12 uéc. d) A 13 boi cua 16.

Let A = 2°-3%-5. True or false? a) A has exactly three distinct prime factors. b) A is divisible by 45. c)
A has 12 factors. d) A is a multiple of 16.

Cau 6 / Question 6 — Cho a = 84 va b =90. Mdi khing dinh dung hay sai? a) UCLN(a; b) =
6. b) BCNN(a; b) = 1.260. ¢) a va b nguyén t6 cing nhau. d) 12 1a udc chung ciia a va b.
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Let a =84 and b = 90. True or false? a) HCF(a; b) = 6. b) LCM(a; b) = 1,260. ¢) a and b are
coprime. d) 12 is a common factor of a and b.

Céu 7/ Question 7 — Mot khéi hoc sinh xép hang 6, hang 8 hodc hang 9 déu vira du. Biét sb
hoc sinh 16n hon 150 va nhé hon 250. Tinh s6 hoc sinh.

A year group lines up in rows of 6, 8 or 9 with none left over. The number of students is between 150
and 250. Find it.

Céu 8 / Question 8 — C6 bao nhiéu sé nguyén x thoa —3 < x < 4?
How many integers x satisfy —3 <x <4?

Dap an va giai thich — Answers and explanations

Cau
Questi
on

Pap an

Answer

B

ab,bb,cS,
dS
al,bT cF, d
F

ab,bb,cS,
dS
al,bT cF, d
F

216

Gidi thich

Explanation

2.310 tan cung 0 (; 2 va 5), tong chir s6 6 (; 3). A khong i 5; C 1¢; D tan
cung 5 nén Lé.

2,310 ends in 0 (divisible by 2 and 5), digit sum 6 (divisible by 3). A is not
divisible by 5; C is odd; D ends in 5 so is odd.

72 =2%3%,108 =2%-3%; UCLN =2%-32=36. 216 1a BCNN, nhiéu.
72 =233% 108 = 2°-3°; HCF = 2°-3° = 36. 216 is the LCM, a distractor.

3+5—8=0. A sai dau khi trir s 4m; C cong ca —8 thanh +8; D bo phép
nhan.

3+ 5 — 8= 0. A mishandles subtracting a negative; C adds 8 instead of —8; D
drops the product.

53 va 59 nguyén to; 51 =3-17,57 =319, 91 =7-13.
53 and 59 are prime; 51 = 3-17, 57 = 3-19, 91 = 7-13.

a) Thira s6 2, 3, 5: dang. b) A = 360 = 45-8: dung. ¢) S6 woc (3 + 1)(2 +
1)(1 +1)=24,sai. d) 360 : 16 =22,5, sai.

a) primes 2, 3, 5: true. b) A = 360 = 45-8: true. ¢) Factors (3 + )2 + 1)(I1 + 1)
= 24, false. d) 360 + 16 = 22.5, fulse.

84 =22-3-7;90 = 2-3*:5. a) UCLN = 2-3 = 6: ding. b) BCNN =
22-32.5-7 = 1.260: diing. ¢) UCLN = 6 # 1: sai. d) 90 khong chia hét cho
12: sai.

84 =2237, 90 = 2-3°-5. a) HCF = 2-3 = 6: true. b) LCM = 2°-3>-5-7 = 1,260:
true. ¢) HCF = 6 # 1: false. d) 90 is not divisible by 12: false.

BCNN(6; 8; 9) =23-32=72. Boi: 144, 216. Chi 216 nam trong khoang
(150; 250).
LCM(6; 8; 9) = 2°-37 = 72. Multiples: 144, 216. Only 216 lies in (150; 250).

X € {—2;-1;0; 1;2; 3;4}: 7 s6. Luu y —3 bi loai (ddu <), 4 duoc lay (dau
).

x €{=2,-1,0, 1,2, 3, 4}: 7 numbers. Note —3 is excluded (<) and 4 included
.
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1.8. Biang chién lwgc va thut ngiv — Strategy table and glossary

Gap diu hiéu & cot trai thi dung cach & cot giira; cot phai chi vi du 1am mau trong
chuong.

When you see the sign in the left column, use the method in the middle, the right column points
to the worked example.

Cach lam
Method

Diu hi¢u trong dé

Vi du

Sign in the problem Example

: Nhém cip tron, dit thira sé chung, dém sb
Tinh nhanh tong, tich P i &

s6 han 1.2
Quick sums and products ang .

Group round pairs, factor, count terms
Tim x c6 lily thira Pua vé cing co sO; nhd x —a ==b 14
X with powers Same base; remember x —a = +b '
Tim chit s6 dé chia hét Cudi: 2, 5; téng chit s6: 3,9 15
Missing digit for divisibility Last digit: 2, 5, digit sum: 3, 9 ’
Sb c6 phai nguyén t6; d&m wéc  Thr dén Vn; s6 mi cong 1 nhan lai 16,17
Prime test, count factors Test to \n; add I to exponents and multiply o
Chia déu, nhiéu nhém nhat UCLN 110
Share equally, most groups HCF )
Bao lau lai trung, s6 nho nhat BCNN L11
When it coincides again LCM ’
Xép hang cing du r n — r 12 bdi chung, ddi chiéu khoang L12
Rows with same remainder r n — ris a common multiple, check range '
S6 nguyén c6 tich hoac uéc Liét ké udc ca am, 1ap bang 14
Integer product or factor List factors including negative, tabulate ’

L Phan tich thanh tich lién tiép, xét s6 du
Ching minh chia hét ) ) P
o Factorise to consecutive terms, check 1.15

Prove divisibility .

remainders
Biéu thirc nguyén Tach phan nguyén, mau la udc 117

Expression is an integer

Thuéat ngir

Term (Vietnamese)

Tap hop Set

Phan tir
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Tiéng Anh

English

Element

Split whole part; denominator is a factor

Giai thich ngin
Short definition

Nhom d6i tugng xac dinh

A well-defined group of objects

An object in the set
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Thuéat ngir Tiéng Anh Giai thich ngin

Term (Vietnamese) English Short definition

Moi phﬁn tr cia n6 déu thude tap 16n hon

Téap con Subset
P All its elements lie in the larger set
A% Tap khong co phan tir
Tap ron, Empty set )
Ap Tong Pty A set with no elements
. a" = tich n thira sd a
Liy thura Power , o
a" = product of n factors a
IO Trong a™ a la co s, n 1a s6 mil
Co sd, sO mii Base, exponent Lo
In a": ais the base, n the exponent
. LA . =b-q voi C
Chia het Divisible a q V, 14 nggyen
a = b-q with q an integer
.. S chia hét s6 da cho
Udce Factor (divisor
( ) A number that divides the given one
. . S chia hét cho s6 da cho
Boi Multiple
) p A number divisible by the given one
Loya g 1% P Cach nhén biét chia hét qua chit s6
Dau hi¢u chia hét Divisibility test o qua e 5o
A digit-based way to recognise divisibility
£ A A . Lén hon 1, chi ¢6 hai udc 1 va chinh no
S6 nguyén to Prime number _ , o
Greater than 1 with only factors 1 and itself
i . Lén hon 1, ¢6 nhiéu hon hai uée
op p Greater than 1 with more than two factors
N A A . U'c 1a s6 nguyén to
Thtra s0 nguyén to Prime factor _ guyel
A factor that is prime
Udc chung 16n nhét Highest common factor ~ Uéc chung 16n nhét ciia cac s6
(UCLN) (HCF) The largest common factor
Boi chung nho nhét Lowest common Boi chung nho nhét khéc 0
(BCNN) multiple (LCM) The smallest nonzero common multiple
A UCLN bang 1
Nguyén t6 cung nhau Coprime
gy & p HCF equal to 1
Tim UCLN bang phép chia co du lap lai
Thuat toan Euclid Euclid's algorithm Finding the HCF by repeated division with
remainder
£ 86 tu nhién va s ddi cia nd
S6 nguyén Integer , ,
A natural number or its opposite
Ve . ava-—a
S6 doi Opposite number
aand —a
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Thuéat ngir Tiéng Anh Giai thich ngin
Term (Vietnamese) English Short definition

Khoang céch tir s6 d6 dén 0

Gi4 tri tuyét d6i Absolute value
b U Distance from the number to 0
; Binh phuong ciia mot sd tu nhién
S6 chinh phuon Square number . ’ ’
O cimip g d The square of a natural number
£ . Phan con lai trong phép chia c6 du
SO du Remainder : & phep

What is left in division with remainder

1.9. Bai tw luyén — Practice problems
Muc 1 - Co ban — Level I — Basic

Bai 1.1/ Problem 1.1 — Viét tap hop cac s6 ty nhién 1¢ 16n hon 10 va nho hon 24. Tap hop c6
bao nhiéu phan tir? Tinh tong cac phan tir.

Write the set of odd natural numbers greater than 10 and less than 24. How many elements does it
have? Find their sum.

Bai 1.2 / Problem 1.2 — Tinh 25-3 — [(45 — 3%:4) : 3+ 7].
Calculate 2°-3 — [(45 — 374) + 3 + 7].

Bai 1.3 / Problem 1.3 — Tim chit s6 a d¢é s6 5a4 chia hét cho 9.
Find the digit a such that the number 5a4 is divisible by 9.

Bai 1.4 / Problem 1.4 — Phan tich 540 va 630 ra thira s6 nguyén t4, roi tim UCLN va BCNN
cua hai s.
Factorise 540 and 630 into primes, then find their HCF and LCM.

Bai 1.5/ Problem 1.5 — Tinh (—15) + 28 — (=7) — 22.
Calculate (—15) + 28 — (=7) — 22.

Bai 1.6 / Problem 1.6 — Mt manh vuon hinh chit nhat dai 72 m, rdng 54 m dugc chia thanh
cac 6 vudng bang nhau, khong thira. Tim d6 dai canh 16n nhit cia 6 vudng va sb 6.

A rectangular plot 72 m long and 54 m wide is divided into equal squares with nothing left over. Find
the largest side of a square and the number of squares.

Mike 2 — Van dung — Level 2 — Applied

Bai 1.7 / Problem 1.7 — Tim s6 ty nhién x biét 2¥*! + 2% = 96,
Find the natural number x such that 2! + 2* = 96.

Bai 1.8 / Problem 1.8 — Mot nhom hoc sinh khi xép hang 4, hang 5 hodc hang 6 déu du 1 em,
con xép hang 7 thi vira d. Biét s6 hoc sinh nhé hon 400. Tim sb hoc sinh.

A group of students has 1 left over when lined up in rows of 4, 5 or 6, but fits exactly in rows of 7. The
number is less than 400. Find it.

Bai 1.9 / Problem 1.9 — Tim tit ca s6 nguyén x & B = (3x + 10)/(x + 1) 14 sé nguyén.
Find all integers x for which B = (3x + 10)/(x + 1) is an integer.
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Bai 1.10 / Problem 1.10 — Tim c4c s6 nguyén x, y thoa mdn xy — 2x +y = 5.
Find the integers x, y satisfying xy — 2x +y = 5.

Bai 1.11 / Problem 1.11 — Tim hai s ty nhién a < b biét UCLN(a; b) = 12 va a + b = 120.
Find natural numbers a < b with HCF(a; b) = 12 and a + b = 120.

Mike 3 — Nang cao, thi chuyén - Level 3 — Advanced, specialist-school entrance

Bai 1.12 / Problem 1.12 — Chtrng minh n® — n chia hét cho 30 véi moi s6 nguyén n.
Prove that ’ — n is divisible by 30 for every integer n.

Bai 1.13 / Problem 1.13 — Tim tit ca sb tu nhién n dé n? + 12 1a s6 chinh phuong.
Find all natural numbers n such that n* + 12 is a square number.

Bai 1.14 / Problem 1.14 — Chirng minh khong c6 sé nguyén x, y nio thoa man x — y? =
2026.
Prove that there are no integers x, y with x> — y* = 2026.

Bai 1.15 / Problem 1.15 — Tim tit ca sé nguyén duong n dé n2 + 11 chia hét cho n + 3.
Find all positive integers n such that n’ + 11 is divisible by n + 3.

1.10. Loi gidi bai tw luyé€n - Solutions to practice problems

Bai 1.1 — Problem 1.1
1. S6 1é dau tién 16n hon 10 14 11, s6 1¢ 16n nhat nho hon 24 13 23. Tap hop 1a {11; 13;

15; 17; 19; 21; 23}.
The first odd number above 10 is 11 and the largest less than 24 is 23. The set is {11, 13;

15;17;19; 21; 23}.
2.S6phanta: (23— 11):2+1="7.
Number of elements: (23 — 11) ~2+1=7.
3. Tong: (11 +23)-7:2=119.
Sum: (11 +23)7+2=119.
Vay tap hop c6 7 phan ti, tong bang 119.
So the set has 7 elements and the sum is 119. W

Bai 1.2 — Problem 1.2
1. Trong ngodc tron: 32-4 = 36, 16i 45 — 36 = 9.
Round brackets: 3°-4 = 36, then 45 — 36 = 9.
2.Ngodcvuong: 9:3+7=3+7=10.
Square brackets: 9+3 +7=3+7=10.
3.2%3=32-3=96, rdi 96 — 10 = 86.
2%-3 =323 =96, then 96 — 10 = 86.
Vay gia tri biéu thuc 1a 86.
So the value is §6. &
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Bai 1.3 — Problem 1.3
1. ala chir s6 tir 0 dén 9. Tong chit s6: 5+ a + 4 =9 + a, phai chia hét cho 9.
a is a digit from 0 to 9. The digit sum 5 + a + 4 = 9 + a must be divisible by 9.
2.9+ai9néna:i9,ma0<a<9néna=0hoaca=9.
9+a:9givesa 9, andwith0<a<9wegeta=0ora=>9.
3. Kiém lai: 504 : 9 =56 va 594 : 9 = 66.
Check: 504 ~ 9 = 56 and 594 ~ 9 = 66.
Vay a= 0 (s6 504) hoidc a =9 (s6 594).
So a = 0 (the number 504) or a = 9 (the number 594). &

Bai 1.4 — Problem 1.4
1. 540 = 2%-33-5 va 630 = 2-32-5-7.
540 = 2°-3%-5 and 630 = 2-3°-5-7.
2. UCLN: thira s6 chung 2, 3, 5 véi s6 mii nho nhét 1, 2, 1: 2:3%-5 = 90.
HCF: common primes 2, 3, 5 with smallest exponents 1, 2, 1: 2-3*-5 = 90.
3.BCNN: 2,3, 5,7 v6i so mii 16n nhat 2, 3, 1, 1: 22:3%:5-7 = 3.780.
LCM: 2, 3, 5, 7 with largest exponents 2, 3, 1, 1: 2°-3%-5-7 = 3,780.

4. Kiém lai: 90-3.780 = 340.200 = 540-630.
Check: 90-3,780 = 340,200 = 540-630.

Vay UCLN = 90 va BCNN = 3.780.
So HCF = 90 and LCM = 3,780. m

Bai 1.5 — Problem 1.5
1. Bo ngoac: —15+28 + 7 — 22.
Remove brackets: —15 + 28 +7 — 22.

2.-15+28=13;13+7=20;20—-22=-2.
—15+28=13;,13+7=20;20—-22=-2.

Vay gia tri bang —2.
So the value is —2. R

Bai 1.6 — Problem 1.6
1. Canh 6 vudng 13 udc chung ctia 72 va 54. Lén nhat nén bang UCLN(72; 54).
The side is a common factor of 72 and 54. Largest, so it equals HCF(72; 54).
2.72=233254=2-3%, UCLN =2-32=18.
72 =2%3% 54=23% HCF = 2:3° = 18.
3.866: (72 :18)-(54 : 18)=4-3=12.
Number of squares: (72 + 18)(54 +18) =4-3 = 12.
Vay canh 6 vudng 16n nhat 12 18 m, dugc 12 6.
So the largest side is 18 m, giving 12 squares. R

Tai li€u nay duogc bién soan boi doi ngli ciia website: https://tailieuso.vin
Trang 35



Tong 6n Toan cdp 2 (6-9) nang cao — Thi vao 16p 10 / Grades 6-9 Maths Revision for the

Grade 10 Entrance Exam

Bai 1.7 — Problem 1.7
1.2%1 =282 ngn 252 + 2% =2 (2 + 1) = 3°2%
20 =202 50 202 + ¥ = 22+ 1) = 32
2.3:2=96nén2*=32=25 suyrax =5.
3:2=96, 502 =32 =2° givingx = 5.
3. Kiém lai: 26+ 25 = 64 + 32 = 96.
Check: 26 + 2° = 64 + 32 = 96.
Vay x =5.
Sox=5 1

Bai 1.8 — Problem 1.8

1. Goi n 1a s6 hoc sinh. n — 1 chia hét cho 4, 5, 6 nén 1a boi cla BCNN(4; 5; 6) = 22-3-5
= 60.

Let n be the number. n — 1 is divisible by 4, 5, 6, so it is a multiple of LCM(4; 5, 6) = 2°-3-5

= 60.
2.01<400nénn € {61; 121; 181; 241; 301; 361} (n=60k + 1,k =1 dén 6; k=0 chon
= 1 khong hop li).
n<400son €{61; 121; 181; 241, 301; 361} (n =060k + 1, k=110 6; k=0 givesn = I,
not sensible).
3. Chon s6 chia hét cho 7: 61 =7-8 +5; 121 =7-17 +2; 181 = 7-25 + 6; 241 = 7-34 + 3
301 =7-43;361 =7-51 + 4.

Pick the one divisible by 7: 61 = 7-8 + 5, 121 =7-17 +2; 181 =7-25 + 6; 241 = 7:34 + 3;
301 =743; 361 =7-51 + 4.

Vay ¢6 301 hoc sinh.
So there are 301 students. ®

Bai 1.9 — Problem 1.9
1.Pidukibnx #-1.3x+10=3(x+ 1)+ 7nén B=3 + 7/(x + 1).
Conditionx+#—1.3x +10=3(x+ 1) + 7,50 B=3 + 7/(x + I).
2.Bnguyénkhix+1laudccua7:x+ 1€ {l;—-1;7;, -7}, suyrax € {0; —2; 6; —8}.
B is an integer when x + 1 is a factor of 7: x + 1 €{1; —1; 7; =7}, sox €{0; —2; 6; —8}.
3.Kiém lai: x=0choB=10;x=-2choB=-4;x=6cho B=4; x=—8 cho B=2.
Check: x = 0 gives B =10, x = —2 gives B = —4;, x = 6 gives B=4,;, x = -8 gives B = 2.
Vay x € {—8;—2;0; 6}.
Sox €{=8;—2;0;6). W
Bai 1.10 — Problem 1.10
1. Nhoém hang tir: xy +y —2x =y(x + 1) — 2(x + 1) + 2, nén phuong trinh thanh (x +
I(y—2)+2=5thc (x+ 1)y —2)=3.
Group terms: xy +y — 2x =y(x + 1) — 2(x + 1) + 2, so the equation becomes (x + 1)(y — 2)
+2=95thatis (x + )(y — 2) = 3.
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2.U@3) = {1;-1;3; -3}. Lap cac trudng hop cho (x + 1; y — 2):
The factors of 3 are 1, —1, 3, =3. Cases for (x + 1,y — 2):
*(1;3):x=0,y=5. 3;1):x=2,y=3.
(1;3):x=0,y=5 (3, 1):x=2,y=3.
c(—1; 3):x=-"2,y=—1. (3;-1):x=-4,y=1.
(—1;, -3):x==-2,y=—1. (-3, —1):x=—4,y=1
Vay (x;y) € {(0;5), (2; 3), (-2; —1), (-4 D}
So (x;y) €{(0;5), (2;3), (=2, 1), (-4, 1)}. &
Bai 1.11 — Problem 1.11
1.Pita=12m, b= 12n v6i UCLN(m; n) =1 vam <n. Tira + b= 120 suy ra 12(m + n)
=120, thc m + n=10.
Puta=12m, b = 12n with HCF(m; n) = 1 and m < n. Froma + b = 120 we get 12(m + n)
=120, som +n=10.
2.Caccap (m;n) voim<n,m+n=10: (1;9), (2; 8), (3; 7), (4; 6). Loai (2; 8) va (4; 6)
vi UCLN bing 2.
Pairs (m; n) withm <n,m +n=10: (1;9), (2, 8), (3, 7), (4; 6). Reject (2; 8) and (4, 6)
since the HCF is 2.
3.Con (1;9) cho (a; b) = (12; 108) va (3; 7) cho (a; b) = (36; 84).
(1; 9) gives (a; b) = (12, 108) and (3; 7) gives (a,; b) = (36, 84).
Vay (a; b) = (12; 108) hodc (36; 84).
So (a; b) = (12; 108) or (36, 84). A
Bai 1.12 — Problem 1.12
1. Phan tich: 0’ —n=n(n*—-1)=n(m? - 1)(n®>+1)=(n—1)n(n+ 1)-(n?+ 1).
Factorise:n’ —n=nm*—1)=nm? - 1)’ +1)=m— 1)nm+1)n°+ 1).
2. Ba sb nguyén lién tiép n — 1, n, n + 1 ¢4 mdt s6 chin va mot sé chia hét cho 3, nén
tich chia hét cho 2 va 3.
Among the three consecutive integers n — 1, n, n + I one is even and one is divisible by 3, so
the product is divisible by 2 and 3.
3. Chia hét cho 5: xétnchia5du 0,+1,42. Du0:n:5. Dul:n—1:5 Du—l:n+1:
5.Du+2:n?+ 1 chia5du4+1=5,chia hétcho 5, nénn?+1: 5.
Divisible by 5: take n with remainder 0, 1, 2 on division by 5. Remainder 0: n ? 5.
Remainder 1: n — 1 ;5. Remainder —1: n + 1 ;5. Remainder £2: n’ + 1 has remainder 4 +
1 =5, divisible by 5, son® + 1 : 5.
4.2, 3,5 d6i mot nguyén té cung nhau nén tich chia hét cho 2-3-5 = 30.
2, 3, 5 are pairwise coprime, so the product is divisible by 2-3-5 = 30.
Vay n’® — n chia hét cho 30 véi moi s6 nguyén n.
So n’ — n is divisible by 30 for every integer n. ®
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Bai 1.13 — Problem 1.13

1.Datn?+ 12 =m? véim € N, m > n. Suy ra (m — n)(m +n) = 12.
Put n’ + 12 = m? withm €N, m > n. Then (m — n)(m +n) = 12.

2. m—nvam + n cung tinh chin 1¢ (hiéu ciia ching 2n 14 s6 chin) va tich 12 chin, nén
c4 hai cung chan.

m — n and m + n have the same parity (their difference 2n is even) and the product 12 is
even, so both are even.

3. 12 =2-6 1a cach duy nhat viét thanh tich hai s6 chin véim —n<m+n. Suyram —n
=2, m+n=6,nénm=4,n=2,

12 = 2-6 is the only way to write 12 as a product of two even numbers withm —n <m + n.
Som—n=2,m+n=6,givingm=4,n=2.

4.Kiém lai: 22 + 12 =16 = 42,
Check: 2° + 12 =16 = 4°.
Vayn=2.
Son=2. 1

Bai 1.14 — Problem 1.14
1. Gia sir ¢6 x, y. Khi d6 (x — y)(x + y) = 2026. Hai thira s6 x — y va x + y clng tinh
chén 1¢ (hiéu cta chiing bang 2y 1a sb chén).

Suppose such x, y exist. Then (x — y)(x +y) = 2026. The two factors x — y and x + y have the
same parity (their difference 2y is even).

2. Néu cung 1¢ thi tich 1&, ma 2026 chin: loai.
If both are odd the product is odd, but 2026 is even: impossible.

3. Néu cung chan thi tich chia hét cho 4, ma 2026 = 4-506 + 2 khong chia hét cho 4:
loai.

If both are even the product is divisible by 4, but 2026 = 4-506 + 2 is not: impossible.
Vay khong c6 s6 nguyén x, y nao thda man.

So no integers x, y satisfy the equation. W

Bai 1.15 — Problem 1.15
1.Tacon?+ 11 =(n+3)(n—3)+ 20.
We haven’ + 11 = (n + 3)(n — 3) + 20.
2.12+ 11 chia hét cho n + 3 khi va chi khi 20 chia hét cho n + 3.
n? + 11 is divisible by n + 3 if and only if 20 is divisible by n + 3.
3.n>1nénn+3>4. Ubccua 20 tir 4 trd 1én: 4, 5, 10, 20. Suyran € {1;2;7; 17}.
n>1son+ 3>4. Factors of 20 that are at least 4: 4, 5, 10, 20. Son €{1; 2; 7; 17}.
4.Kiémlai: 12:4=3:15:5=3;60:10=6; 300 : 20 = 15.
Check: 12 +4=3;15+5=3;,60+10=6, 300+ 20=15.
Vayn € {1;2;7; 17}.
Son€{l;2;7;17}). m
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A

Chuong 2. Phan s, so6 thip phéin, s hiru ti, so thue va til¢ -

Chapter 2. Fractions, decimals, rationals, reals and proportion

Sau chwong nay em lam dwg'c — What you will be able to do

« Rat gon, quy dong, so sanh phan sb va lam dung bdn phép tinh voi phéan sd, sé thap
phan, so htru ti.

Simplify, put over a common denominator, compare fractions and carry out the four
operations on fractions, decimals and rationals.

- Giai bai toan phan tram: giam gia, ting gia, ti s6 phan trim, 1am tron theo yéu cau dé.
Solve percentage problems: discounts, price rises, percentage ratios, rounding as the
question asks.

« Phan biét s6 hitu ti, s6 vo ti, sb thuc; dung can bac hai s6 hoc va gia tri tuy¢t doi ding
chd.

Tell rational, irrational and real numbers apart; use the square root and the absolute value
correctly.

« Dung ti 1¢ thire, ddy ti s6 bang nhau, dai luong ti 1& thuan va ti 1& nghich dé chia va
tinh.

Use proportions, chains of equal ratios, direct and inverse proportion to share and calculate.

« Tinh tong diy phan sb bang cach tach hi¢u, so sanh hai liiy thira 1n.

Sum a series of fractions by splitting each term, and compare two large powers.
Kién thtrc ctia chuong it khi thanh mét cau riéng trong dé tuyén sinh. N6 nam lam budc
tinh bén trong cau todn thuc té, cau rat gon va cau doc biéu dd, nén tinh sai & day kéo
theo mat diém ca cau 1on.
This material is rarely a question on its own in entrance exams. It is the calculation step inside a

real-life problem, a simplification question or a chart question, so a slip here costs marks across
the whole question.

Hay gap &

Where it appears

Phan trim, gia niém yét, giam Thuong 1a ¥ dau cau toan thuc té&; c6 & 15/18

gia de Dé

Percentages, list price, Usually the first part of the real-life question, in 15 = Easy

discounts of 18 papers

Doc ti 16 phan trim trén biéu N R 3 x

dé °P Cau thong ké (17/18 de) De
Statistics question (17 of 18 papers) Easy

Reading percentages on a chart

A A A L1A A 1 Budc tinh trong moi ciu; dé tric nghiém hoi
Phan s0, s0 thap phan, lam £ me ’ ghie

ron truc tiép Dé
Fractions, decimals, rounding A steip if1 every question; multiple-choice papers Easy
ask it directly
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Dang Hay gap & Mure
Type Where it appears Level

Ti 1¢ thuan, ti I¢ nghich, chia
theo ti 1€ Toan thuc té va 1ap phuong trinh Trung binh
Direct and inverse proportion, Real-life and word problems Medium

sharing in a ratio

Can bac hai sb hoc, so sanh Céu it gon (16/18 d&) va cau so sanh .

% o : : Trung binh
sO thuc Simplification question (16 of 18 papers) and Med

edium

Square roots, comparing reals comparison
Téng diy phan s6, so sanh
lity thira, gia tri tuyét di nho
nhét D¢ chuyén Toén; cau cudi d¢ khong chuyén Kho
Fraction series, comparing Specialist papers, last question of ordinary papers | Hard

powers, minimum of absolute
values

2.1. Phin so: bz"mg nhau, rit gon, so sanh, hon 0 — 2.1. Fractions: equal, simplify,

compare, mixed numbers

Phan sd 1a cach ghi mdt phﬁn ctia mot don vi. Mudn c6 3/4 cai banh, em chia cai banh
lam 4 phan bang nhau rdi liy 3 phan. S 3 dtng trén goi 1a tir s6. S6 4 ding dudi goi 1a
mau s6. Mau s6 cho biét chia may phan, tir s6 cho biét ldy may phan.

A fraction writes part of one whole. To get 3/4 of a cake, cut the cake into 4 equal parts and take
3. The 3 on top is the numerator. The 4 under it is the denominator. The denominator says how
many parts, the numerator says how many are taken.

PINH NGHIA 2.1 (Phan s6) / DEFINITION 2.1 (Fraction) — Phan s6 13 biéu thirc a/b,
trong d6 a va b 1a s6 nguyén va b # 0. Mau b khong bao gio bang 0. Vi du: 3/4, —5/7, 6/(—8).
A fraction is an expression a/b where a and b are integers and b # 0. The denominator is never 0.
Examples: 3/4, —=5/7, 6/(—8).

Hai phan s bang nhau khi chung chi cing mot phan ciia don vi. Chia cai banh lam 2
phan ldy 1 phan, hay lam 4 phan liy 2 phan, em déu duoc nira cai banh. Vay 1/2 = 2/4.
Two fractions are equal when they show the same part of a whole. Cut a cake into 2 parts and
take 1, or into 4 parts and take 2: you get half a cake either way. So 1/2 = 2/4.

TINH CHAT 2.2 (Tinh chit co ban ciia phan sé) / PROPERTY 2.2 (Fundamental
property of fractions) — Nhan (hodc chia) ca tir vd mau ctia mot phan sd cho cing mot so
nguyén khac 0 thi duoc phan sb bang né: a/b = (a-m)/(b-m) va a/b = (a:n)/(b:n) véi n 1a ude
chung ctia a va b. Vi du: 3/5=12/20 va 18/24 = 3/4.

Multiply or divide both numerator and denominator by the same non-zero integer and you get an
equal fraction: a/b = (a‘m)/(b-m) and a/b = (a:n)/(b:n) when n divides both a and b. Examples: 3/5 =
12/20 and 18/24 = 3/4.

a/b=c/dead=b-c (b+0,d+0) 2.1
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Cong thirc (2.1) 14 cach nhanh nhat dé kiém hai phan sé c6 bang nhau khong. Vi du 6/9
va 10/15: 6:15 =90 va 9-10 = 90, hai tich bang nhau nén 6/9 = 10/15.

Formula (2.1) is the quickest way to test whether two fractions are equal. For 6/9 and 10/15:
615 =90 and 9-10 = 90, so 6/9 = 10/15.

Dang 1. Rut gon phan s6 — Type 1. Simplifying a fraction

Rt gon 1a chia tir va miu cho ciing mdt s6 dé dugc phan sd don gian hon. Phan s6 tdi
gian 12 phan s6 ma tir va mau khong con wéc chung nao 16n hon 1. Bé cho phan sb 16n,
yéu cau viét vé dang t6i gian. UCLN 13 u6c chung 16n nhét, em da hoc ¢ Chuong 1 (muc
1.4).

To simplify is to divide numerator and denominator by the same number to get a simpler
fraction. A fraction is in lowest terms when numerator and denominator share no common

divisor above 1. The exam gives a large fraction and asks for lowest terms. HCF is the highest
common factor from Chapter 1 (section 1.4).

1. Phén tich tir v mAu ra thira s6 nguyén t4, hodc tim UCLN ctia chung.
Factorise numerator and denominator into primes, or find their HCF.

2. Chia c4 tir va mau cho UCLN vira tim.
Divide both numerator and denominator by that HCF.

3. Kiém lai: UCLN cua tir vd miu moi phai bang 1. Néu mau am, doi dau ca tir va miu
dé mau duong.
Check: the new numerator and denominator must have HCF 1. If the denominator is
negative, flip both signs.

VI DU 2.1 (rit gon) / EXAMPLE 2.1 (simplify) — Rt gon phén s6 168/252.
Simplify 168/252.

Loi giai. / Solution.
1. Phén tich: 168 = 23-3-7 va 252 = 22:32-7. Ldy mdi s6 nguyén t6 v6i sé mii nho nhat:
UCLN =22-3-7=84.
Factorise: 168 = 2°-3-7 and 252 = 2°-3°-7. Take each prime to its smaller power: HCF =
22:3.7 = 84.
2. Chia ca hai s6 cho 84: 168 : 84 =2 va 252 : 84 =3,
Divide both by 84: 168 : 84 =2 and 252 : 84 = 3.
3. UCLN(2, 3) = 1 nén phan s6 da tdi gian.
HCF(2, 3) = 1, so the fraction is in lowest terms.
Vay 168/252 = 2/3.
So 168/252=2/3.

Dang 2. So sanh va Siclp Xép phan s0 — Type 2. Comparing and ordering fractions

Hai phan s6 ciing mau duong thi phan s nao co tir 16n hon 1a 16n hon. Hai phan s6 khac
mau thi phai quy dong truéc. Quy ddng 1a dua cac phan sé vé cing mot mau, thudng 13
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BCNN ciia cac mau. Véi phan s 4m: s6 4m ludn nhé hon s6 duong, va trong hai s6 4m
thi s6 c6 gia tri tuyét dbi 16n hon lai nhé hon. Vi du —3/4 <—2/3 vi 9/12 > 8/12.

With the same positive denominator, the larger numerator gives the larger fraction. With
different denominators, put them over a common denominator first, usually the LCM of the
denominators. Negative fractions: a negative number is below any positive one, and of two

negatives the one with larger absolute value is smaller. For example —3/4 < —2/3 because 9/12
> 8/12.

1. Pua moi mau vé mau duong. Tim BCNN cua cac mau.
Make every denominator positive. Find the LCM of the denominators.

2. Véi mdi phan s, léy BCNN chia cho miu cua n6 dugc thira s6 phu, roi nhan ca tir va
mau v6i thira s6 phu.
For each fraction divide the LCM by its denominator to get a multiplier, then multiply
numerator and denominator by it.

3. So sanh cac tir va viét két qua theo thir tu dé yéu cau.
Compare the numerators and write the result in the order asked.

VI DU 2.2 (so sanh) / EXAMPLE 2.2 (compare) — Sép xép cac phan sb 3/4, 5/6, 7/9, 2/3
theo tht ty ting dan.
Arrange 3/4, 5/6, 7/9, 2/3 in increasing order.

Loi giai. / Solution.
1. Cacmau la 4, 6,9, 3. BCNN(4, 6, 9, 3) = 36.
The denominators are 4, 6, 9, 3. LCM(4, 6, 9, 3) = 36.
2. Quy déng: 3/4=127/36; 5/6 =30/36; 7/9 = 28/36; 2/3 = 24/36.
Common denominator: 3/4 = 27/36, 5/6 = 30/36, 7/9 = 28/36, 2/3 = 24/36.
3. So sanh tu: 24 <27 <28 < 30.
Compare numerators: 24 < 27 < 28 < 30.
Vay 2/3 <3/4<7/9 <5/6.
S0 2/3<3/4<7/9<5/6. &

2/3 7/9

1 b PPN b
TT A d

0 3/4  5/6 1

Hinh 2.1. Bén phan s6 ctia Vi dy 2.2 trén truc sb: cang sang phai cang 16n
Figure 2.1. The four fractions of Example 2.2 on a number line: further right means larger

Hinh 2.1 cho thay 3/4 va 7/9 dtng sat nhau. Hai phan s6 gin nhau la chd dé nhim nhat,
nén ludn quy dong chtr khong doan bang mit.

Figure 2.1 shows 3/4 and 7/9 very close. Close fractions are where mistakes happen, so always
put them over a common denominator rather than guess by eye.
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HOn s0 — Mixed numbers

Hbn s6 14 s6 gdbm phan nguyén va phan phan s, nhu 2 3/5 (doc 14 hai va ba phan nim),
nghia 1a 2 + 3/5. P6i hon s6 ra phan sé: 14y phan nguyén nhan miu roi cong tir. Vi 2
3/5:2-5+ 3 =13, vay 2 3/5 = 13/5. DPoi nguoc lai: 13 chia 5 dugc 2 du 3, nén 13/5 =2
3/5.

A mixed number has a whole part and a fraction part, like 2 3/5 (two and three fifths), meaning 2
+ 3/5. To change it into a fraction, multiply the whole part by the denominator and add the

numerator. For 2 3/5: 2:5 + 3 =13, so 2 3/5 = 13/5. In reverse, 13 divided by 5 is 2 remainder
3,50 13/5=23/5.

Khi tinh toan, d6i hdn s6 ra phan s6 ro6i méi nhan, chia. Cong hdn sé riéng phan nguyén
va phan phan s dé sai khi tong phan phan s6 16n hon 1.

When calculating, change mixed numbers to fractions before multiplying or dividing. Adding the
whole and fraction parts separately goes wrong when the fraction parts sum to more than 1.

PHAN TICH / ANALYSIS — Tir ¢c6 n, mau ciing c¢6 n. Em tach tir thanh mot bdi cia mau
cong voi mot s6 ¢b dinh: 2n+ 7 =2-(n + 1) + 5. Khi d6 phan s6 bang mot s6 nguyén cong véi
5/(n+ 1). Chi con hoi khi ndo 5/(n + 1) 1a s6 nguyén, tirc n + 1 13 wéc cua 5.

The numerator and denominator both contain n. Split the numerator into a multiple of the
denominator plus a fixed number: 2n + 7 = 2-(n + 1) + 5. The fraction then equals an integer plus
5/(n + 1). It only remains to ask when 5/(n + 1) is an integer, that is when n + 1 divides 5.

Vi DU 2.3 (gia tri nguyén) / EXAMPLE 2.3 (integer value) — Tim tit ca s6 nguyén n dé
phan s6 (2n + 7)/(n + 1) ¢6 gia tri 13 sb nguyén.
Find all integers n for which (2n + 7)/(n + 1) is an integer.

Loi giai. / Solution.
I.Piéukién:n+1#0, thcn # —1.
Condition: n + 1#0, thatisn# —1.
2. Tach ti: @n+7)/(n+ 1)=Q-(n+ 1)+ 5)/(n+1)=2+5/(n+1).
Split: 2n+7)/m+1)=2m+1)+5)/n+1)=2+5/mn+1).
3. S6 2 1a s6 nguyén nén phan s nguyén khi va chi khi 5/(n + 1) nguyén, ttic (n + 1) 1a
uodc cua 5.

Since 2 is an integer, the fraction is an integer exactly when 5/(n + 1) is, that is when (n + 1)
divides 5.

4.Ubccua51a—5,-1,1,5. Suyran+1€ {-5,-1, 1,5}, thcn € {—6, 2,0, 4}.
The divisors of 5 are =5, =1, 1, 5. Son + 1 €{=5, —1, 1, 5}, thatisn € {—6, =2, 0, 4}.

5. Ca bén gia tri déu khac —1. Thir lai: n =0 cho 7; n=4 cho 3; n=-2 cho —3; n = —6
cho 1.

All four differ from —1. Check: n = 0 gives 7, n = 4 gives 3; n = —2 gives —3; n = —6 gives
1.

Vayn € {~6,-2,0, 4}.
Son €{~6,-2,0,4}. m
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LOI HAY GAP / COMMON MISTAKE — Rut gon bang cach gach s6 giéng nhau & tir va
mau khi chung dang cong, nhu (2 + 5)/(2 + 7) = 5/7. Chi dugc chia cho thira s chung, khong
chia cho s hang.

Cancelling equal numbers in numerator and denominator when they are added, as in (2 + 5)/(2 + 7)
= 5/7. You may cancel common factors only, never terms.

LOI HAY GAP / COMMON MISTAKE — So sanh hai phan s bang cach so tir rdi so mau
riéng. Vi du 5/8 va 3/4 ¢6 5 > 3 nhung 5/8 < 3/4. Phai quy dong.

Comparing fractions by comparing numerators and denominators separately. For 5/8 and 3/4, 5 > 3
vet 5/8 < 3/4. Put them over a common denominator.

PHAI THUQC / MEMORISE — a/b = c/d & a-d =b-c (b, d # 0). Phén sb tdi gian khi
UCLN(ttr, mau) = 1.

a/b = c/d & ad=b-c (b, d+0). Afraction is in lowest terms when HCF(numerator, denominator) =
1.

2.2. Bon phép tinh véi phén s6 va hai bai toan vé phan sé — 2.2. The four

operations on fractions and two fraction problems

Cong va trir can cung mau. Nhan va chia thi khong can. Em ghi bon quy tic sau va thi
v6i 56 nho.

Adding and subtracting need a common denominator. Multiplying and dividing do not. Learn the
four rules and try each with small numbers.

a/b+c/d=(a-d+bc)/(bd a/b—c/d=(ad=bc)/(bd) (22

(a/b)-(c/d) = (a-c)/(b-d)  (a/b):(c/d)=(a/b)-(d/c) (c#0) (23)
Vidu sdnho: 172+ 1/3 = (1:3 +2-1)/6 = 5/6. Va (2/3)-(3/4) = 6/12 = 1/2. Va (1/2) : (1/4)
=(1/2)-4=2.

Small examples: 1/2 + 1/3 = (1-3 + 2-1)/6 = 5/6. And (2/3)-(3/4) = 6/12 = 1/2. And (1/2) : (1/4)
= (1/2)4 = 2.

Mudn cdng cho nhanh, quy dong bang BCNN cua cac mau thay vi tich cac mau. Muén
nhan cho nhanh, rat gon chéo trudc khi nhan: chia tir ciia phan sé nay va miu ctia phan
sd kia cho cing mét udc chung, nhu (4/9)-(3/8) = (1/3)-(1/2) sau khi chia 4 va 8 cho 4,
chia 9 va 3 cho 3. SO ddi cua a/b 1a —a/b. S6 nghich dao cua a/b (a # 0) 1a b/a, vi
(a/b)-(b/a) = 1.

To add quickly, use the LCM of the denominators rather than their product. To multiply quickly,
cancel across before multiplying: divide the numerator of one fraction and the denominator of
the other by a common factor, as in (4/9)(3/8) = (1/3)-(1/2) after dividing 4 and 8 by 4, and 9
and 3 by 3. The opposite of a/b is —a/b. The reciprocal of a/b (a # 0) is b/a, since (a/b)-(b/a) = 1.

Dang 3. Tinh gia tri biéu thic, tinh hop li — Type 3. Evaluating an expression, working
smartly

Thur tu: ngodc trudc, roi nhan chia, roi cong tru. Néu c6 thira sb chung, em dat ra ngoai
ngoic dé tinh cho gon.
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Order: brackets first, then multiplication and division, then addition and subtraction. If there is a
common factor, take it outside a bracket to shorten the work.

1. Nhin ca biéu thire: ¢6 thira s6 chung, hay hai phan s6 cong lai thanh sé nguyén
khong?
Look at the whole expression. is there a common factor, or do two fractions add to a whole
number?

2. Néu c6, dat thira s6 chung ra ngoai rdi tinh phan trong ngoic.
If so, take the common factor out and evaluate the bracket.

3. Néu khong, quy dong theo BCNN r6i cong trir, cudi ciing rit gon.
If not, use the LCM, add and subtract, then simplify.

Vi DU 2.4 (tinh hop li) / EXAMPLE 2.4 (smart calculation) — Tinh B = (2/7)-(5/9) +
(2/7)-(4/9) + 3/7.
Evaluate B = (2/7)-(5/9) + (2/7)-(4/9) + 3/7.

Loi giai. / Solution.
1. Hai sb hang dau c6 thira s6 chung 2/7. it ra ngoai: B = (2/7)-(5/9 + 4/9) + 3/7.
The first two terms share the factor 2/7. Take it out: B = (2/7)-(5/9 + 4/9) + 3/7.
2. Trong ngodc: 5/9 +4/9=9/9 = 1.
In the bracket: 5/9 + 4/9 = 9/9 = 1.
3.B=2/7)-1+3/7=2/7+3/7=5/17.
B=(2/7)1+3/7=2/7+3/7=5/7.
Vay B =5/7.
SoB=135/7. m

Dang 4. Hai bai toan vé phan s0 — Type 4. Two fraction problems

Pé thyc té hay hoi hai viéc. Mot: biét ca sd, tim phﬁn ctia nod. Hai: biét mot phén, tim ca
s6. Em nhé hai quy tic sau va nhén ra viéc ndo bang cdu hoi: dé cho "ca" hay cho "phan".
Real-life questions ask one of two things. One: know the whole, find the part. Two: know the

part, find the whole. Learn the two rules and decide which applies by asking whether the exam
gives the whole or the part.

Phan cta s a theo phan s6 m/n: a-(m/n). SO biét m/n chand bangb: b:
(m/n). (2.4)
Vi dy: 2/5 cta 60 13 60-2/5 = 24. S6 ma 2/5 clia nd bang 24 1 24 : 2/5 = 24-5/2 = 60.

For example: 2/5 of 60 is 60-2/5 = 24. The number whose 2/5 equals 24 is 24 : 2/5 = 24-5/2 =
60.

1. Goi ca quyén, ca quing dudng hay ca sé can tim 13 1 don vi.
Call the whole book, the whole distance or the whole quantity 1 unit.

2. Véi mbi 1an dung mot phan, tinh phan da dung va phan con lai, ké tir dau.
At each stage compute the part used and the part left, starting from the beginning.
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3. Tim phan s6 cta ca sb Gmg véi luong dé cho bang s cu thé, roi chia lugng d6 cho
phan s6.
Find the fraction of the whole that matches the amount given as a number, then divide the
amount by the fraction.

VI DU 2.5 (hai bai toan vé phan s6) / EXAMPLE 2.5 (two fraction problems) — Ha doc
mot quyén sach trong 3 ngay. Ngay thir nhat doc 2/5 sb trang. Ngay thir hai doc 3/4 s6 trang
con lai. Ngay tht ba doc ndt 45 trang. Quyén sach c6 bao nhiéu trang?

Ha reads a book over 3 days. On day one she reads 2/5 of the pages. On day two she reads 3/4 of the
pages still left. On day three she reads the last 45 pages. How many pages does the book have?

Loi giai. / Solution.

1. Coi ca quyén 1a 1. Sau ngay tht nhét con lai 1 — 2/5 = 3/5 quyén.
Take the whole book as 1. After day one, 1 — 2/5 = 3/5 of the book is left.

2. Ngay thir hai doc 3/4-3/5 = 9/20 quyén.
On day two she reads 3/4-:3/5 = 9/20 of the book.

3. Con lai sau hai ngay: 3/5 — 9/20 = 12/20 — 9/20 = 3/20 quyén.
Left after two days: 3/5 — 9/20 = 12/20 — 9/20 = 3/20 of the book.

4. 3/20 quyén Ung véi 45 trang nén ca quyén co6 45 : 3/20 = 45-20/3 = 300 trang.
3/20 of the book is 45 pages, so the book has 45 : 3/20 = 45-20/3 = 300 pages.

5. Thtr lai: ngay 1 doc 120 trang, con 180; ngay 2 doc 135 trang, con 45. Pung dé.
Check: day I reads 120 pages, 180 left; day 2 reads 135, 45 left. Matches the exam.

Vay quyén sach c6 300 trang.
So the book has 300 pages. &

LOI HAY GAP / COMMON MISTAKE — L4y 3/4 ctia ca quyén thay vi 3/4 cta phan con
lai. Chit "con lai" trong dé ddi ca cai dem nhan.

Taking 3/4 of the whole book instead of 3/4 of what is left. The words "what is left" change the
quantity you multiply.

LOI HAY GAP / COMMON MISTAKE — Chia cho phan s6 ma quén d4o nguoc: 4 : 2/3 =
4-3/2 = 6, khong phai 4-2/3.
Dividing by a fraction without flipping it: 4 : 2/3 = 4:3/2 = 6, not 4-2/3.

2.3. S0 thap phan, 1am tron, ti so va ti s6 phan tram — 2.3. Decimals, rounding,
ratios and percentages

S6 thap phan 1a phan s6 c6 mau 10, 100, 1000... viét gon: 0,75 = 75/100 = 3/4. Phan
dung trude dau phiy 1a phan nguyén, phan sau 13 phan thap phan. Céac chir sé sau dau
phay goi 1an luot 1a hang phan mudi, phan trim, phan nghin. Vé&i 47,2583: chir s6 2 &
hang phan muoi, 5 & hang phan trim, 8 & hang phan nghin.

A decimal is a fraction with denominator 10, 100, 1000... written briefly: 0.75 = 75/100 = 3/4.
The part before the point is the whole part, the part after is the decimal part. Digits after the
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point are tenths, hundredths, thousandths in turn. In 47.2583 the 2 is tenths, the 5 hundredths,
the 8 thousandths.

Cong, trir s6 thap phan: dit ddu phay thang cot. Nhan: nhan nhu s nguyén rdi dém tong
sO chir s6 sau ddu phay cta hai thira s6. Chia: doi dau phay cta s chia va sd bi chia cing
sO chit s6 dé so chia thanh sé nguyén.

To add or subtract decimals, line up the points. To multiply, multiply as integers and count the

total decimal places of the two factors. To divide, move the point of divisor and dividend the
same number of places until the divisor is a whole number.

Lam tron va wéc lwong — Rounding and estimating

TINH CHAT 2.3 (Quy tiic lam tron) / PROPERTY 2.3 (Rounding rule) — Lam tron dén
mot hang: nhin chit s6 ngay bén phai hang d6. Néu chit s 4y nho hon 5 thi giit nguyén chit s6
& hang 1am tron. Néu tir 5 tré 1én thi ting chir s6 & hang 1am tron thém 1. Sau d6 bo céc chit
sO bén phai (hoic thay bang 0 néu & phan nguyén).

To round to a place, look at the digit just to its right. If it is below 5, keep the digit in the rounding
place. If it is 5 or more, raise that digit by 1. Then drop the digits to the right (or replace them by 0 in
the whole part).

Vi du vé6i 47,2583: 1am tron dén hang phan muoi duoc 47,3 (vi chir sd bén phai 1a 5).
Pén hang phan tram dugc 47,26 (chit sé bén phai 1a 8). Pén hang don vi dugc 47. Pén
hang chuc dugc 50.

With 47.2583: to the nearest tenth gives 47.3 (the next digit is 5). To the nearest hundredth gives
47.26 (the next digit is 8). To the nearest unit gives 47. To the nearest ten gives 50.

U6c lugng 1a 1am tron cac sb truge khi tinh dé biét két qua cd bao nhiéu. Vi du 48,7 x 9,8
~ 50 x 10 = 500. Két qua mdy tinh ra 477,26 thi hop li. Néu ra 47,726 hay 4.772,6 thi em
d3 sai ddu phay.

To estimate, round the numbers first to see roughly how big the answer is. For example 48.7 %

9.8=50 x 10 = 500. A calculator answer of 477.26 is sensible. An answer of 47.726 or 4,772.6
means a misplaced point.

Ti s6 va ti so ph?m tram — Ratios and percentages

Ti s6 cta hai dai lugng cting don vi a va b (b # 0) 1a a : b, tirc phan sb a/b. Ti sd phan
tram 14 ti s& viét voi mau 100 va kém ki hiéu %. Vi du 18 em nam trong 40 em, ti s6 nam
so voi ca 16p 1a 18/40 = 45/100 = 45%.

The ratio of two quantities in the same unit a and b (b # 0) is a : b, the fraction a/b. A percentage

is a ratio written over 100 with the sign %. For example 18 boys among 40 pupils: the ratio of
boys to the class is 18/40 = 45/100 = 45%.

p%cuaa = a-p/100  TisO phantramctaasovéib = (a/b)-100%  S6
biét p% cliané bang c: ¢c-100/p  (2.5)
Gia sau khi tang p% = giact-(1 + p/100) Gia sau khi giam p% = gia ct-(1
—p/100)  (2.6)
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Dang 5. Bai toan phan trim: giam gia, ting gia — Type 5. Percentage problems: discounts
and price rises

Gi4 niém yét 1a gia ghi trén nhan trudc khi giam. Diéu quyét dinh 1a giam "so véi gia
nao". Giam lan hai thuong tinh trén gia da giam 1an mot, khong phai trén gia niém yét.
The list price is the price on the label before any reduction. What decides the answer is "reduced

rom which price". A second reduction is usually taken on the price already reduced once, not on
p Y 'y
the list price.

1. Ghi 5 gia gbc cua timg 1an ting hodc giam.
Write down the starting price for each rise or fall.

2. Mbi lan thay gia bang gia-(1 £ p/100) theo cong thirc (2.6).
Each time replace the price by price-(1 £ p/100) using formula (2.6).

3. Mubn biét thay doi cudi cing bao nhiéu phan trim, so gia cubi voi gia dau: (gia dau —
gia cubi)/gia dau-100%.
To find the overall change in percent, compare the final with the first price: (first —
final)/first-100%.

Vi DU 2.6 (giam gia hai 1in) / EXAMPLE 2.6 (two successive discounts) — Mot chiéc 4o
niém yét 450.000 dong. Cira hang giam 20%, rdi giam thém 10% trén gia da giam. Tinh gia
cubi cung. Gia d6 thip hon gia niém yét bao nhiéu phan trim?

A shirt has a list price of 450,000 dong. The shop takes off 20%, then a further 10% of the reduced
price. Find the final price. By what percentage is it below the list price?

Loi giai. / Solution.
1. Sau lan giam thir nhat: 450.000-(1 —0,2) =450.000-0,8 = 360.000 dé)ng.
After the first reduction: 450,000-(1 — 0.2) = 450,000-0.8 = 360,000 dong.
2. Sau lan giam thir hai, tinh trén 360.000: 360.000-(1 — 0,1) = 324.000 déng.
After the second, taken on 360,000: 360,000-(1 — 0.1) = 324,000 dong.
3. S tién giam tong cong: 450.000 — 324.000 = 126.000 dong.
Total reduction: 450,000 — 324,000 = 126,000 dong.

4. Ti s6 phan tram: 126.000/450.000-100% = 28%.
Percentage: 126,000/450,000-100% = 28%.

Vay gia cudi cung 1a 324.000 ddng, thap hon gia niém yét 28% (khong phai 30%).
So the final price is 324,000 dong, 28% below the list price (not 30%). |

Vi DU 2.7 (ting rdi gizm) / EXAMPLE 2.7 (rise then fall) — Gia gao ting 25% so véi
thang truéc. Hoi thang nay gia phai giam bao nhiéu phan trim dé quay vé gi4 cua thang
trudce?

The price of rice rose by 25% on last month. By what percentage must this month's price fall to return
to last month's price?

Loi giai. / Solution.
1. Goi gié thang trude 1a 1 (don vi). Gié sau khi tang 1a 1,25.
Call last month's price 1 (unit). After the rise it is 1.25.
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2. Goi x% la mirc giam can tim. Phai ¢6 1,25-(1 — x/100) = 1.
Let x% be the fall. We need 1.25-(1 — x/100) = 1.

3.Suyral —x/100=1/1,25= 0,8, nén x/100 = 0,2 va x = 20.
Sol—x/100=1/1.25 = 0.8, hence x/100 = 0.2 and x = 20).

Vay phai giam 20%.
So it must fall by 20%. W

NHAN XET / REMARK — Ting p% rdi giam dung p% khong vé gia cii. Gia ddi tir 1 thanh
(1 +p/100)(1 — p/100) = 1 — p*/10.000, nhé hon 1. Vi lan giam tinh trén gi4 da ting, 14 s 16n
hon.

A rise of p% followed by a fall of exactly p% does not return to the old price. The price goes from I to
(1 +p/100)(1 — p/100) = 1 — p%10,000, below 1. The fall is taken on the raised price, which is larger.

LOI HAY GAP / COMMON MISTAKE — Cong thing cac phan trim: giam 20% rdi 10%
khong phai giam 30%. Mdi 1an giam c6 gia gdc khac nhau.

Adding percentages directly: 20% then 10% off is not 30% off. Each reduction has a different starting
price.

LOI HAY GAP / COMMON MISTAKE — Lam tron quéa sém. Giit nguyén sd & cac budc
giita, chi 1am tron & dap s6 cudi va ghi rd "lam tron dén hang nao".

Rounding too early. Keep the exact numbers in the middle steps, round only the final answer and state
the place.

NHAN XET / REMARK — Khi dé cho gia sau giam va hoi gia niém yét, em chia chir khong
nhan: gia niém yét = gia sau giam : (1 — p/100). Vi du gia sau giam 15% 1a 170.000 dong thi

niém yét 170.000 : 0,85 = 200.000 dong.

When the exam gives the price after a discount and asks for the list price, divide, do not multiply: list

price = discounted price : (I — p/100). A price of 170,000 dong after 15% off was listed at 170,000 :

0.85 = 200,000 dong.

PHAI THUQC / MEMORISE — Gia sau ting p% = gia cii-(1 + p/100); sau giam p% = gia
cii(1 — p/100). Giam lan hai tinh trén gia da giam.

Price after a rise of p% = old price-(1 + p/100); after a fall of p% = old price-(1 — p/100). A second
fall is taken on the reduced price.

2.4. S6 hiru ti: liiy thira, thir tw phép tinh, quy tic chuyén vé — 2.4. Rational

numbers: powers, order of operations, moving terms

S6 hitu ti 1a s6 viét duoc dudi dang phan sb a/b vdi a, b nguyén va b # 0. Tap hop cac sb
hitu ti ki hiéu 1a Q. SO nguyén 1a sé hiru ti (5 = 5/1), s6 thap phan hiru han 1a sé hiru i
(0,75 = 3/4), hon ) cling vay. Moi quy tac cOng, trr, nhan, chia cia muc 2.2 dung dugc
nguyén ven.

A rational number can be written as a fraction a/b with integers a, b and b # 0. The set of

rationals is written Q. Integers are rational (5 = 5/1), finite decimals are rational (0.75 = 3/4),
and so are mixed numbers. Every rule of section 2.2 still applies.
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PINH NGHIA 2.4 (Liiy thira véi s6 mii tw nhién) / DEFINITION 2.4 (Power with a
natural exponent) — Lily thira bac n ctia s6 hiru ti x (n 13 s6 ty nhién 16n hon 1) 1a tich ctia n
thira s6 bang x: X" = x'x"...'x. Quy udc x' =x va x’ =1 (x £ 0). V6i x = a/b thi (a/b)" = a¥/b".
S6 x goi la co s6, n goi la s6 mil.

The power x" of a rational x (n a natural number above 1) is the product of n factors equal to x: x" =
xx-....x. By convention x' = x and x’ = 1 (x # 0). For x = a/b, (a/b)" = a"/b". The number x is the base,
n the exponent.

xm.xn = Xm+n xM : x0 = ym-n (Xm)n —= xmn (X.y)n — Xn.yn (27)

Vi dy sd: 2324 =27 =128. 35 : 32 =33 =27. (2%} = 26 = 64. Dau cua lily thira: s6 Am mii
chédn cho két qua duong, mii 1¢ cho két qua am. (—2)* = 16 nhung (—2)° = —8. Can than:
—2%=—16 vi dau trir khéng nam trong lity thira.

Numeric examples: 23:2* = 27 = [28. 3° : 32 = 33 = 27. (2°)> = 20 = 64. Signs: a negative base
with even exponent gives a positive result, odd exponent a negative one. (—2)? = 16 but (—2)° =
—8. Careful: —2* = =16, since the minus is not inside the power.

Dang 6. Tinh gia tri biéu thic c6 liy thira — Type 6. Evaluating expressions with powers

1. Banh diu thir ty: ngoac, roi Iy thira, r6i nhan chia tir trai sang phai, roi cong trur.
Mark the order: brackets, then powers, then multiplication and division left to right, then
addition and subtraction.

2. Tinh timg lity thira, chd y ddu cta co sd am.

Evaluate each power, watching the sign of a negative base.

3. Thyc hién phép nhan chia, réi quy dong dé cong trir. Rat gon két qua.

Do the multiplications and divisions, then use a common denominator to add and subtract.
Simplify the resullt.

VI DU 2.8 (liiy thira) / EXAMPLE 2.8 (powers) — Tinh B = (—1/2)? + (3/4) : (=3/2)%
Evaluate B = (—1/2)° + (3/4) : (-3/2)*.

Loi giai. / Solution.
1. Lity thira th@ nhat: (—1/2)% = —1/8 (mii 1é nén 4m).
First power: (—1/2)° = —1/8 (odd exponent, so negative).
2. Liiy thtra thir hai: (—3/2)? = 9/4 (mii chin nén duong).
Second power: (—3/2)° = 9/4 (even exponent, so positive).
3. Phép chia: (3/4) : (9/4) = (3/4)-(4/9) = 12/36 = 1/3.
Division: (3/4) : (9/4) = (3/4)-(4/9) = 12/36 = 1/3.
4.Cong: B=—-1/8 + 1/3 =-3/24 + 8/24 = 5/24.
Add: B=—1/8 + 1/3 =—-3/24 + 8/24 = 5/24.
Vay B = 5/24.
SoB=5724. m
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Quy tac chuyén vé — The rule for moving terms

TINH CHAT 2.5 (Quy tic chuyén vé) / PROPERTY 2.5 (Moving terms across an
equality)—Néua=bthia+c=b+c,a—c=b—c,Vénéuc¢0thia-c=b-c,a:c=b i C.
Hé qua: khi chuyén mot sé hang tir vé nay sang vé kia cia mot dang thirc, phai d6i dau sb
hang d6. Vidux—3=5thix=5+3=8.

Ifa=bthenatc=b+c,a—c=b—c andifc#0thenac=bc,a:c=b>b:c Consequence:
moving a term from one side of an equality to the other changes its sign. For example x — 3 = 5 gives
x=5+3=8

1. Chuyén cac s6 hang chura x vé mot vé, sb hang tu do vé vé kia, nh¢ ddi dau.
Move terms with x to one side and constants to the other, changing signs.

2. GOp cac sb hang cung loai: cong cac s6 nhan véi x (hé s6 cua X), cOng cac ) khong
chura x.
Combine like terms: add the numbers multiplying x (the coefficients) and add the plain
numbers.

3. Chia hai vé cho sé nhéan véi x. Thé nghiém vao dé goc dé kiém.
Divide both sides by the number multiplying x. Substitute the answer into the original to
check.

VI DU 2.9 (chuyén vé) / EXAMPLE 2.9 (moving terms) — Tim x biét (2/3)x — 1/4 = 5/6 —
(1/2)x.
Find x if (2/3)x — 1/4 = 5/6 — (1/2)x.

Loi giai. / Solution.
1. Chuyén (1/2)x sang vé trai va —1/4 sang vé phai: (2/3)x + (1/2)x = 5/6 + 1/4.
Move (1/2)x to the left and —1/4 to the right: (2/3)x + (1/2)x = 5/6 + 1/4.
2. GOp: (4/6 +3/6)x = 10/12 + 3/12, trc (7/6)x = 13/12.
Combine: (4/6 + 3/6)x = 10/12 + 3/12, that is (7/6)x = 13/12.
3. Chia hai vé cho 7/6: x = (13/12)-(6/7) = 78/84 = 13/14.
Divide both sides by 7/6: x = (13/12)(6/7) = 78/84 = 13/14.
4. Thir: vé trai (2/3)(13/14) — 1/4 = 13/21 — 1/4 = 31/84; vé phai 5/6 — 13/28 = 31/84.
Hai vé bang nhau.
Check: left side (2/3)(13/14) — 1/4 = 13/21 — 1/4 = 31/84; right side 5/6 — 13/28 = 31/84.
The sides agree.
Vay x = 13/14.
Sox=13/14. m

LOI HAY GAP / COMMON MISTAKE — Chuyén vé ma khong d6i ddu. Tir x + 3 = 5 viét
X =5+ 3. S hang d6i vé thi doi dau.

Moving a term without changing its sign. From x + 3 = 5 writing x = 5 + 3. A term that changes side
changes sign.
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LOI HAY GAP / COMMON MISTAKE — Viét (-3)2 =-9. Co s6 4m nim trong ngodc thi

mii chan cho két qua duong: (—3)>=09.

Writing (—3)° = —9. A negative base inside brackets with an even exponent gives a positive result:

(-3 =9

2.5. S6 thap phéan vé han tuin hoan, s6 vo ti, so thue, gia tri tuyét doi — 2.5.

Recurring decimals, irrational numbers, real numbers, absolute value

Chia 1 cho 3 em dugc 0,3333... Cac chir sé lap mai. S6 thap phan c6 phan lip lai vo han
nhu vay goi 1a sb thap phan v6 han tuan hoan. Phan lap lai goi 1a chu ki, viét trong ngodc:
1/3 =0,(3); 7/11 = 0,(63); 1/6 = 0,1(6). S6 0,(63) ¢ chu ki 63.

Divide 1 by 3 and you get 0.3333... The digits repeat for ever. A decimal with an endless

repeating part is a recurring decimal. The repeating part is the period, written in brackets: 1/3 =
0.(3); 7/11 = 0.(63); 1/6 = 0.1(6). The number 0.(63) has period 63.

TINH CHAT 2.6 (S hitu ti va s6 thip phan) / PROPERTY 2.6 (Rationals and decimals)
— MBOi sb hiru ti viét dwoc dudi dang sb thap phan hiru han hodc vo han tuan hoan, va nguoc
lai mbi s6 thap phan nhu vay 1a mot s6 hiru ti.

Every rational number can be written as a finite or recurring decimal, and conversely every such
decimal is rational.

Dang 7. D6i s6 thiap phan tudn hoan ra phan s6 — Type 7. Writing a recurring decimal as
a fraction
1. Pit x bang s6 da cho.
Let x be the given number.
2. Nhan x v6i 10% (k 12 s chit s6 ctia phan khong 1ap) va véi 105™ (m 14 s6 chir s6 cta
chu ki), sao cho hai s6 méi c6 cung phan lap sau dau phay.
Multiply x by 10" (k digits before the period) and by 10°™ (m digits in the period), so that
the two new numbers have the same repeating tail.
3. Lay s6 10n trir s6 nho dé phan 1ap mat di, roi giai ra x va rt gon.
Subtract the smaller from the larger so the repeating tail vanishes, then solve for x and
simplify.

Vi DU 2.10 (s6 thap phén tuin hoan) / EXAMPLE 2.10 (recurring decimal) — Viét 0,(36)
va 1,2(3) duéi dang phan sb tdi gian.
Write 0.(36) and 1.2(3) as fractions in lowest terms.

Loi giai. / Solution.
1. Bat x = 0,(36). Chu ki ¢6 2 chir s6 nén nhan 100: 100x = 36,(36).
Let x = 0.(36). The period has 2 digits, so multiply by 100: 100x = 36.(36).
2. Tru: 100x — x = 36, tirc 99x = 36, suy ra x = 36/99 = 4/11.
Subtract: 100x — x = 36, that is 99x = 36, so x = 36/99 = 4/11.
3. baty =1,2(3). Nhan 10: 10y = 12,(3). Nhan 100: 100y = 123,(3).
Lety = 1.2(3). Multiply by 10: 10y = 12.(3). Multiply by 100: 100y = 123.(3).
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4. Tru: 100y — 10y =123 - 12 =111, tac 90y = 111, suy ray = 111/90 = 37/30.

Subtract: 100y — 10y = 123 — 12 =111, thatis 90y = 111, soy = 111/90 = 37/30.
Vay 0,(36) =4/11 va 1,2(3) = 37/30.
S0 0.(36) =4/11 and 1.2(3) = 37/30. &

S0 v ti, can bac hai so hoc, so thwe — Irrational numbers, the square root, real numbers

C6 nhitng s6 thdp phan vo han ma cac chit sé khong lip theo chu ki nao, nhu
1,41421356... D6 13 s6 vo ti. S6 vo ti khong viét duoc thanh phan sd. SO hitu ti va s6 vo
ti hop lai thanh tap sb thuc R. Mdi s6 thyuc ing voi dung mot diém trén truc so.

Some endless decimals have digits that never repeat in a period, like 1.41421356... These are

irrational numbers. They cannot be written as a fraction. Rationals and irrationals together
make the set of real numbers R. Each real number matches exactly one point on the number line.

PINH NGHIA 2.7 (Cin béc hai s6 hoc) / DEFINITION 2.7 (Square root) — Cin bac hai
s6 hoc cta sb a khong am, ki hi¢u \/a, lasb khong am x théa x> = a. Vi du V49 =7vi7>0va
72 = 49. S6 am khong c6 cin béac hai. Hai s6 7 va —7 déu c6 binh phuwong bang 49, nhung chi
7 12 V49.

The square root Na of a non-negative number a is the non-negative number x with x* = a. Example:

N49 = 7 since 7> 0 and 7° = 49. A negative number has no square root. Both 7 and —7 square to 49,
but only 7 is N49.

V2 14 s vo ti. Em dung duoc diém V2 trén truc s6: v& hinh vuong canh 1 trén doan tur 0
dén 1, dudng chéo dai V2 theo dinh li Pythagore (12 + 12 = 2), ding compa quay dudng
chéo xubng truc s6 (Hinh 2.2).

N2 is irrational. You can mark N2 on the number line: draw a square of side 1 on the segment

firom 0 to 1. Its diagonal has length \2 by Pythagoras (1> + 17 = 2). Swing the diagonal down
onto the line with a compass (Figure 2.2).

Hinh 2.2. Dyng diém 2 trén truc sé bang dudng chéo hinh vudng canh 1
Figure 2.2. Marking \2 on the number line with the diagonal of a unit square

So sanh hai sb thuc ¢6 can: néu a, b >0 thia<b & Va < Vb. Mudn so V50 — 3 v6i 4, em
chuyén vé so V50 véi 7. Vi 49 < 50 nén V49 <50, tic 7 < V50.

To compare real numbers with roots: fora, b>0,a < b & Na < \b. To compare V50 — 3 with 4,
reduce to N50 against 7. Since 49 < 50, N49 < N50, that is 7 < \50.
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Vi DU 2.11 (so sanh s6 thuc) / EXAMPLE 2.11 (comparing reals) — So sanh V50 — 3 véi
4.
Compare N50 — 3 with 4.

Loi giai. / Solution.
1. Chuyén 3 sang vé phai: so sanh V50 v6i 4 + 3 = 7.
Move 3 across: compare N50 with4 + 3 =7.
2. Viét 7=49. Vi 49 < 50 nén V49 <50, tirc 7 < V50,
Write 7 = \49. Since 49 < 50, 49 <50, that is 7 < N50.
3. Trir 3 hai vé: V50 -3 >7 -3 =4.
Subtract 3 from both sides: N50 — 3> 7 — 3 = 4.
Vay V50 — 3 > 4.
SoN50-3>4 =

Gia tri tuyét ddi — Absolute value

Gia tri tuyét ddi ctia mét sb 1a khoang cach tu s6 d6 dén 0 trén truc sd, nén ludn khong
am. Ki hi¢u [x]. [5| =5 va |-5|=5. V6i x > 0 thi [x| =x. V&1 x <0 thi [x| = —x. Vidu |-2/3]
= 2/3. Tt dinh nghia: |x| = k (k > 0) ¢6 hai nghiém x =k va x = —k.

The absolute value of a number is its distance from 0 on the number line, so it is never negative.
Written |x|. |5| = 5 and |=5| = 5. For x >0, |x| = x. For x <0, |x| = —x. Example: |—-2/3| = 2/3.
From the definition, |x| = k (k> 0) has two solutions x = k and x = —k.

TINH CHAT 2.8 (Bit dang thirc tam giic cho gia tri tuyét ddi) / PROPERTY 2.8
(Triangle inequality for absolute values) — V&i moi s6 thyc a, b: |a| + [b| > |a + b|. D4u bang
xay ra khi va chi khi a-b > 0 (hai s6 cung dau hoic mot s6 bang 0).

Forall real a, b: |a| + |b| > |a + b|. Equality holds if and only if a-b > 0 (same sign, or one of them ().

Chirng minh. / Proof.
Hai vé déu khong 4m nén so binh phuong cia ching:

Both sides are non-negative, so compare their squares:
(Ja] + |b])2=a2+ b2+ 2:]a-b] (a+Db)2=a%2+b%+2:ab

Vi |a-b| > a-b nén (Ja| + [b|)? > (a + b) suy ra [a| + |[b| > |a + b|. Ddu bang khi |a-b| = a‘b,
tirc a-b > 0.

Since |a-b| > ab, (la| + |b|)? > (a + b)?, so |a| + |b| > |a + b|. Equality when |a-b| = a'b, that is
ab>0. =

PHAN TiCH / ANALYSIS — C6 hai diu gia tri tuyét di, mdi cai do khoang cach tir x t6i
mot diém: x t6i 2 va x t6i 5. Tong hai khoang cach nay nho nhat khi x nam giita hai diém.
Mubn viét thanh 15i giai, em ghép hai biéu thirc sao cho x triét tiéu khi cong: (x — 2) va (5 —
X).

There are two absolute values, each a distance from x to a point: x to 2 and x to 5. The sum of the two
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distances is smallest when x lies between the points. To turn this into a proof, pair the expressions so
that x cancels when added: (x — 2) and (5 — x).

Vi DU 2.12 (gia tri tuyét ddi nhé nhit) / EXAMPLE 2.12 (minimum with absolute
values) — Tim gia tri nho nhat ciia A =[x — 2| + [x — 5|, va c4c gi tri cua x dé dat gid tri do.
Find the minimum of A = |x — 2| + |x — 5|, and the values of x that attain it.

Loi giai. / Solution.

LLVi|S5—x|=[]x—5nén A=|x—2|+|5 — x|
Since |5 —x|=x—5[,A=x—2]+ |5 —x|.

2. Theo tinh chat 2.8: A > |(x — 2) + (5 — x)| = 3] = 3.
By property 2.8: A>|(x—2) + (5 —x)| =1|3| = 3.

3. Dau bang khi (x —2)(5 —x) >0, thc 2 < x < 5.
Equality when (x — 2)(5 —x) >0, that is 2 <x < 5.

4. Thux=3:A=1+2=3.Thux=0:A=2+5=7>3.
Checkx =3:A=1+2=3 Checkx=0:A=2+5=7>3.

Vay gia tri nhé nhat ctia A 1a 3, dat khi va chi khi 2 <x <5.

So the minimum of A is 3, attained exactly when 2 <x<5. H

LOI HAY GAP / COMMON MISTAKE — Viét V(-9) = —3 hodc V16 = +4. Can bac hai sb
hoc luén khong 4m: V16 = 4, va sb 4m khong c6 can.

Writing N(-9) = =3 or \16 = +4. The square root is always non-negative: N16 = 4, and a negative
has no root.

LOI HAY GAP / COMMON MISTAKE — Viét [x — 3| = 5 chi ra mdt nghiém. Phai c6 hai
nghiém: x — 3 =5 hodc x — 3 =5, tirc x = 8 hodc x = —2.
Giving one solution of |x — 3| = 5. There are two: x —3 =50rx — 3 =—5, thatisx =8 orx = —2.

PHAI THUQC / MEMORISE — [x| > 0; x| = x khi x > 0 va [x| = —x khi x < 0. Va > 0, Va chi
co khia>0.
x| > 0; |x| =x when x >0 and |x| = —x when x < 0. Na > 0, and a exists only for a > 0.

2.6. Ti 1¢ thirc, diy ti s6 bing nhau, dai lwong ti 1¢ thuin va ti 1¢ nghich — 2.6.

Proportions, chains of equal ratios, direct and inverse proportion

Ti 1€ thure 1a déng thtrc cta hai ti s6: a/b = c¢/d. Vi du 6/9 = 4/6. Bénsd a, b, ¢, d goi la cac
sd hang. a va d 13 ngoai ti, b va ¢ 1a trung ti. Tinh chit co ban: tich ngoai ti bang tich
trung ti, a-d = b-c, chinh 1 cong thirc (2.1). Ding n6 dé tim s6 hang chua biét.

A proportion is an equality of two ratios: a/b = c/d. Example 6/9 = 4/6. The four numbers a, b, c,
d are the terms. a and d are the extremes, b and c the means. Basic property: product of

extremes equals product of means, a-d = b-c, which is formula (2.1). Use it to find an unknown
term.
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TINH CHAT 2.9 (Tinh chit cia diy ti s bing nhau) / PROPERTY 2.9 (Property of a
chain of equal ratios) — Néu a/b = ¢/d = e/f (v6i cac mau va b + d + f khac 0) thi mdi ti s6 d6
bang (a+ ¢ + e)/(b + d + ), va ciing bang (a — ¢ + ¢)/(b — d + f) khi miu khac 0. Vi dy 2/3 =
4/6=6/9=2+4+6)/(3+6+9)=12/18 =2/3.

If a/b = c/d = e/f (all denominators and b + d + f'non-zero) then each ratio equals (a +c +e)/(b +d
+ ), and also (a — ¢ + e)/(b — d + f) when that denominator is non-zero. Example 2/3 = 4/6 = 6/9 =
2+4+6)/(3+6+9)=12/18=2/3.

Cach viét gon diy tisba/3=b/5=c/71aa:b:c=3:5:7. Lic lam bai, em dit chung ti
sd d6 bang k. Khi d6 a = 3k, b = 5k, ¢ = 7k. P& cho thém mét diéu kién dé tim k.

The short form of the chain a/3 = b/5 =c/7isa:b:c=3:5:7 When solving, set the common
ratio to k. Then a = 3k, b = 5k, ¢ = 7k. The exam adds one condition to find k.

Dang 8. Chia mot s theo ti 1¢ cho trwéc — Type 8. Sharing a quantity in a given ratio

1. Viét céc sb can tim theo ti sd: a/3 = b/5 = ¢/7, dit gia tri chung 1a k.
Write the unknowns in the ratio: a/3 = b/5 = ¢/7, call the common value k.

2. Biéu dién tung sb qua k: a=3k, b =5k, ¢ = 7k.
Express each unknown through k: a = 3k, b = 5k, ¢ = 7k.

3. Thé vao diéu kién cua dé (tong, hiéu, tich) dé tim k. Roi tinh ting sb va thi lai.
Substitute into the exam's condition (sum, difference, product) to find k. Then compute each
unknown and check.

Vi DU 2.13 (diy ti s6 bang nhau) / EXAMPLE 2.13 (chain of ratios) — Ba sb a, b, ¢ ti 18
v613,5,7vaa+b+c=60. Tima, b, c.
Three numbers a, b, c are intheratio3 :5: 7anda + b + ¢ = 60. Find a, b, c.

Loi giai. / Solution.
1. bat a/3 =b/5 =c¢/7 =k. Khi d6 a= 3k, b = 5k, ¢ = 7k.
Leta/3 =b/5=c¢/7 =k. Thena =3k, b =5k c =7k
2.a+b+c=3k+5k+7k=15k =60, suy rak =4.
a+b+c=3k+5k+7k=15k= 60, sok=4.
3.a=12,b=20,c=28.
a=12,b=20 ¢c=28.
4. Thi: 12+20+28=60va12:20:28=3:5:7. bung.
Check: 12 +20+28=60and 12 :20:28=3:5:7. Correct.
Vay (a, b, ¢) = (12, 20, 28).
So (a, b, c)=(12,20,28). &

PHAN TICH / ANALYSIS — S b ¢6 mit trong c4 hai ti s6, nhung & hai ti s6 né tng voi 3
va 4. Phai d6i hai ti s6 sao cho b ing véi ciing mot s6. BCNN(3, 4) = 12 nén dua b vé 12
phan. Luc d6 ca ba s6 dd nam trong mot day ti sd.

The number b appears in both ratios, yet it matches 3 in one and 4 in the other. Rewrite both ratios so
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that b matches the same number. LCM(3, 4) = 12, so use 12 parts for b. All three numbers then lie in
a single chain.

VI DU 2.14 (ghép hai ti s6) / EXAMPLE 2.14 (combining two ratios) — Cho a/b = 2/3, b/c
=4/5vaa+b+c=140. Tima, b, c.
Given a/b = 2/3, b/c = 4/5 and a + b + ¢ = 140. Find a, b, c.

Loi giai. / Solution.
1. Pua b vé 12 phan: a/b =2/3 = 8/12 nén a/8 =b/12. Va b/c =4/5=12/15nén b/12 =
c/15.
Put b at 12 parts: a/b =2/3 = 8/12 so a/8 = b/12. And b/c = 4/5 = 12/15 so b/12 = c/I5.
2.Vaya/8=b/12=c/15=(a+b+c)/(8 + 12+ 15) = 140/35 = 4.
Soa/8=>b/12=c/I5=(a+b+c)/(8+12+15)=140/35=4.
3.a=84=32;b=12-4=48;c =154 = 60.
a=84=32,b=124=48 c=154=60.
4. Thu: 32/48 = 2/3; 48/60 = 4/5; 32 + 48 + 60 = 140. bung.
Check: 32/48 = 2/3; 48/60 = 4/5; 32 + 48 + 60 = 140. Correct.
Vay (a, b, ¢) = (32, 48, 60).
So (a, b, ¢) = (32, 48, 60). m

Dai lwgng ti 1€ thuén, ti 1€ nghich — Direct and inverse proportion

Hai dai luong x va y ti 18 thuan khi y = k-x voi k 1 hang s6 khac 0. Mot dai luong ting
gap doi thi dai luong kia cling ting gip d6i. Vi du s6 mét vai va sb tién mua vai. Hai dai
luong ti 18 nghich khi x'y = a v&i a 1a hang sd khéc 0, tirc y = a/x. Mot dai luong ting gap
d6i thi dai luong kia giam mot nira. Vi du s6 cong nhan va sd ngay lam xong cling mot
viéc.
Two quantities x and y are in direct proportion when y = k-x with k a non-zero constant. If one
doubles, the other doubles. Example: metres of cloth and the price paid. They are in inverse

proportion when xy = a with a a non-zero constant, that is y = a/x. If one doubles, the other
halves. Example: workers and days needed for the same job.

Tilé thuan: x1/x2 =y1/y2  Tilé nghich: x1/x2 =y2/y1 (tkc xX1-y1 = X2-y2)
(2.8)
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y=1,5x

y = 6/x

X

Hinh 2.3. Ti 1é thuan y = 1,5x 14 nira dudng thang qua gdc; ti 18 nghich y = 6/x 1a duong cong di
xudng

Figure 2.3. Direct proportion y = 1.5x is a ray through the origin, inverse proportion y = 6/x is a falling
curve

1. Xac dinh hai dai lugng va xem chung cung tang (thuan) hay mdt ting mot gidm
(nghich).
Identify the two quantities and decide whether they rise together (direct) or one rises as the
other falls (inverse).

2. Lap bang hai dong, ghi gia tri da biét va an.
Make a two-row table with the known values and the unknown.

3. Lap ti 1€ thuc theo (2.8) va giai. Tra 101 kém don vi.
Set up the proportion by (2.8) and solve. Answer with the unit.

VI DU 2.15 (ti 1¢ nghich) / EXAMPLE 2.15 (inverse proportion) — Muoi hai cong nhan
lam xong mot cong viéc trong 15 ngay. Hoi 15 cong nhan (cung nang suit) lam xong cong
viéc do trong bao nhi€u ngay?

Twelve workers finish a job in 15 days. How many days would 15 workers of the same pace need?

Loi giai. / Solution.
1. Nhiéu cong nhan hon thi can it ngay hon, nén hai dai luong ti 1¢ nghich (tich s6 nguoi
va sd ngay khong d6i).
More workers means fewer days, so the quantities are in inverse proportion.
2. Goi x 14 s6 ngay can tim. Theo (2.8), tich hai dai lugng khong d6i: 12-15 = 15-x.
Let x be the days. By (2.8) the product is constant: 12-15 = 15-x.
3.Suyrax=12-15/15=12.
Sox=12-15/15 = 12.
4. Thir: 12 nguoi x 15 ngay = 180 cong; 15 nguoi x 12 ngay = 180 cong. Diung.
Check: 12 workers x 15 days = 180 worker-days, 15 workers x 12 days = 180. Correct.
Vay 15 cong nhan lam xong trong 12 ngay.
So 15 workers finish in 12 days. W
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VI DU 2.16 (chia ti 1¢ nghich) / EXAMPLE 2.16 (sharing in inverse ratio) — Chia 930 san
pham cho ba t6 theo ti 1& nghich vé6i 2, 3, 5. Mdi to nhan bao nhiéu san phim?
Share 930 items among three teams in inverse proportion to 2, 3, 5. How many does each team get?

Loi giai. / Solution.
1. Chia ti 1€ nghich véi 2, 3, 5 nghia 1a chia ti 1¢ thuan voi 1/2, 1/3, 1/5.
Sharing in inverse proportion to 2, 3, 5 means sharing in direct proportion to 1/2, 1/3, 1/5.
2. Quy dong 1/2 : 1/3 : 1/5=15/30:10/30 : 6/30, nén ti s 1a 15 : 10 : 6.
Common denominator: 1/2 : 1/3 : 1/5 = 15/30 : 10/30 : 6/30, so the ratio is 15 : 10 : 6.
3. Goi cac phan 1a 15k, 10k, 6k. Tong 31k = 930, suy ra k = 30.
Call the shares 15k, 10k, 6k. Their sum is 31k = 930, so k = 30.
4. Cac t6 nhan 15-30 = 450; 10-30 = 300; 6-30 = 180 san phém. Thu: 450 + 300 + 180 =
930.
The teams get 15-30 = 450, 10-30 = 300, 6-:30 = 180. Check: 450 + 300 + 180 = 930.

Vay ba t6 nhan lan luot 450, 300, 180 san pham.
So the teams get 450, 300 and 180 items respectively. W

NHAN XET / REMARK — Khi chia ti 1 nghich, t6 c6 s6 thir ty nho nhat nhan nhiéu nhét.
D6 1a cach em kiém dap an: td ung véi 2 nhan 450, nhiéu hon t6 ung v6i 5 nhan 180.

When sharing inversely, the team with the smallest number gets the most. This is a quick check: the
team with 2 gets 450, more than the team with 5, which gets 180.

LOI HAY GAP / COMMON MISTAKE - Chia theo ti 1& nghich ma vén chia theo 2 : 3 : 5.
Phai ddi sang 1/2 : 1/3 : 1/5 truéc.
Sharing in inverse ratio but still using 2 : 3 : 5. Convertto 1/2 : 1/3 : 1/5 first.

LOI HAY GAP / COMMON MISTAKE — Nham ti 18 thuan véi ti 16 nghich: ting thém
ngudi lam thi ngay 1am phai giam, em kiém bang cau hoi "cai nay tang thi cai kia ting hay
giam".

Mixing up direct and inverse proportion: more workers means fewer days. Ask yourself "if this goes
up, does the other go up or down".

PHAI THUQC / MEMORISE — Ti 18 thun: y = kx (clng ting, y/x khong ddi). Ti 1&
nghich: x'y = a (mot ting mot giam, tich khong doi).
Direct: y = kx (rise together, y/x constant). Inverse: xy = a (one rises, one falls, product constant).

2.7. Nang cao: téng day phan s0 va so sanh liy thira — 2.7. Advanced: sums of

fraction series and comparing powers

Hai dang nay thuong lam cau cudi ciia dé khong chuyén va quen thudc trong dé chuyén.
Ca hai cing mot ¥: bién phép tinh dai thanh vai s6 hang con lai.

These two types are often the last question of ordinary papers and are familiar in specialist ones.
Both share one idea: turn a long calculation into a few surviving terms.
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Dang 9. Tong diy phan s6 bang cach tach hiéu — Type 9. Summing a series of fractions
by splitting

TINH CHAT 2.10 (Tach hiéu hai phin s6) / PROPERTY 2.10 (Splitting into a
difference) — V&i n, k 1a s6 nguyén duong: 1/(n-(n + k)) = (1/k)-(1/n — 1/(n + k)). Khik = 1:
/(n'(n+1))=1n—-1/(n+1).

For positive integers n, k: 1/(n"(n + k)) = (1/k)-(I/n — 1/(n + k). Withk=1: 1/(n(n + 1)) = I/n —
Un+1).

Chirng minh. / Proof.
Quy dong vé phai:

Put the right side over a common denominator:

(1/k)-(1/n = 1/(n + k)) = (1/k)-((n + k) —n)/(n-(n + k)) = (1/k)-k/(n-(n +
k) =1/(n(n +k))

1. Nhin mdi s6 hang: mau 1a tich hai s6 cach nhau k (k =1, 2, 3...). Xac dinh k.
Look at each term: the denominator is a product of two numbers k apart (k =1, 2, 3...). Find
k.

2. Tach timg s6 hang theo tinh chét 2.10, nh nhan thém 1/k.
Split each term by property 2.10, remembering the factor 1/k.

3. Viét vai s6 hang dau va cudi ra, thdy cac sd hang giita triét tiéu timg doi mot.
Write out the first and last few terms and see the middle ones cancel in pairs.

4. Chi con s6 hang dau va cudi. Tinh nét.
Only the first and last survive. Finish the calculation.

PHAN TiCH / ANALYSIS — Mau mdi s6 hang 14 tich hai s6 lién tiép: 1-2, 2-3, 3-4, ... Hiéu
hai phan s6 1/n — 1/(n + 1) quy dong 1én dung 1a 1/(n-(n + 1)). Néu viét mdi s6 hang thanh
hiéu, s6 trir cia s6 hang nay s& bang s bi trir cuia s6 hang sau va hai s6 cong lai thanh 0.

Each denominator is a product of consecutive numbers. 1-2, 2-3, 3-4, ... The difference I/n — 1/(n + 1)
over a common denominator is exactly 1/(n'(n + 1)). Writing each term as a difference, the subtracted
part of one term equals the first part of the next, and the two cancel.

Vi DU 2.17 (tong diy phan s6) / EXAMPLE 2.17 (series of fractions) — Tinh S = 1/(1-2) +
1/(2:3) + 1/(3-4) + ... + 1/(99-100).
Evaluate S = 1/(1-2) + 1/(2-3) + 1/(3-4) + ... + 1/(99-100).

Loi giai. / Solution.
1. M&i mau 1a tich hai s6 lién tiép (k= 1), nén 1/(n-(n + 1)) = 1/n — 1/(n + 1).
Each denominator is a product of consecutive numbers (k = 1), so 1/(n'(m + 1)) = 1/n — 1/(n
+1).
2.S=1-12)+{1/2-1/3)+(1/3—-1/4)+ ... +(1/99 — 1/100).
S=(1-172)+(122-1/3)+(1/3—-1/4) + ... +(1/99 — 1/100).
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3. Céac s6 hang 1/2, 1/3, ..., 1/99 xuét hién mot 1an voi ddu — va mot 1an véi dau +, nén
triét tiéu.
The terms 1/2, 1/3, ..., 1/99 each appear once with — and once with +, so they cancel.
4.Conlai S=1-1/100 =99/100.
What remains is S = 1 — 1/100 = 99/100.
Vay S =99/100.
So §=199/100. m

Vi DU 2.18 (tach hiéu véi k =2) / EXAMPLE 2.18 (splitting with k =2) — Tinh S =
1/(1-3)+ 1/(3-5)+ 1/(5:7) + ... + 1/(49-51).
Evaluate S = 1/(1-3) + 1/(3:5) + 1/(5:7) + ... + 1/(49-51).

Loi giai. / Solution.
1. Hai sb trong mdi mau hon kém nhau 2 (k = 2), nén 1/(n-(n + 2)) = (1/2)-(1/n — 1/(n +
2)).
The two numbers in each denominator differ by 2 (k = 2), so 1/(n"(n + 2)) = (1/2)(1/n — 1/(n
+2)).
2.S=172)y[A-13)+1/3-1/5+1/5-1/7)+ ... +(1/49 — 1/51)].
S=(12)[(1—-1/3)+(1/3—1/5) + (1/5—-1/7) + ... + (1/49 — 1/51)].
3. Trong ngodc vudng chi con 1 — 1/51 = 50/51.
In the square bracket only 1 — 1/51 = 50/51 remains.
4. S =(1/2)-(50/51) =25/51.
S=(1/2)(50/51) = 25/51.
Vay S =25/51.
SoS=25/51. m

Dang 10. So sanh hai liiy thiwra I6n — Type 10. Comparing two large powers

Khong dung may tinh. Ba cach thuong dung: dua vé clng sd mil rdi so co s6; dua vé
cung co s6 rdi so s6 mii; hodc tim mét sb trung gian kep gitra. Nhic lai: voi s6 mil cung
duong thi co s6 16n hon cho lily thira 16n hon, va véi co s6 16n hon 1 thi s6 mii 16n hon
cho liy thtra 16n hon.

No calculator. Three usual ways: bring both to the same exponent and compare bases; bring
both to the same base and compare exponents; or find an intermediate number in between.

Recall: for the same positive exponent the larger base gives the larger power, and for a base
above [ the larger exponent gives the larger power.

1. Tim UCLN cua hai s6 mil. S6 mii chung 1a wéc nao d6 cia UCLN do.
Find the HCF of the two exponents. A common exponent is a divisor of it.
2. Viét mdi lity thira dudi dang (co s6 mai)s md chung,
Write each power as (new base)<°"™°" eponent,
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3. So hai co s0 magi. Néu s6 mii khong c6 ude chung 16n, tim so trung gian.
Compare the two new bases. If the exponents have no large common divisor, look for an
intermediate number.

VI DU 2.19 (cing s6 mii) / EXAMPLE 2.19 (same exponent) — So sanh 23% v 3200,
Compare 2°" and 3*".

Loi giai. / Solution.
1. UCLN(300, 200) = 100, chon sé mii chung 100.
HCF(300, 200) = 100, so take the common exponent 100.
2. 2300 — (23)100 — 8100 va 3200 — (32)100 — 9100.
230() — (23)100 — 8100 and 3200 — (32)100 — 910().

3. Vi8 <9 nén 8'° <91,
Since 8 < 9, 8100 < 919,

Véy 2300 < 3200.
SO 2300 < 3200. ]

PHAN TICH / ANALYSIS — S6 mii 71 va 30 nguyén t6 cung nhau (UCLN bang 1), nén
khong c6 s6 mii chung 16n hon 1. Ta tim s6 kep gitra. Ha 27! xubng 27° (nh¢ di): néu 27° da
16n hon 53° thi chic chin 27! 1én hon 5%. Hai s6 mii 70 va 30 ¢6 wéc chung 10.

The exponents 71 and 30 are coprime (HCF 1), so there is no common exponent above 1. We look for
a number in between. Lower 2" to 27° (smaller): if 27° already beats 5°°, then certainly 2" beats 5.

The exponents 70 and 30 have common divisor 10.

Vi DU 2.20 (s6 trung gian) / EXAMPLE 2.20 (intermediate number) — So sanh 27! va 5,
Compare 2" and 5%.

Loi giai. / Solution.
1. Taco 27" > 27 (co s6 2 16n hon 1, s6 mii 16n hon).
We have 271 > 27 (base above 1, larger exponent).
2. Viét 270 = (27)10 = 12810 y3 530 = (53)10 = 12510,
Write 270 = (27)10 = 1280 and 5%0 = (5%)10 = 12510,
3. Vi 128> 125 nén 128'°> 125'° tirc 270 > 5%,
Since 128 > 125, 128" > 1250, that is 27° > 5.
4. Nbi lai: 27! > 270> 5%,
Chaining: 271 > 270 > 530,
Véy 271 > 530.
So 271> 5 m

LOI HAY GAP / COMMON MISTAKE — Tach 1/(n*(n + 2)) = 1/n — 1/(n + 2) ma quén
nhan 1/2. Phai thir lai bang s6: n =1 cho 1/3, con 1 — 1/3 = 2/3.

Splitting 1/(n-(n + 2)) = 1/n — 1/(n + 2) and forgetting the factor 1/2. Test with numbers: n = 1 gives
1/3, but 1 — 1/3 = 2/3.
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LOI HAY GAP / COMMON MISTAKE — Pém sai s6 s6 hang bi triét tiéu va viét két qua
cubila 1 — 1/99. Mau cudi cung 1a 100 thi phan con lai 1a 1/100.

Miscounting the cancelled terms and ending with 1 — 1/99. If the last denominator is 100, the
surviving part is 1/100.

NHAN XET / REMARK - Vi ddy cach déu k 16n hon 1, em luén thir n nho dé kiém cong
thirc tach. Mot phép thir v6in = 1 di dé 16 16i thiéu hé sd.

For series with step k above 1, always test the splitting formula with a small n. One test withn = 1 is
enough to expose a missing factor.

2.8. Luyén cau hoi trac nghiém - 2.8. Multiple-choice and short-answer practice

Co ba loai cau. Nhiéu lya chon: chon mot dap an dang trong A, B, C, D. Em loai tru
phuong éan sai bé‘mg cach thtt mot sb nhd, hodc ude lugng, trudc khi tinh dﬁy du.
bung/sai: mot cau cod bon ya,b,c,d, mdiyem két luan bung hodc Sai riéng, khong suy
tir y ndy sang y khac. Tra 10i ngan: dap sb 1a mot s6, em ghi diing s, theo dung cach 1am
tron dé yéu cau, khong viét thém chir.

There are three kinds of question. Multiple choice: pick the one right answer from A, B, C, D.
Rule out wrong options by testing a small number or estimating before a full calculation.
True/false: one question has four statements a, b, ¢, d; judge each on its own, true or false,

without inferring from one to another. Short answer: the answer is a number, write exactly that
number, rounded as asked, with no extra words.

Nhiéu lwa chon — Multiple choice

Cau 1. Phan s ndo sau day bang 3/5? A.9/20 B.12/20 C.15/30 D.18/35
Question 1. Which fraction equals 3/5? A. 9/20 B. 12/20 C. 15/30 D. 18/35

Cau 2. Gia tri cua (—2/3)*: (4/3)1a A.—-1/3 B.1/3 C.1 D.16/27
Question 2. The value of (—2/3)° : (4/3)is A. —1/3 B.1/3 C.1 D.16/27

Cau 3. Lam tron 3,14159 dén hang phﬁn nghin dugc A. 3,141 B. 3,142 C. 3,14 D.
3,1416

Question 3. 3.14159 rounded to the nearest thousandth is A. 3.141 B. 3.142 C. 3.14 D.
3.1416

Cau 4. Khing dinh dang 14 A.N16=+4 B.V(-9)=-3 C.\25=5 D.V0,4=0,2
Question 4. The true statement is A. \I16=+4 B. \/(—9) =-3 C\25=5 D N0.4=02

Dung/sai — True/false

Cau 5. bai lugng y ti 1€ thuan véi x theo hé sb6 =3, tirc y = —3x. (a) Khi x =2 thi y = 6.
(b) Khi y = 12 thi x = 4. (c) Khi x ting gap d6i thi y ciing ting gip doi. (d) Véiy # 0, ti
sd x/y ludn bang 3.

Question 5. y is directly proportional to x with factor —3, that is y = —3x. (a) When x = 2, y =

—6. (b) Wheny = 12, x = 4. (c) When x doubles, y doubles too. (d) For y # 0 the ratio x/y is
always —3.
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Cau 6. (a) 0,(3) = 1/3. (b) 0,1(6) = 1/6. (c) S6 V2 1a sb hiru ti. (d) Moi sb thap phan v6 han
déu 12 s6 vo ti.

Question 6. (a) 0.(3) = 1/3. (b) 0.1(6) = 1/6. (c) The number \2 is rational. (d) Every endless
decimal is irrational.

Tra 16 ngin — Short answer

Cau 7. Bay cong nhan lam xong mdt viéc trong 12 ngay. Hoi 6 cong nhan cling ning suit
lam xong vi¢c d6 trong bao nhi€u ngay?

Question 7. Seven workers finish a job in 12 days. How many days do 6 workers of the same
pace need?

Cau 8. Mot hinh vudng c6 dién tich 7 cm? D¢ dai canh lam tron dén hang phan muoi 14

bao nhiéu xang-ti-mét?

Question 8. A square has area 7 cm?. What is the side length to the nearest tenth of a centimetre?
Cau
Questi
on

Dap an Giai thich

Answer Explanation

12/20 = 3/5 (chia cho 4). Phuong an A: 9/20 ¢6 3-20 # 5-9. C bang 1/2.
D:3-35=105#5-18.

1 B
12/20 = 3/5 (divide by 4). A: 9/20 fails 3-20 # 5-9. C equals 1/2. D: 3-35 = 105
#518.
(—2/3)* = 4/9; 4/9 : 4/3 = 4/9-3/4 = 1/3. A sai dau vi binh phuong ludn
) B duong. D quén dao phén sb chia.
(—2/3)? = 4/9; 4/9 : 4/3 = 4/9-3/4 = 1/3. A has the wrong sign, a square is
positive. D forgot to flip the divisor.
Chir s6 sau hang phan nghin 14 5 nén 1am tron 1én: 3,142. A cit cut. C
3 B lam tron dén hang phan trim. D dén hang phan chuc nghin.
The digit after the thousandths is 5, so round up: 3.142. A truncates. C is to
hundredths. D is to ten-thousandths.
V25 =5 vi5>0va 5> =25. A sai vi cn s hoc khong am. B sai vi s6 4am
4 C khong c6 cin. D sai vi 0,2% = 0,04.

\25 = 5 since 5> 0 and 5° = 25. A is wrong, the root is non-negative. B is
wrong, a negative has no root. D is wrong, 0.2° = 0.04.

aiy=-3-2=—6.b:y=12cho x =—4. c¢: x gip doi thi y = —3-2x gip doi.
ab,bS,cb, d:x/y=-1/3.

dsS a:y=-32=—6.b:y=12gives x = —4. c¢: doubling x doubles y. d: x/y =
—1/3.
a:x=0,(3), 10x —x=3nén x =1/3. b: dat x =0,1(6): 100x — 10x =
ab.bD,cS, 1?,(6) - 1},(6) =15, nezn %OX’: 15 vax = 1/6. ¢: V2 v6 ti. d: s6 thap phan
6 qs vO han tuan hoan 1a s6 hitu ti.

a: 10x —x=3sox=1/3. b: letx=0.1(6): 100x — 10x = 16.(6) — 1.(6) = 15,
50 90x = 15 and x = 1/6. c: N2 is irrational. d: a recurring decimal is rational.
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Cau
Questi
on

Dap an Giai thich

Answer Explanation

Ti 1& nghich: 7-12 = 84 cong; 84 : 6 = 14. Péap s6 ghi 14, khong can don
7 14 Vi.
Inverse proportion: 7-12 = 84 worker-days,; 84 : 6 = 14. Write 14 with no unit.

Canh = V7 = 2,6458; 1am tron dén hang phin muoi 13 2,6 vi chit s ké

8 2,6 tiép 1a 4.
Side =7~ 2.6458; to the nearest tenth that is 2.6, since the next digit is 4.

2.9. Bang chién lwgc va bang thuat ngiv — 2.9. Strategy table and glossary

Khi gap dé, em tim dau hiéu & cOt trai rdi 1am theo cot gitra. Cot phai ghi s6 vi du cung
dang.

When you meet a question, find the sign in the left column and follow the middle column. The
right column gives the matching example number.

Diu hi¢u trong dé Cach lam Vidu

Sign in the problem Method Example

Phan s6 16n, yéu cau tdi gian Tim UCLN 1di chia tir va mau 21
Large fraction, lowest terms asked  Find the HCF, divide top and bottom '
So sanh hodc sip xép nhiéu phan 2

o RO Sap xep P Quy dong theo BCNN, so tur 29

. Use the LCM, compare numerators
Compare or order several fractions

Tim n nguyén dé phan s6 nguyén = Téch tir, cho mau 1a wéc

Integer n making a fraction an Split the numerator, the denominator divides the 2.3
integer remainder
Giam gia, tang gi4 nhidu lan Nhan tig lan véi (1 = p/100) 56.9.7
Several discounts or rises Multiply each time by (1 £ p/100) o
Déi s6 thap phan tuan hoan Nhan 10™ rdi trir cho phan 1ap mat 510
Recurring decimal to fraction Multiply by 10™, subtract to kill the tail ’
x — a| + [x — b| nh6 nhét |A| +|B| > |A + B|, dau bang khi A-B >0 55
Minimum of |x — a| + |x — b| Use |A| + |B| > |4 + B|, equality when A-B >0 ’
a:b:ctilé,choténg Pat k, mdi sb 12 boi cua k 5 13.2.14
a: b :cinaratio, sum given Set k, each number a multiple of k T
Sitin 1B ki D(‘).i sang nghich dao, quy dong, chi.a

o ) Switch to reciprocals, common denominator, 2.16
Share in inverse ratio share

Téng 1/(n(n + k)) nhiéu s6 hang  Tach hiéu, triét tiéu timg doi

2.17,2.18
Sum of many terms 1/(n(n + k)) Split into differences, cancel in pairs ’
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Diu hi¢u trong dé Cach lam Vidu
Sign in the problem Method Example
So sanh hai lily thira Cung s6 mii, hodc sb trung gian 519.2.20
Compare two powers Same exponent, or an intermediate number D

Thuéat ngir Tiéng Anh Giai thich ngin
Term (Vietnamese) English Short definition
. } a/bvéib#£0
Phén so Fraction
a/b withb# 0
oA x 2 : S6 trén, s6 dudi cia phan sb
T s6, mau so Numerator, denominator p
The top and bottom numbers
O . Tt va mau ¢6 UCLN bang 1
Phén s0 to1 gian Fraction in lowest terms : . £
HCF of top and bottom is 1
, o Chia tir vd mau cho wéc chun
Rut gon Simplify, reduce . &
Divide top and bottom by a common divisor
N Put over a common Dua vé cung mau
Quy dong : . . .
denominator Give the fractions the same denominator
x £ . Phan nguyén cong phan phan sb
Hon s0 Mixed number guy one p p
Whole part plus fraction part
‘ . . b/a cua a/b
SO nghich dao Reciprocal
gl p b/a of a/b
£ : S6 viét v6i ddu pha
So thap phan Decimal i p , Y _ )
A number written with a decimal point
. \ . Thay s6 bang s gan diing & mot han
Lam tron Rounding Y , £508 . g. ’ &
Replacing by an approximation at a place
C Ti s6 véi mau 100
Ti sO phan tram Percentage
p & A ratio over 100
o £ . . Gié ghi trén nhan trude giam
Gia niém yeét List price :
y p The price on the label before a discount
e . S viét dugc dang a/b
SO hiru ti Rational number Vo ,
A number that can be written a/b
N x" 1a tich cuia n thira s6 x
Liy thura Power L
x" is a product of n factors x
< XA . Doi vé thi d6i dau
Quy tac chuyén ve Moving terms rule _ .
Change side, change sign
. Period (of a recurring Diy chir s6 lap lai
Chu ki . T
decimal) The block of repeating digits
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Thuéat ngir Tiéng Anh Giai thich ngin
Term (Vietnamese) English Short definition

Thap phan v han khong tuan hoan

S6 vo ti Irrational number
Endless non-recurring decimal
a2 S6 khong 4m c6 binh phuong bang a
Can bac hai s6 hoc Square root & . P g bang .
The non-negative number whose square is a
£ Hiru ti hodc vo ti
S6 thuc Real number i o
Rational or irrational
A ke Khoang cach t6i 0
Gia tri tuyét doi Absolute value . & :
Distance from 0
1A . Ding thirc hai ti sb
Ti 1€ thirc Proportion g. ,
Equality of two ratios
Ti 1¢ thuan Direct proportion y =kx
. . . x-y 13 hang s6
Ti 1¢ nghich Inverse proportion y. &
Xy 1§ constant
Diy ti s6 bang nhau Chain of equal ratios ab=c/d=e/f

2.10. Bai tw luyén - Practice problems
Muc 1 - Co ban — Level I — Basic

Bai 2.1/ Problem 2.1 — Rut gon phan sé 126/210.
Simplify 126/210.

Bai 2.2 / Problem 2.2 — Tinh 2/5 + 3/10 — 1/4.
Evaluate 2/5 + 3/10 — 1/4.

Bai 2.3 / Problem 2.3 — Tinh (—3/4)-(8/9) + 1/3.
Evaluate (—3/4)(8/9) + 1/3.

Bai 2.4 / Problem 2.4 — Lop 9C c6 45 hoc sinh, trong d6 9 em dat loai gioi. Tinh ti s6 phan
tram s hoc sinh gioi so véi ca 16p.
Class 9C has 45 pupils, 9 of them rated excellent. Find the percentage of excellent pupils in the class.

Bai 2.5/ Problem 2.5 — Tim x biét x/12 = 15/18.
Find x if x/12 = 15/18.

Bai 2.6 / Problem 2.6 — Mua 5 mét vai hét 350.000 dong. Hoi mua 8 mét vai cung loai hét
bao nhiéu tién?
5 metres of cloth cost 350,000 dong. How much do 8 metres of the same cloth cost?

Mike 2 — Van dung — Level 2 — Applied

Bai 2.7 / Problem 2.7 — Tim x biét (2/3)x — 3/4 = (1/2)x + 5/12.
Find x if (2/3)x — 3/4 = (1/2)x + 5/12.
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Bai 2.8 / Problem 2.8 — Viét 0,(27) va 2,1(6) du6i dang phan sb ti gian.
Write 0.(27) and 2.1(6) as fractions in lowest terms.

Bai 2.9 / Problem 2.9 — Gia mot chiéc bt ting 40% rdi sau d6 giam 20% so voi gia moi. Gia
lac dau 1a 250.000 dong. Tinh gia cudi cing va cho biét so véi gia luc dau, gia cudi cung thay
d6i bao nhiéu phan tram.

The price of a pen rises by 40% and is then cut by 20% of the new price. The original price is 250,000
dong. Find the final price and the overall percentage change from the original.

Bai 2.10 / Problem 2.10 — Chia 910 vién bi cho ba ban theo ti I¢ nghich véi 2, 3, 4. M&di ban
nhan bao nhiéu vién?
Share 910 marbles among three friends in inverse proportion to 2, 3, 4. How many does each get?

Bai 2.11 / Problem 2.11 — Cho x/3 =y/4 vax'y=48. Timx, y.
Given x/3 =y/4 and x-y = 48, find x and y.

Mike 3 — Nang cao, thi chuyén - Level 3 — Advanced, specialist-school entrance

Bai 2.12 / Problem 2.12 — Tinh S = 1/(2-5) + 1/(5-8) + 1/(8-11) + ... + 1/(32-35).
Evaluate S = 1/(2-5) + 1/(5-8) + 1/(8-11) + ... + 1/(32-35).

Bai 2.13 / Problem 2.13 — So sanh 334 va 5%9.

Compare 3** and 5%.

Bai 2.14 / Problem 2.14 — Tim gi tri nho nhat cia B = |x — 1| + [x — 4| + |x — 7| va gia tri x
dat no.
Find the minimum of B = |x — 1| + |x — 4| + |x — 7| and the x that attains it.

Bai 2.15 / Problem 2.15 — Cho a, b, c khac O théa (a+ b —c)/c=(b+c —a)/a=(c +a—b)/b.
Tinh M = (a+b)(b + ¢)(c + a)/(ab-c).

Let a, b, ¢ be non-zero with (a + b —c)/c = (b + ¢ — a)/a = (c + a — b)/b. Evaluate M = (a + b)(b +
c)(c + a)/(abc).

2.11. Loi giai bai tw luyén — Solutions to practice problems

Bai 2.1 — Problem 2.1
1.126=2-327va210=2-3-5-7, nén UCLN =2-3-7 = 42.
126 = 2-3*-7 and 210 = 2-3-5-7, so HCF = 2-3-7 = 42.
2. Chia ca tir va miu cho 42: 126 : 42 =3va210:42=>5.
Divide top and bottom by 42: 126 : 42 = 3 and 210 : 42 = 5.
Vay 126/210 = 3/5 (t6i gian vi UCLN(3, 5) = 1).
So 126/210 = 3/5 (lowest terms since HCF(3, 5) = 1). &

Bai 2.2 — Problem 2.2
1. BCNN(5, 10, 4) = 20.
LCM(5, 10, 4) = 20.
2. Quy déng: 2/5 =8/20; 3/10 = 6/20; 1/4 = 5/20.
Common denominator: 2/5 = 8/20; 3/10 = 6/20,; 1/4 = 5/20.
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3. Tinh: 8/20 + 6/20 — 5/20 = 9/20.
Compute: 8/20 + 6/20 — 5/20 = 9/20.

Vay gia tri la 9/20.
So the value is 9/20. &

Bai 2.3 — Problem 2.3
1. Nhan: (=3/4)-(8/9) = —24/36 = —2/3.
Multiply: (—3/4)(8/9) = —24/36 = —2/3.

2.Cong: =2/3 + 1/3=-1/3.
Add: =2/3 +1/3 =—1/3.

Vay gia tri la —1/3.
So the value is —1/3. &

Bai 2.4 — Problem 2.4

1. Ti sb: 9/45 = 1/5.
Ratio: 9/45 = 1/5.

2. P6i ra phan tram: 1/5-100% = 20%.
As a percentage: 1/5-100% = 20%.
Vay hoc sinh gioi chiém 20% ca 16p.
So excellent pupils make up 20% of the class. &

Bai 2.5 — Problem 2.5
1. Tich ngoai ti bang tich trung ti: 18-x = 12-15 = 180.
Product of extremes equals product of means: 18-x = 12-15 = 180.

2.Suyrax=180:18=10.
Sox=180:18 = 10.

3. Thu: 10/12 = 5/6 va 15/18 = 5/6. bung.
Check: 10/12 = 5/6 and 15/18 = 5/6. Correct.

Vay x = 10.
Sox=10. &

Bai 2.6 — Problem 2.6
1. S6 mét vai va s tién ti 1¢ thuan. Goi x 1a s0 tién can tim: x/350.000 = 8/5.
Metres and price are in direct proportion. Let x be the price: x/350,000 = 8/5.

2.x=350.000-8/5 = 560.000.
x =350,000-8/5 = 560,000.

Vay 8 mét vai hét 560.000 dong.
So 8 metres cost 560,000 dong.
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Bai 2.7 — Problem 2.7
1. Chuyén vé: (2/3)x — (1/2)x = 5/12 + 3/4.
Move terms: (2/3)x — (1/2)x = 5/12 + 3/4.
2. GOp: (4/6 —3/6)x = 5/12 + 9/12, tac (1/6)x = 14/12 = 7/6.
Combine: (4/6 — 3/6)x = 5/12 + 9/12, that is (1/6)x = 14/12 = 7/6.
3. Nhén hai vé v6i 6: x = 7.
Multiply both sides by 6: x = 7.
4. Thir: vé trai 14/3 — 3/4 = 47/12; vé phai 7/2 + 5/12 = 47/12. blng.
Check: left 14/3 — 3/4 = 47/12; right 7/2 + 5/12 = 47/12. Correct.
Vayx=17.
Sox=7 1

Bai 2.8 — Problem 2.8

1. Patx = 0,(27). Chu ki ¢6 2 chit sb: 100x = 27,(27). Trir: 99x = 27, nén x = 27/99 =
311.

Let x = 0.(27). The period has 2 digits: 100x = 27.(27). Subtract: 99x = 27, so x = 27/99 =
3/11.

2. Dity =2,1(6). Nhan 10: 10y = 21,(6). Nhan 100: 100y = 216,(6).
Let y = 2.1(6). Times 10: 10y = 21.(6). Times 100: 100y = 216.(6).
3. Trir: 90y = 216 — 21 = 195, nén y = 195/90 = 13/6.
Subtract: 90y = 216 — 21 = 195, so y = 195/90 = 13/6.
Vay 0,(27) = 3/11 va 2,1(6) = 13/6.
So 0.(27) = 3/11 and 2.1(6) = 13/6. m

Bai 2.9 — Problem 2.9

1. Sau khi tang 40%: 250.000-1,4 = 350.000 déng.
After the 40% rise: 250,000-1.4 = 350,000 dong.

2. Sau khi giam 20% trén 350.000: 350.000-0,8 = 280.000 dong.
After the 20% cut on 350,000: 350,000-0.8 = 280,000 dong.
3. Thay d6i: (280.000 — 250.000)/250.000 = 0,12 = 12%, gia cudi 16n hon gia dau.
Change: (280,000 — 250,000)/250,000 = 0.12 = 12%, the final price is higher.
Viy gia cudi cung 1a 280.000 ddng, ting 12% so voi gia lic dau.
So the final price is 280,000 dong, 12% above the original. W

Bai 2.10 — Problem 2.10
1. Chia theo ti 1€ nghich véi 2, 3, 4 1a chia theo ti 1€ thuan véi 1/2, 1/3, 1/4.
Sharing in inverse proportion to 2, 3, 4 is sharing in direct proportion to 1/2, 1/3, 1/4.

2. Quy dong mau 12: 6/12 : 4/12:3/12nén tis61a 6 : 4 : 3.
Denominator 12: 6/12 : 4/12 : 3/12, so the ratio is 6 : 4 : 3.
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3. Cac phan 1a 6k, 4k, 3k v6i 13k = 910, suy ra k = 70.
The shares are 6k, 4k, 3k with 13k = 910, so k = 70.

4. Ba ban nhan 420, 280, 210 vién. Thur: 420 + 280 + 210 = 910.
The friends get 420, 280, 210. Check: 420 + 280 + 210 = 910.

Vay ba ban nhan 1an luot 420, 280, 210 vién bi.
So they get 420, 280 and 210 marbles respectively. B

Bai 2.11 — Problem 2.11
1. batx/3 =y/4 =k, suyrax =3k vay = 4k.
Letx/3 =y/4 =k, sox =3k and y = 4k.
2.x'y=12k? =48, nén k? = 4, tirc k = 2 hodc k = 2.
xy =12k =48, s0k’ =4, thatisk=2ork =—2.
3.Voik=2:(x,y)=(6,8). Voi k =—-2: (x,y) = (-6, —8).
Fork=2:(x,y) =(6,8). Fork=—-2:(x,y) = (-6, =8).
4. Thir ca hai: 6:8 =48 va (—6)(—8) = 48, ti 86 6/3 = 8/4 =2 va —6/3 = —8/4 = 2.
Check both: 6-8 = 48 and (—6)(—38) = 48, ratios 6/3 = 8/4 = 2 and —6/3 = —8/4 = —2.
Vay (x, y) = (6, 8) hoac (x, y) = (=6, —8).
So (x,y) = (6,8) or (x,y) = (—6, =8). &

Bai 2.12 — Problem 2.12
1. Hai sb trong mdi mau hon kém nhau 3 (k = 3): 1/(n-(n + 3)) = (1/3)-(1/n — 1/(n + 3)).
The two numbers in each denominator differ by 3 (k = 3): 1/(n"(n + 3)) = (1/3)-(I/n — 1/(n +
3)).
2.S=1/3)[(12-=1/5+1/5-1/8) + ... +(1/32 — 1/35)].
S=(1/3)-[(1/2—1/5) + (1/5—1/8) + ... +(1/32 — 1/35)].

3. Céc s6 hang gitra tri¢t tiéu: S = (1/3)-(1/2 — 1/35) = (1/3)-(33/70) = 11/70.
The middle terms cancel: S = (1/3)-(1/2 — 1/35) = (1/3)-(33/70) = 11/70.

Vay S = 11/70.
SoS=11/70. m

Bai 2.13 — Problem 2.13
1. Ha 3% xudng 33: 334 > 330,
Lower 33 to 330: 334 > 330,
2. Viét 330 = (33)10=2710v3 520 = (52)10 = 2510,
Write 330 = (3°)10 = 2710 and 5% = (5°)10 = 2517,

3.Vi27>25nén 279> 2510 tic 330> 5%,
Since 27 > 25, 2719 > 2510 that is 330 > 520,

4. Nbi lai: 33> 330> 520,
Chaining: 3% > 330 > 520,

Viy 3% > 5%,
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So 33> 50 m

Bai 2.14 - Problem 2.14
1. Ghép hai s6 hang ngoai: [x — 1|+ [x — 7| =[x — 1| +|7 —x|>|(x — 1) + (7 = x)| = 6.
Déau bang khi 1 <x < 7.
Pair the outer terms: |x — 1| + |x = 7| =|x— 1| +|7 —x|=|(x — 1) + (7 — x)| = 6. Equality
when [ <x<7.
2. S6 hang giita |x — 4| > 0, d4u bang khi x = 4.
The middle term |x — 4| > 0, equality when x = 4.
3. Cong lai: B> 6 + 0 = 6. Ca hai d4u bang cung xay ra khi x = 4 (vi 4 nam trong [1; 7]).
Adding: B> 6 + 0 = 6. Both equalities hold together at x = 4 (since 4 lies in [1, 7]).
4. Thux=4:B=3+0+3=6.Thux=5:B=4+1+2=7>6.
Checkx=4:B=3+0+3=6.Checkx=5B=4+1+2=7>6.
Vay gia tri nhé nhat ctia B 1 6, dat khi x = 4.

So the minimum of B is 6, attained atx = 4. ®

Bai 2.15 — Problem 2.15

1. Cong 1 vao ba ti sd: (a+ b)/c = (b + c)/a = (c + a)/b. Goi gia tri chung 1a t.
Add 1 to each ratio: (a + b)/c = (b + ¢)/a = (c + a)/b. Call the common value t.
2. Khi d6 M = [(a + b)/c]-[(b + c)/a]-[(c + a)/b] = t>.
Then M = [(a + b)/c]-[(b + c)/a][(c + a)/b] = F.
3. Trudng hop a + b + ¢ # 0: theo tinh chat diy ti s6 bang nhau, t=[(a+b) + (b +¢) + (¢
+a)]/(cta+b)=2(a+tb+c)(a+tb+c)=2,nén M=8.
Case a + b + ¢ # 0: by the chain-of-ratios property t = [(a + b) + (b + ¢) + (c + a)]/(c + a
+b)=2(a+b+c)at+b+c)=2 s0M=38.
4. Truonghopa+b+c=0:a+b=——cnént=—c/c=—1,suyraM = (-1)* =—1.
Casea+b+c=0:a+b=-csot=—c/lc=—1, hence M = (—1)° =—1.
5. Ca hai truong hop déu xay ra:a=b=c=1choM=8;a=1,b=1,c=-2choM =
—1 (kiém: ba ti s6 déu bang —2).
Both cases occur:a=b=c=1gives M=8;a=1,b=1,c=-2gives M =—1 (check: all
three ratios equal —2).
Vay M =8 hoac M =—1.
SoM=8orM=—-1. 1
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Chuong 3. Pa thirc, hing ding thirc, phan tich nhén tir va phan
thue - Chapter 3. Polynomials, identities, factorisation and algebraic fractions

Sau chwong nay em lam dwg'c — What you will be able to do
« Thu gon, cOng, trir, nhan, chia da thirc va tim nghiém cua da thirc mot bién.
Simplify, add, subtract, multiply and divide polynomials, and find roots of a polynomial in
one variable.
« Nhén ra va dung bay hang dang thic dang nhé theo ca hai chiéu.
Recognise and use the seven standard identities in both directions.
« Phan tich da thirc thanh nhan tir bang bdn cach: dat nhan tir chung, hing dang thirc,
nhom hang tur, tich hang tu.
Factorise a polynomial in four ways: common factor, identities, grouping, splitting a term.
« Tim diéu kién xac dinh (diéu kién dé miu khéac 0), rat gon va thuc hién bén phép tinh
v6i phan thire dai s6, dting nhu trong ciu rat gon ctia dé thi.
Find the domain (the condition that the denominator is not 0), simplify and carry out the four
operations on algebraic fractions, as in the simplification question of the exam.
« Tim gia tri nguyén ctia phan thirc va tinh gia tri biéu thirc khi biét mot diéu kién cho
trudec.
Find integer values of a fraction and evaluate an expression when a condition is given.
Pé vao 10 dung hang dang thirc, phan tich nhan tir va quy déng phan thirc ngay trong ciu
rat gon, cAu phuong trinh va cau bt dang thirc. Cau phan loai 1 cdu kho & cudi mot bai,
dung dé tach hoc sinh kha gioi.
Entrance exams use identities, factorisation and common denominators inside the simplification

question, the equation question and the inequality question. A top-mark question is the hard last
part of a problem, used to separate the strongest students.

Dang bai trong dé Thwong &

Question type Usually

Rt gon biéu thirc c6 phan thirc (va cin)

: . Phan dau dé D@ dén trung binh

Simplify an expression with fractions (and ) ,g
' ' Early in the paper Easy to medium
roots)
Phan tich da thirc thanh nhan tir (tron o .y .
. K (trong Moi cau dai so Dé

phuong trinh, rut gon) .

© ’ S ) Any algebra question Easy
Factorise (inside equations, simplification)
Gia tri nguyén cua biéu thuc Y cubi cau rat gon Phan loai
Integer values of an expression Last part of the simplification Differentiating
Tinh gié tri biéu thic khi biét diéu kién ~ Thuong 13 cau dai s6 cudi Phan loai, chuyén
Evaluate an expression given a condition Often the last algebra question  Differentiating, specialist

CAu rat gon c6 mat & 16 trong 18 d& khong chuyén, thuong ¢ phan dau dé.
A simplification question is in 16 of the 18 non-specialist papers, usually early in the paper.
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3.1. Pon thirc va da thirc nhiéu bién — Monomials and polynomials in several

variables

Biéu thire dai s6 14 biéu thirc gém s, chir (bién) va cac phép tinh, vi du 2x + 3y hay x> —
5. O day chi xét biéu thirc khong co phép chia cho bién: d6 1 don thirc va da thirc.

An algebraic expression is built from numbers, letters (variables) and operations, such as 2x +
3y or x> — 5. Here we only use expressions that do not divide by a variable: monomials and
polynomials.

PINH NGHIA 3.1 (Pon thirc) / DEFINITION 3.1 (Monomial) — Pon thirc 13 biéu thurc chi
gém mot s6, hodc mot bién, hodc tich cua cac s va bién, trong do6 mdi bién ¢6 sb mii 1a s6 tu
nhién. S6 ding trudce goi 1a hé sb, phan con lai goi 1a phan bién. Vi du: —6x3y* c6 hé s6 —6 va
phan bién x3y*.

A monomial is a number, a variable, or a product of numbers and variables whose exponents are
natural numbers. The number in front is the coefficient and the rest is the variable part. Example:
—6x°y* has coefficient —6 and variable part x*y".

PINH NGHIA 3.2 (Bic, don thirc dong dang) / DEFINITION 3.2 (Degree, like terms) —
Bac ctia don thirc (c6 hé sé khac 0) 1a tong cac sb mii cua cac bién. Hai don thirc ddng dang
néu c6 hé s khac 0 va cung phan bién. Vi du: —6x3y* c6 bac 3 + 4 = 7; 2x%y va —5x%y dong
dang, con 2x%y va 2xy? khong dong dang.

The degree of a monomial (with non-zero coefficient) is the sum of the exponents of its variables. Two
monomials are like terms if their coefficients are non-zero and their variable parts are equal.
Example: —6x°y" has degree 3 + 4 = 7; 2x’y and —5x’y are like terms, but 2x’y and 2xy’ are not.

PINH NGHIA 3.3 (Pa thirc) / DEFINITION 3.3 (Polynomial) — Pa thirc 13 téng cta
nhitng don thirc; mdi don thirc trong téng goi 1a mot hang tir. Thu gon da thirc 13 cong cac
hang tr déng dang. Bac cua da thure da thu gon 1a bac cao nhét cta cac hang ttr. Vi du: 4x%y —
3xy? — 4 ¢ bac 3.

A polynomial is a sum of monomials; each monomial in the sum is a term. To simplify a polynomial,
add its like terms. The degree of a simplified polynomial is the highest degree of its terms. Example:
4x’y — 3xy’ — 4 has degree 3.

Cac budce thu gon va tinh gia tri da thire — Steps to simplify a polynomial and evaluate it
1. Viét timg hang tir, giit nguyén dau dimg trudc no.
Write out each term, keeping the sign in front of it.
2. Gach cuing mot kiéu dau dudi cac don thirc dong dang (ctng phan bién).
Mark like terms with the same underline.
3. Cong cac hé sb cua cac hang tir d6ng dang, giit nguyén phan bién.
Add the coefficients of like terms and keep the variable part.
4. Mudn tinh gia tri, thay s6 vao da thirc DA THU GON, dit s6 4m trong ngoic.
To evaluate, substitute into the SIMPLIFIED polynomial, putting negative numbers in
brackets.
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Vi DU 3.1 (Nhan don thirc) / EXAMPLE 3.1 (Multiplying monomials) — Thu gon don
thirc A = (—2x2y)-(3xy?). Tim hé s6, phan bién va béc.
Simplify the monomial A = (—2x°y)-(3xy’). Find the coefficient, variable part and degree.

Loi giai. / Solution.
1. Nhén céc hé sd: (-2):3 = 6.
Multiply the coefficients: (—2)-3 = —6.
2. Nhan cac phan bién, cong s6 mii cia ciing mot bién: x2-x = x3; y-y® = y*.
Multiply the variable parts and add the exponents of each variable: x*-x = x°; y* = y*.
Vay A = —6x’y*, hé s6 —6, phan bién x*y*, bac 3 +4="7.
So A = —6x°y*: coefficient —6, variable part x*y?, degree 3 +4=7. R

Vi DU 3.2 (Thu gon roi thay s6) / EXAMPLE 3.2 (Simplify, then substitute) — Thu gon da
thirc P = 3x%y — 5xy? + x%y + 2xy? — 4 10i tinh P tai x =2, y = —1.
Simplify P = 3x2y = 5)cy2 I x2y I 2xy2 — 4, then evaluate Patx =2,y = —1.

Loi giai. / Solution.
1. Hang tr dong dang: 3x%y va x%y; —5xy? va 2xy>.
Like terms: 3x°y and x*y; —5xy? and 2x)”.
2.Cong hé s6: 3+ 1 =4va—5+2=-3. Vay P = 4x%y — 3xy? — 4.
Add coefficients: 3+ 1 =4 and —5+ 2 =—3. S0 P = 4x’y — 3x)° — 4.
3.Thayx=2,y=—1:P=422(-1)~32:(-1¥ —4=—16— 6 — 4 = ~26.
Substitute x =2,y = —1: P =4-2>(—1) — 3-2«(-1)> —4=-16 -6 — 4 = —26.
VayP=—-26taix=2,y=-1.
SoP=-26atx=2,y=—-1. W

Cong, trir da thire: bo ngodc rdi cong cac hang tir ddng dang; dau trir ding trudc ngodc
thi d6i ddu moi hang tir trong ngodc. Vi du (3x%y — 2xy) + (x%y + 5xy) = 4x%y + 3xy va
(3x%y — 2xy) — (x%y + 5xy) = 2x’y — 7xy. Nhan da thirc: nhan tirng hang tir cta da thirc
nay véi ting hang tir cta da thirc kia, roi thu gon. Vi du (2x — y)(x + 3y) = 2x% + 6xy —
xy — 3y* = 2x% + 5xy — 3y

To add or subtract polynomials, remove the brackets and add like terms; a minus sign before a
bracket changes every sign inside. Example: (3x°y — 2xy) + (x’y + 5xy) = 4x°y + 3xy and (3x%y
— 2xy) — (x°y + 5xy) = 2x°y — 7xy. To multiply polynomials, multiply every term of one by every
term of the other and simplify. Example: (2x — y)(x + 3y) = 2x* + 6xy — xy — 3y7 = 2x* + 5xy —

3)°.

Chia da thirc cho don thirc: chia timg hang tir ciia da thic cho don thirc, rdi cong cac
thuong lai. Piéu kién 12 mdi hang tir phai chia hét, nghia 12 bién nao & don thirc chia ciing
c6 mit ¢ hang ttr voi s6 mii khong nho hon.

To divide a polynomial by a monomial, divide each term by the monomial and add the quotients.

Each term must be divisible: every variable of the divisor must appear in the term with an
exponent at least as large.
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Vi DU 3.3 (Chia da thirc cho don thirc) / EXAMPLE 3.3 (Dividing by a monomial) —
Thyc hién phép chia (12x3y? — 8x%y3 + 4xy?) : (4xy?).
Carry out (12x°y° — 8% + 4x°) : (4x)).

Loi giai. / Solution.
1. Chia hang tir thir nhat: 12x%y? : 4xy? = 3x2 (chia hé sd, trir s6 mi).
First term: 12x%° : 4xy? = 3x’ (divide coefficients, subtract exponents).
2. Hang tu thir hai: —8x%y? : 4xy? = —2xy.
Second term: —8x%y* : 4xy’ = —2xy.
3. Hang tir thir ba: 4xy? : 4xy? = 1 (khong b6 sot s 1).
Third term: 4xy” : 4xy* = 1 (do not drop the ).
Vay thuong la 3x% — 2xy + 1.
So the quotient is 3x° — 2xy + 1. W

LOI HAY GAP / COMMON MISTAKE — B6 sot s6 1 khi chia hai hang tir gibng nhau,
hodc viét 4xy? : 4xy? = 0.
Dropping the 1 when dividing identical terms, or writing 4xy” : 4xy° = 0.

LOI HAY GAP / COMMON MISTAKE — Cong s6 mii khi chia hoc trir s6 mii khi nhéan:
nhan thi cong mil, chia thi trir mii.

Adding exponents when dividing or subtracting them when multiplying: multiply means add, divide
means subtract.

LOI HAY GAP / COMMON MISTAKE — Thay s 4m vao ma khéng dit trong ngoic:
(=1)*>=1 nhung —12 =—1.
Substituting a negative number without brackets: (—1)* = 1 but —1° = —1.

3.2. Pa thirc mot bién: bic, nghiém va bon phép tinh — Polynomials in one

variable: degree, roots and the four operations

Pa thirc mot bién 1a da thie chi chira mot chit, thuong viét P(x), Q(x). Ta sap xép cic
hang tir theo iy thtra giam dan cua x dé dé cOng, trir, nhan, chia.

A polynomial in one variable contains a single letter and is usually written P(x), Q(x). Terms are
arranged in decreasing powers of x to make adding, subtracting, multiplying and dividing
easier.

PINH NGHIA 3.4 (Bic, hé s6 cao nhit, hé sb tu do) / DEFINITION 3 4 (Degree, leading
coefficient, constant term) — V&i da thuce P(x) d3 thu gon va sap xép: sb mii cao nhat 1a bac
cua P(x); hé s6 cua Iy thira cao nhét 13 hé sb cao nhit; hang tir khong chira x 1a hé s6 tu do.
Vi du P(x) = 2x> — 3x% + x — 5 ¢ béc 3, hé s6 cao nhat 2, hé s6 tu do —5.

For a simplified, ordered polynomial P(x): the largest exponent is the degree; the coefficient of the
highest power is the leading coefficient; the term without x is the constant term. Example: P(x) = 2x°
— 3x? + x — 5 has degree 3, leading coefficient 2, constant term —35.

PINH NGHIA 3.5 (Nghiém ciia da thirc) / DEFINITION 3.5 (Root of a polynomial) — S
a la nghiém ctia P(x) néu P(a) = 0. Vi du x = 1 1a nghiém ciia x2 - 3x +2vi1 -3 +2=0.
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Mubn kiém tra a c¢6 1 nghiém khéng, thay x = a rdi tinh.
A number a is a root of P(x) if P(a) = 0. Example: x = 1 is a root of x’ — 3x + 2 since I — 3 + 2 = 0.
To test whether a is a root, substitute x = a and compute.

Vi DU 3.4 (Cong, trir da thirc) / EXAMPLE 3.4 (Adding and subtracting) — Cho A(x) =
2x3 = 3x2 + x — 5 va B(x) = x*> + 2x% — 4x + 7. Tinh A(x) + B(x) va A(x) — B(x).
Let A(x) = 2x’ = 3x’ +x — 5 and B(x) = x> + 2x’ — 4x + 7. Find A(x) + B(x) and A(x) — B(x).

Loi giai. / Solution.
1. Viét hai da thuc thang cot theo liy thira giam dan: x°, x2, x, s6 hang tu do.
Line up the two polynomials in decreasing powers: x°, x°, x, constant.
2.Cong tmg cot: 2+ x>+ (3 +2)x®+ (1 —4)x + (-5+7)=3x> —x>—3x + 2.
Add column by column: (2 + x> + (=3 +2)x* + (I —4)x + (-5 +7) =3 — x> — 3x + 2.
3. Trir ting cot, doi dau ca B(x): (2 — x>+ (=3 = 2)x2 + (1 +4)x + (-5 — 7) = x> — 5x°
+ 5x — 12.
Subtract column by column, changing every sign of B(x): (2 — 1)x* + (=3 — 2)x* + (I + 4)x
+(-5-7)=x-5x*+5x—12.
VayA+B=3x>—x>-3x+2vaA-B=x>-5x>+5x— 12,
SoA+B=3x-x-3x+2andA—-B=x>-5x>+5x—12. |

VI DU 3.5 (Kiém tra nghiém) / EXAMPLE 3.5 (Testing roots) — Cho f(x) = x> — 6x% + 11x
— 6. Trong céc $61,2,3,4,sdnaola nghiém cua f(x)?
Let f(x) =x* — 6x° + 11x — 6. Which of 1, 2, 3, 4 are roots of f(x)?

Loi giai. / Solution.
1. Tinh f(1)=1-6+ 11 —6 =0, nén 1 1a nghiém.
fll)=1—6+11—6=0,5s01isaroot.
2. Tinh f(2) =8 — 24 + 22 — 6 = 0, nén 2 1a nghiém.
f2)=8—24+22—-6=0,5s02isaroot.
3. Tinh f(3) =27 — 54+ 33 = 6 =0, nén 3 la nghi¢m; f(4) =64 —96 +44 - 6=6 # 0.
f(3) =27—-54+33—-6=0,s03isaroot; f(4) =64 — 96 +44 — 6 =6+ 0.
Vay céc nghiém trong bon s di cho 14 1, 2 va 3. Hinh 3.1 cho thay dd thi cat truc hoanh
dung tai ba diém do.
So the roots among the four numbers are 1, 2 and 3. Figure 3.1 shows the graph crossing the x-
axis at exactly those points. R
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Hinh 3.1. Db thi f(x) = x> — 6x2 + 11x — 6 ¢t truc hoanh tai ba nghiém
Figure 3.1. Graph of f(x) = x*> — 6x? + 11x — 6 meeting the x-axis at its three roots

Chia da thirc mot bién cho da thirc mot bién 1am gidng phép chia sé c6 nhiéu chit sb: chia
hang tir cao nhét, nhan nguoc, trr, ha hang t xuéng, lap lai.

Dividing by a polynomial works like long division of numbers: divide the leading terms, multiply
back, subtract, bring down the next term, repeat.

Cac budre chia da thicc mot bién — Steps for polynomial long division

1. Sap xép ca hai da thirc theo liiy thira giam dan (thiéu bac nao thi viét 0 & bac d6).
Arrange both in decreasing powers (write 0 for a missing power).

2. Chia hang tir bac cao nhét cta sd bi chia cho hang tir bac cao nhét cta sd chia, dugc
hang tir dau cua thuong.

Divide the leading term of the dividend by the leading term of the divisor to get the first term
of the quotient.

3. Nhan hang tir vira tim voi ca sb chia, trir két qua khoi s6 bi chia (d6i dau ca hang).
Multiply that term by the whole divisor and subtract from the dividend (change every sign in
the row).

4. Lay hiéu lam s6 bi chia méi, ldp lai dén khi bac ctia du nho hon bac cia s6 chia.
Take the difference as the new dividend and repeat until the degree of the remainder is
below that of the divisor.

Vi DU 3.6 (Nhan va chia da thirc mdt bién) / EXAMPLE 3.6 (Multiplying and dividing)
—a) Tinh (2x? — x + 3)(x — 2). b) Chia (6x> — 7x> — 16x + 12) cho (3x — 2). ¢) Chia (x> + 2x?

—5x + 1) cho (x — 2), néu du.

a) Compute (2x° — x + 3)(x — 2). b) Divide (6x° — 7x> — 16x + 12) by (3x — 2). ¢) Divide (x’ + 2x° —

Sx + 1) by (x — 2) and state the remainder.

Loi giai. / Solution.
1. a) Nhan ting hang tir: 2x%x — 2x22 = x'x + X2 +3'x =32 =2x> —4x> = x> + 2x +
3x — 6 =2x>—5x> + 5x — 6.
a) Multiply term by term: 2x*-x — 2x*-2 —xx +x2 +3x =32 =2 — 4x* = x> + 2x + 3x —
6 =2x = 5x? + 5x — 6.
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2.b) 6x% : 3x = 2x% 2x2(3x — 2) = 6x> — 4x%; hiéu con —3x2 — 16x + 12. Tiép: —3x%: 3x =
—x; —x(3x — 2) = —3x2 + 2x; hiéu con —18x + 12. Tiép: —18x : 3x = —6; —6(3x — 2) =
—18x + 12; du 0. Thuong 2x> — x — 6.

b) 6x° : 3x = 2x°; 2x°(3x — 2) = 6x° — 4x°; difference —3x* — 16x + 12. Next —3x° : 3x = —x;
—x(3x — 2) = —3x? + 2x; difference —18x + 12. Next —18x : 3x = =6, —6(3x — 2) = —18x +
12; remainder 0. Quotient 2x° — x — 6.

3.¢)x%:x =x% xX(x — 2) = x® — 2x% hiu 4x2 — 5x + 1. Tiép 4x; 4x(x — 2) = 4x% — 8x;
hiéu 3x + 1. Tiép 3; 3(x — 2) = 3x — 6; hiéu 7. Thuong x> + 4x + 3, du 7.

c) X :x =x% X’ (x — 2) = x3 — 2x; difference 4x* — 5x + 1. Next 4x; 4x(x — 2) = 4x° — 8x;
difference 3x + 1. Next 3; 3(x — 2) = 3x — 6; difference 7. Quotient x* + 4x + 3, remainder
7.

4. Thirlai phan ¢: (x —2)(x2 +4x +3) + 7=x+2x2—5x — 6+ 7=x>+2x> — 5x + 1.
Du 7 dling bang gia tri ctia da thic taix =2: 8+ 8 — 10+ 1 =7,

Check partc: (x = 2)(x* +4x +3) + 7=x+2x’ = 5x -6+ 7=x+2x> = 5x + 1. The
remainder 7 equals the valueatx =2: 8§ +8—10+1=7 1

NHAN XET / REMARK — Chia cho (x — a) thi du bang gia tri ctia da thirc tai x = a. Vi vay
da thire chia hét cho (x — a) khi va chi khi a 1a nghiém. Chwong 15 trinh bay ki dinh 1i nay
(dinh li Bézout) & muc chuyén.

Dividing by (x — a) leaves a remainder equal to the value of the polynomial at x = a. So a polynomial

is divisible by (x — a) exactly when a is a root. Chapter 15 treats this fully (Bézout's theorem) at
specialist level.

LOI HAY GAP / COMMON MISTAKE — Quén d6i ddu ca hang khi trir trong phép chia:
—(—4x?) = +4x2, khong phai —4x2.

Forgetting to change every sign when subtracting in long division: —(—4x°) = +4x°, not —4x°.

LOI HAY GAP / COMMON MISTAKE — B¢ tréng bac thiéu khi chia: x3 + 1 phai viét x> +
0x? + 0x + 1.

Leaving a missing power blank in long division: x* + 1 must be written x> + 0x* + Ox + 1.

3.3. Bay hing dang thirc dang nhé — The seven standard identities

Hang dang thirc 1a dang thie dung voi moi gi tri cia cac chir. Bay hiang dang thirc sau
dung dé khai trién nhanh mot tich, va doc nguoc lai dé phan tich da thuc thanh nhan ta.
Em cén thudc ca hai chiéu.

An identity is an equality that holds for all values of the letters. The seven identities that follow

expand a product quickly and, read backwards, factorise a polynomial. You need both directions
by heart.

PINH LY 3.6 (Binh phwong ciia mt tong) / THEOREM 3.6 (Square of a sum) — Vi
moi s6 a, b: (a + b)2=a2+ 2ab + b2 Vi dy: (10 + 3)> =169 = 100 + 60 + 9.
For all numbers a, b: (a + b)’ = a’ + 2ab + b*. Example: (10 + 3)* = 169 = 100 + 60 + 9.
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Chirng minh. / Proof.
Nhén hai thira s6 giong nhau rdi gop hang tir dong dang:
Multiply the two equal factors and collect like terms:

(a+b)(a+b)=a?+ab+ ba+ b?2=a?+ 2ab + b? (3.1)
i

b ab b’

a @ ab

a b

Hinh 3.2. Hinh vudng canh a + b gdm hai hinh vudng a2 b? va hai hinh chir nhat ab
Figure 3.2. A square of side a + b made of squares a? b? and two rectangles ab

PINH LY 3.7 (Binh phuwong ciia mot hi¢u) / THEOREM 3.7 (Square of a difference) —
V6imoi s6 a, b: (a — b)? =a% — 2ab + b2 Vidu: (10 — 3)2=49 =100 — 60 + 9.
For all numbers a, b: (a — b)’ = a’> — 2ab + b*. Example: (10 — 3)° = 49 = 100 — 60 + 9.

PINH LY 3.8 (Hi¢u hai binh phwong) / THEOREM 3.8 (Difference of two squares) —
Véimoisda, b:a?—b2=(a—b)@a+b). Vidu: 102—32=91=7-13.
For all numbers a, b: a* — b* = (a — b)(a + b). Example: 107 — 3> =91 = 7-13.

PINH LY 3.9 (Lip phwong ciia mét tong, mét hiéu) / THEOREM 3.9 (Cube of a sum, of
a difference) — Véi moi s6 a, b: (a + b)®> = a® + 3ab + 3ab? + b3 va (a — b)®> = a> — 3a%b + 3ab?
— b Vidui 2+ 1P =27=8+12+6+1va(3—1P’=8=27-27+9— 1.

For all numbers a, b: (a + b)’ = a® + 3a’b + 3ab’ + b* and (a — b)’ = a® — 3a’b + 3ab’ — b’
Example: 2+ 1)) =27=8+12+6+1and(3—- 1)) =8=27-27+9— 1.

PINH LY 3.10 (Tong, hiéu hai 1ip phwong) / THEOREM 3.10 (Sum, difference of two
cubes) — V&i moi s6 a, b: a3 + b = (a + b)(a? — ab + b?) va a® — b> = (a — b)(a? + ab + b?). Vi
du: 2°+13=9=3@4-2+1)va3’-13=26=2:(9+3 +1).

For all numbers a, b: a® + b’ = (a + b)(a’ — ab + b°) and @’ — b’ = (a — b)(@’ + ab + b°). Example:
P+1P=9=3@4-2+1Dand3 -1F=26=209+3+1).

PHAI THUQC / MEMORISE — (a+b)2=a+2ab+b%-a2—b*=(a—b)(a+b) - (azb)’=
a’ + 3a?b + 3ab?+ b - a3 £ b3 = (a £ b)(a? F ab + b?). D4u ¢ thira s thir hai cua hai 1ap
phuong: tong thi ab mang dau trir, hiéu thi ab mang dau cong.

(atb)y’=a’+2ab+ b -a’— b =(@@a—b)la+b) (ath)y’=ad+3a’b+3ab’+b’ -’ b’ =(a+
b)(a@® Fab + b?). In the second factor of the cubes: for a sum the ab term is negative, for a difference
it is positive.
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Vi DU 3.7 (Tinh nhanh bang hing ding thirc) / EXAMPLE 3.7 (Quick computation
with identities) — Tinh nhanh: a) 102%; b) 98-102; ¢) 10012 — 999%; d) 993.
Compute quickly: a) 102°; b) 98-102; c¢) 1001° — 999°; d) 99°.

Loi giai. / Solution.
1. a) Tach 102 = 100 + 2: 1022 = 100? + 2-100-2 + 22 = 10.000 + 400 + 4 = 10.404.
a) Split 102 = 100 + 2: 102° = 100° + 2-100-2 + 2° = 10,000 + 400 + 4 = 10,404.
2.b)98 =100 -2, 102 =100 + 2: tich b(:ing 1002 —22=10.000 — 4 = 9.996.
b) 98 =100 — 2, 102 = 100 + 2: the product is 100° — 2° = 10,000 — 4 = 9,996.
3. ¢) Hiéu hai binh phuong: (1001 —999)(1001 + 999) = 2-2000 = 4000.
¢) Difference of squares: (1001 — 999)(1001 + 999) = 2-:2000 = 4000.
4.d)99=100—1:993=100° —3-100%-1 + 3-100-1 — 1 = 1.000.000 — 30.000 + 300 — 1
=970.299.
d) 99 =100 — 1: 99° = 100° — 3-100°-1 + 3-100-1 — 1 = 1,000,000 — 30,000 + 300 — I =
970,299. m

Vi DU 3.8 (Khai trién va rit gon) / EXAMPLE 3.8 (Expand and simplify) — Rut gon A =
x—2P - (x+1D)E>—x+1)+6x%
Simplify A=(x—2—(x+ 1D —x+ 1)+ 6x°.

Loi giai. / Solution.
1. Khai trién 1ap phuong ciia mot hiéu: (x — 2)* = x> — 6x2 + 12x — 8.
Expand the cube of a difference: (x — 2) = x> — 6x> + 12x — 8.
2. Nhén ra tong hai 1ap phuong: (x + (x> —x+ 1) =x>+ 1.
Spot the sum of two cubes: (x + )(x* —x + 1) =x + I.
3. Thay vao va thu gon: A=x>—6x+12x -8 — x> — 1 +6x*> = 12x — 9.
Substitute and simplify: A =x> — 6x> + 12x =8 — x> — 1 + 6x = [2x — 9.
Vay A=12x-09.
SoA=12x—9. m

Nhiéu bai cho biét tong va tich ciia hai s6 chir khong cho timg sb. Khi d6 ding di tim hai
s0, hay bién d6i biéu thirc vé tong x + y va tich xy bang hang dang thuc: x> + y? = (x +
Yl —2xyvax’ +y’ = (x+y) = 3xy(x +y).

Many problems give the sum and product of two numbers but not the numbers. Do not look for

the numbers: rewrite the expression through the sum x + y and product xy using x> +y° = (x +
V)P = 2xyand X’ +y7 = (x +y)° = 3xp(x +y).

VI DU 3.9 (Biét tong va tich) / EXAMPLE 3.9 (Given sum and product) —a) Cho x +y =
5vaxy=6. Tinh x? +y2, (x —y)%, x> +y>. b) Choa+ b= 1. Tinh a* + b> + 3ab.
a) Givenx +y =5 and xy = 6, find x* +y°, (x = y)°, ¥’ +y’. b) Givena + b = 1, find a’ + b* + 3ab.
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Loi giai. / Solution.
lLayx*+y*’=(x+y)—2xy=25-12=13.
a) x> +y’=(x+y)P-2xy=25-12=13.
2.(x—y)P=(x+y)l—4xy=25-24=1.
(x—y)P=(x+y)P—dxy=25-24=1.
3.3 +y = (x+y)P - 3xy(x +y)=125—-3-6-5=35.
¥ +y =Gx+yP - 3xyx+y =125-365=35
4.b)a’+b*=(a+b)’—3ab(a+b)=1—-3ab,via+b=1.
b)a’+b’>=(a+b)—3ab(a +b) =1— 3ab, sincea +b = 1.
5. Cong thém 3ab: a> + b3 +3ab=1—3ab + 3ab=1.
Add 3ab: @® + b* + 3ab =1 — 3ab + 3ab = 1.
Vay cac giatrila 13, 1,35va 1. Kiém bang x, y=2,3:4+9=13,(2-3)*=1,8+27 =
35.

So the values are 13, 1, 35 and 1. Check withx, y =2, 3: 4+ 9 =13, (2—3)°=1, 8+ 27 = 35.
|

LOI HAY GAP / COMMON MISTAKE - Viét (a + b)? = a2 + b thiéu hang tir giita 2ab.
Thira=1,b=1 s& thiy 4 # 2.
Writing (a + b)’ = a° + b’: the middle term 2ab is missing. Try a = 1, b = 1 and see 4 # 2.

LOI HAY GAP / COMMON MISTAKE — Nhiam diu trong (a — b)*: diu xen k& + — + —;
hang tir diu a3 duong, hang tir cudi b3 am.
Wrong signs in (a — b)’: the signs alternate + — + —; a’ is positive and b’ is negative.

LOI HAY GAP / COMMON MISTAKE — Viét a® + b® = (a + b)(a2 + ab + b?) (sai d4u cua
ab) hodc coi a? — ab + b? 1a binh phuong ctia mot hiéu.

Writing a® + b° = (a + b)(a’ + ab + b?) (wrong sign of ab) or treating a* — ab + b’ as a square of a
difference.

3.4. Phan tich da thirc thanh nhan t& — Factorising polynomials

Phén tich da thtrc thanh nhan tir 1 viét da thirc d6 thanh tich cua nhiing da thirc don gian
hon. Vi du x> — 4 = (x — 2)(x + 2). Pay 1a phép bién d6i nguoc cia khai trién; em dung nd
khi rat gon phan thirc va giai phuong trinh.

To factorise a polynomial is to write it as a product of simpler polynomials. Example: x* — 4 =

(x — 2)(x + 2). It is the reverse of expanding; you use it when simplifying fractions and solving
equations.

Bon cach va thir tw thit — Four methods and the order to try them

1. Bat nhan tr chung: tim UCLN (uéc chung 16n nhét) clia cac hé sb va céac bién co6 mit
& moi hang tir, r0i dit ra ngoai ngodc. Vi du 6x2y — 9xy? = 3xy(2x — 3y).
Common factor: find the HCF (highest common factor) of the coefficients and the variables
present in every term, and take it out. Example 6x°y — 9xy° = 3xy(2x — 3y).
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2. Dung hang dang thirc: dém s6 hang tir. Hai hang tir goi hi¢u hai binh phuong hoic
tong, hiéu hai 1ap phuong; ba hang tir goi binh phuong ctia tong, hiéu.
Use an identity: count the terms. Two terms suggest a difference of squares or a sum or
difference of cubes, three terms suggest a square of a sum or difference.

3. Nhom hang tir: ghép céac hang tir thanh nhom sao cho sau khi dit nhan tir chung & moi
nhom, cac nhom con lai cung mét nhan tir.
Grouping: pair terms so that after taking out a common factor from each group, the groups
share one factor.

4. Tach hang tir: v&i ax? + bx + ¢, tich bx = bix + bax sao cho bi'b, =a-cvab; + by =b,
r6i nhom.
Splitting a term: for ax’ + bx + ¢, split bx = bix + bax with b;"b> = a-c and b; + b2 = b, then
group.

5. Kiém lai: nhin cac nhén tir ra, phai dugc da thirc ban ddu. Mdi nhan tir con phén tich
tiép duoc thi phan tich tiép.

Check: multiply the factors out to get the original. Keep factorising any factor that can still
be split.

VI DU 3.10 (Bén cach phén tich) / EXAMPLE 3.10 (The four methods) — Phan tich thanh
nhan tir: a) 6x%y — 9xy?; b) x> —4x + 4 — y?; ¢) x> — 2x% — 9x + 18; d) 8x* — 27.
Factorise: a) 6x’y — 9xy’; b) x> —dx +4 -y, o) X — 2xY — 9x + 18; d) 8° — 27.

Loi giai. / Solution.
1.a) UCLN cuia 6 va 9 1a 3, bién chung 14 x va y mdt 1an: 6x%y — 9xy? = 3xy(2x — 3y).
a) HCF of 6 and 9 is 3, and x and y appear in both: 6x°y — 9xy° = 3xy(2x — 3y).
2. b) Ba hang tir dau 1a binh phuong cia mot higu: x> — 4x + 4 — y? = (x — 2)? — y? (hiéu
hai binh phuong) = (x =2 —y)(x —2 +y).
b) The first three terms are a square of a difference: x> — 4x + 4 —y? = (x — 2)* —?
(difference of squares) = (x =2 — y)(x — 2 + y).
3. ¢) Nhom hai hang tir dau va hai hang tir cudi: x3(x —2) — 9(x — 2) = (x — 2)(x> — 9) =
x—2)x—3)(x+3).
c) Group the first two and the last two: x’(x —2) = 9(x —2) = (x = 2)(x’ = 9) = (x — 2)(x —
3)(x + 3).
4.d) 8x3 —27=(2x)* —3*=(2x — 3)(4x> + 6x +9).
d) 83— 27 = (2x)? — 33 = (2x — 3)(4x* + 6x + 9).
Kiém lai cau a: 3xy(2x — 3y) = 6x%y — 9xy?, diing da thirc dau bai.
Check part a: 3xy(2x — 3y) = 6x’y — 9xy?, the original polynomial. ®
VI DU 3.11 (Tach hang tir) / EXAMPLE 3.11 (Splitting a term) — Phén tich thanh nhan ti:

a) x> — 5x + 6; b) 2x% + 5x — 3.
Factorise: a) x* — 5x + 6; b) 2x* + 5x — 3.
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Loi giai. / Solution.
1. a) Can hai s ¢6 téng —5 va tich 1:6 = 6: @6 1a —2 va —3. Tach —5x = —2x — 3x.
a) Look for two numbers with sum —5 and product 1-6 = 6: they are —2 and —3. Split —5x =
—2x — 3x.
2.x2=2x—3x+6=x(x—2)-3(x—2)=(x—-2)(x—3).
=2x—-3x+6=x(x—2)—-3x—2)=(x—2)(x—3).
3.b) Can hai s6 c6 tong 5 va tich 2:(—3) = —6: 6 14 6 va —1. Tach 5x = 6x — x.
b) Look for two numbers with sum 5 and product 2-(—3) = —6: they are 6 and —1. Split 5x =
6x — x.
4.2x° +6x—x—3=2x(x+3) - (x+3)=(x+3)2x — 1).
2 +6x—x—3=2x(x+3)—(x+3)=(x+3)2x— 1).
Vayx?=5x+6=(x—2)(x—3)va2x®>+5x —3=(2x — 1)(x + 3).
Sox’=5x+6=(x-2)x—3)and2x’ +5x—3=2x—D(x+3). &

Vi DU 3.12 (Phan tich dé giai phwong trinh) / EXAMPLE 3.12 (Factorise to solve) — Giai
phuong trinh: a) x> — 2x> — 9x + 18 = 0; b) 2x> + 5x — 3 = 0.
Solve: a) X=22-9x+18=0; b) 2% +5x—3=0.

Loi giai. / Solution.
1. a) Phan tich vé trai (vi du trudc): (x — 2)(x — 3)(x + 3) = 0.
a) Factorise the left side (previous example): (x — 2)(x — 3)(x + 3) = 0.
2. Mot tich bang 0 khi ¢6 it nhat mot thira s6 bang 0: x = 2 hodc x = 3 hodc x = 3.
A product is 0 when at least one factor is 0: x =2 orx = 3 or x = —3.
3.b) (2x — 1)(x +3)=0nén x = 1/2 hodc x = —3.
b)(2x —D(x+3)=0,s0x=1/20rx=-3.
4. Thu lai: 2-(1/4) +5/2—-3=0va2-9—-15-3=0.
Check: 2-(1/4) + 5/2 -3 =0and 29 — 15— 3 = 0.
Vay a) tap nghiém {—3; 2; 3}; b) tdp nghiém {—3; 1/2}.
So a) the solution set is {—3; 2; 3}; b) the solution set is {—3,; 1/2}). &

Hai cach phan tich hiém gip hon nhung xuét hién ¢ cau phan loai: thém bét ciing mot
hang tir d¢ tao hiéu hai binh phuong, va dung chinh hang dang thirc dé chimg minh mot
s6 14 hop s6.

Two less common methods appear in differentiating questions: adding and subtracting the same
term to create a difference of squares, and using an identity to show a number is composite.

PHAN TICH / ANALYSIS — x* + 4 khong c6 nhan tir chung va khong phai hiéu hai binh
phuong. Ta thiy x* = (x2)? va 4 = 22. Binh phuong (x2 + 2)? ¢6 hang tir gitra 4x> ma dé khong
c6, nén cong thém 4x? va trir di 4x2 dé dii mot binh phuong. Phan du —4x2 ciing 1a binh
phuong (2x)?.

x? + 4 has no common factor and is not a difference of squares. Note x* = (x*)* and 4 = 2°. The square

(o + 2)? has a middle term 4x’ that the expression lacks, so add and subtract 4x° to complete a
square. The leftover —4x” is also a square, (2x)°.
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VI DU 3.13 (Thém b6t hang tir) / EXAMPLE 3.13 (Adding and subtracting a term) — a)
Phén tich x* + 4 va x* + x2 + 1. b) Chtng minh n* + 4 13 hop s véi moi s6 nguyén n > 1.
a) Factorise x* + 4 and x* + x* + 1. b) Prove that n* + 4 is composite for every integer n > 1.

Loi giai. / Solution.
La)x*+4=x*+4x2+4-4x> = (x> +2)> = (2x)* = (x> + 2x + 2)(x®> — 2x + 2).
a)x! +d=x'+ 4’ +4 -4 ="+ 20— 2x)? ="+ 2x + 2)(x* — 2x + 2).
2.x4+x2+1=x*+2x2+ 1 - X=X+ 1) - x=x>+x+ )2 —x+1).
X+ I =x+ 2+ 1 - = +1) = +x+ DE*—x+1).
3.b) Theo ciu a), n* + 4 = (n® + 2n + 2)(n? — 2n + 2).
b) By parta), n* + 4 = (0’ + 2n + 2)(n* — 2n + 2).
4. Thira s6 thi hai: n> —2n+2=(n—1)>+ 1 > 1+ 1 =2 khi n > 2. Thira s6 th{r nhét 16n
hon thira s6 thi hai va cling > 2.
Second factor: n’> —2n + 2 =(n— 1) + 1 >1+ 1 = 2 when n > 2. The first factor is larger
and also > 2.

Tich cta hai s nguyén déu > 2 1a hop s6. Vay n* + 4 1a hop s6 véin > 1 (n =2: 20 =
10-2).

A product of two integers both > 2 is composite. So n* + 4 is composite for n > 1 (n = 2: 20 =
10-2). m

LOI HAY GAP / COMMON MISTAKE — Dit nhan tir chung ma quén déu: —x — 2 = —(x +
2), khong phai —(x — 2). Kiém bang cach nhan lai.

Taking out a common factor with the wrong sign: —x — 2 = —(x + 2), not —(x — 2). Check by
multiplying back.

LOI HAY GAP / COMMON MISTAKE — Nhém hang tir nhung hai nhém khéng ra cling
nhan tir, roi van ghi két qua. Khi d6 phai dbi cach nhom.

Grouping terms but getting different factors in the two groups, then writing a result anyway. Change
the grouping instead.

LOI HAY GAP / COMMON MISTAKE — Dimng khi con nhan tir phan tich dugc: (x — 2)(x?
— 9) chua xong, phai viét tiép (x — 3)(x + 3).
Stopping while a factor can still be split: (x — 2)(x* — 9) is not finished; continue to (x — 3)(x + 3).

3.5. Phan thirc dai so: diéu kién xac dinh va rat gon — Algebraic fractions: domain

and simplification

Phén thac dai sb 1a biéu thirc dang A/B, trong d6 A va B 1a da thic va B khac da thic
khong. Vidu (x + 1)/(x — 2) va 3/(x2 + 1). A goi la tir thirc, B goi 1a mAu thirc. S6 nguyén
va da thirc ciing 1 phéan thirc (mAu bang 1).

An algebraic fraction has the form A/B, where A and B are polynomials and B is not the zero

polynomial. Examples: (x + 1)/(x — 2) and 3/(x* + 1). A is the numerator and B the denominator.
Numbers and polynomials are fractions too (denominator 1).
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PINH NGHIA 3.11 (Piéu kién xac dinh) / DEFINITION 3.11 (Domain condition) — Diéu
kién x4c dinh (PKXD) cua phan thic A/B 1a diéu kién dé B # 0, tirc 1a dé phan thirc c6 nghia.
Vi du phén thirc 5/(x — 2) ¢6 PKXD x # 2, vi x = 2 1am mau bang 0.

The domain condition of A/B is the condition B # 0, which makes the fraction meaningful. Example:
5/(x — 2) requires x # 2, because x = 2 makes the denominator 0.

TINH CHAT 3.12 (Tinh chit co ban ciia phan thirc) / PROPERTY 3.12 (Basic property
of fractions) — Tinh chét co ban: A/B = (A-M)/(B-M) v6i M 1a da thic khac 0, va A/B = (A :
N)/(B : N) véi N 1a nhén tir chung cta A va B. Hai phan thic A/B va C/D bang nhau khi A-D
= B-C. Quy tic d6i dau: A/B = (-A)/(-B).

Basic property: A/B = (A-M)/(B-M) for a non-zero polynomial M, and A/B = (4 : N)/(B : N) for a
common factor N of A and B. Two fractions A/B and C/D are equal when A-D = B-C. Sign rule: A/B =
(—A)/(=B).

Céac budc rit gon phan thice — Steps to simplify a fraction

1. Phan tich tir va mau thanh nhan tir (muc 3.4).
Factorise numerator and denominator (section 3.4).

2. Viét DKXD: moi nhan tir cia mau ban dau khéc 0. Ghi diéu kién NGAY, truéce khi
rat gon.
Write the domain condition: every factor of the original denominator is non-zero. Write it
BEFORE simplifying.

3. Chia ca tir va mau cho nhén tir chung. Nhan tir d6i nhau nhu (x — 2) va (2 — x) thi d6i
dau: 2 —x=—(x —2).
Divide numerator and denominator by the common factor. Opposite factors like (x — 2) and
(2 — x) differ by a sign: 2 —x = —(x — 2).

4. Két luan phan thirc rat gon kéem DKXD.
State the simplified fraction together with the domain condition.

Vi DU 3.14 (Piéu kién x4c dinh va rit gon) / EXAMPLE 3.14 (Domain and
simplification) — a) Tim DKXD cua (x + 1)/(x> — 4x + 3). b) Rut gon (x> — 9)/(x> — 6x +9).
¢) Rut gon (x2 — 4)/(2 — x).

a) Find the domain condition of (x + 1)/(x* — 4x + 3). b) Simplify (X’ — 9)/(x* — 6x + 9). ¢) Simplify (x°
— /2 - x).

Loi giai. / Solution.

1. a) Phan tich mau: x> — 4x + 3 = (x — 1)(x — 3). Mau khac 0 khi x # 1 va x # 3.
a) Factorise the denominator: x> — 4x + 3 = (x — 1)(x — 3). It is non-zero when x # 1 and x

# 3.

2.b) Tar (x — 3)(x + 3), mau (x — 3)% PKXD x # 3. Chia cho (x — 3): két qua (x + 3)/(x
—3).
b) Numerator (x — 3)(x + 3), denominator (x — 3)°; x # 3. Divide by (x — 3): the result is (x
+ 3)/(x — 3).

3.¢) Tir (x — 2)(x + 2), mau 2 — x = —(x — 2); PKXPD x # 2. Chia cho (x — 2): két qua
—(x +2).
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¢) Numerator (x — 2)(x + 2), denominator 2 — x = —(x — 2); x # 2. Divide by (x — 2): the
result is —(x + 2).
Vaya)x#1vax#3;b) (x+3)/(x—3)voix#3;¢c) —x— 2 VvOi X # 2.
Soa)x#1andx+#3;,b) (x +3)/(x—3) forx#3;,¢c) —x—2forx+2. 1

LOI HAY GAP / COMMON MISTAKE — Gach s hang thay vi gach nhan tir: (x + 2)/2
khong bang x + 1. Chi dugc chia tir va mau cho nhan tir cia CA tir in mau.

Cancelling terms instead of factors: (x + 2)/2 is not x + 1. Only cancel factors of the WHOLE
numerator and the WHOLE denominator.

LOI HAY GAP / COMMON MISTAKE — Riit gon xong méi tim DKXD tir phan thirc méi:
& cau c) chi nhin —(x + 2) thi mat diéu kién x # 2 cua dé gbc.

Finding the domain condition after simplifying: in part c) looking only at —(x + 2) loses the condition
x # 2 of the original.

3.6. Bon phép tinh véi phan thirc va bai rut gon téng hop — The four operations
on fractions and the combined simplification

Cong, trir, nhan, chia phéan thirc lam gidng phan sd, chi khac 13 tr va mau 1a da thic nén
phéi phan tich thanh nhan tir truéc. Cuing mau thi cong hodc trir tir, giit mau: A/C + B/C
= (A + B)/C. Khac mau thi quy dong. Nhan thi tir nhan tir, mau nhan miu: (A/B)-(C/D) =
(A-C)/(B-D). Chia thi nhan v6i phan thic nghich dao: (A/B) : (C/D) = (A-D)/(B-C), voi
C khéc 0.

Adding, subtracting, multiplying and dividing fractions works as for numbers, except that
numerators and denominators are polynomials, so factorise first. With equal denominators add
or subtract numerators: A/C + B/C = (A + B)/C. Otherwise use a common denominator. To
multiply, multiply numerators and denominators: (A/B)-(C/D) = (4-C)/(B-D). To divide, multiply
by the reciprocal: (4/B) : (C/D) = (4-D)/(B-C), with C non-zero.

Cac budc cong, trir phan thirc khac mau — Steps for adding and subtracting fractions with
different denominators

1. Phén tich moi mAu thanh nhén tir va viét DPKXD.
Factorise every denominator and write the domain condition.

2. Miu thtrc chung (MTC) gdm moi nhn tir xuat hién, mdi nhan tir 1dy s6 mii 16n nhat.
Vidumaux—1,x+1,x2—1c6 MTC (x — 1)(x + 1).
The common denominator contains every factor that appears, each with its highest power.
Example: denominators x — 1, x + 1, x> — 1 have common denominator (x — 1)(x + 1).

3. Nhan tir va mau ctia mdi phan thirc v6i nhan tir con thiéu dé mau thanh MTC.
Multiply numerator and denominator of each fraction by the missing factor to reach the
common denominator.

4. Cong hodc trur cac tir (dat tir trir trong ngoac), thu gon tir, phan tich tir roi rat gon.
Add or subtract the numerators (bracket a subtracted numerator), simplify, factorise and
cancel.
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Vi DU 3.15 (Céng, trir phin thirc) / EXAMPLE 3.15 (Adding and subtracting) — Rut gon
Q=x+D/(x—1)—(x—D/I(x+1)+4/(x*>—1).
Simplify Q = (x + D/(x— 1) — (x — D/(x + 1) + 4/(* — 1).

Loi giai. / Solution.
LMau:x—1,x+1,x>—1=(x—1)(x+1). DPKXD: x # 1 vax #—1. MTC la (x — 1)(x
+1).
Denominators: x — 1, x + 1, x> — 1 = (x — I)(x + 1). Domain: x # 1 and x # —1. Common
denominator (x — 1)(x + 1).
2. Quy ddng: Q=[(x + 1)2— (x — 1) +4)/[(x — D(x + 1)].
Common denominator: Q = [(x + 1) — (x — 1)> + 4]/[(x — D(x + 1)].
3T (X2 +2x+ 1) = (x2—2x+ 1) +4=4x+4=4(x + 1).
Numerator: (x> +2x+ 1) — (x> = 2x+1) +4=4x+4=4(x + 1).
4.Chiacho (x+1): Q=4/(x—1).
Cancel (x + 1): Q =4/(x — 1).
VayQ=4/(x—1)véix#1vax#—1.
SoQ=4/x—1)forx#1andx#+—1. &

VI DU 3.16 (Nhén, chia phén thirc) / EXAMPLE 3.16 (Multiplying and dividing) — Rit
gonR=(x*>-4)/(x>+2x+1): (x = 2)/(x + 1).
Simplify R = (> — 4)/(x* + 2x + 1) : (x — 2)/(x + 1).

Loi giai. / Solution.
1. Phan tich: x2 =4 =(x —2)(x +2) va x> + 2x + 1 = (x + 1)*>. DPKXD: x # 1.
Factorise: x> — 4 = (x — 2)(x + 2) and x* + 2x + 1 = (x + 1)°. Domain: x # —1.
2. Phan thirc chia 1a (x — 2)/(x + 1) phai khac 0, nén thém diéu kién x # 2.
The divisor (x — 2)/(x + 1) must be non-zero, which adds the condition x # 2.
3. Nhéan nghich dao: R = [(x — 2)(x + 2)/(x + 1)?]-[(x + D)/(x — 2)].
Multiply by the reciprocal: R = [(x — 2)(x + 2)/(x + 1)’]-[(x + D)/(x — 2)].
4. Chia tir vd mau cho (x — 2)(x + 1): R =(x + 2)/(x + 1).
Cancel (x —2)(x + 1): R = (x + 2)/(x + 1).
VayR=(x+2)/(x+ 1) voix #—1 vax #2.
SoR=(x+2)/(x+1)forx#—1andx+2. 1

Cau it gon ciia d& vao 10 thudng gop moi phép tinh roi hoi thém ba y: tinh gia tri tai
mot diém, tim x dé biéu thire bang mot s6 cho trude, tim x nguyén dé biéu thirc nguyén.
M&i ¥ ¢6 bude riéng, vi du sau di du ca bon .

The simplification question usually combines all operations and then asks three more parts: a
value at a point, the x giving a stated value, the integer x giving an integer value. Each part has
its own steps, the next example goes through all four.
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Vi DU 3.17 (Bai rat gon dii bon y) / EXAMPLE 3.17 (A full four-part simplification) —
Cho A=[(x+1)/(x—2)—(x—1)/(x+2)]:3/(x+2).a) Rut gon A. b) Tinh A tai x = 4. ¢)
Tim x dé A = 3. d) Tim s nguyén x dé A 1a sé nguyén.

LetA=[(x+ D/(x—2)— (x— D/(x+2)]:3/(x+2). a) Simplify A. b) Find A at x = 4. c¢) Find x with
A = 3. d) Find the integers x for which A is an integer.

Loi giai. / Solution.
1. a) DPKXD: x # 2 va x # —2. Quy dong trong ngodc, MTC (x — 2)(x + 2): tir (x + 1)(x +
2)—(x—1)(x—2)=(x>+3x+2)— (x2 = 3x +2) = 6X.
a) Domain: x # 2 and x # —2. Common denominator (x — 2)(x + 2) inside the bracket:
numerator (x + D(x +2) —(x—Dx—2)=(x>+3x+2) — (x* = 3x + 2) = 6x.
2. Chia: A = [6x/((x — 2)(x + 2))]-[(x + 2)/3] = 2x/(x — 2).
Divide: A = [6x/((x — 2)(x + 2))]-[(x + 2)/3] = 2x/(x — 2).
3.b) x =4 thoa DPKXD: A =2-4/(4 — 2) =4.
b) x = 4 satisfies the domain: A = 2-4/(4 — 2) = 4.
4.¢) 2x/(x —2) =3 = 2x = 3x — 6 = x = 6. Ddi chiéu PKXD: 6 # +2, nhan.
c) 2x/(x —2) =3 =2 2x =3x — 6 =x = 6. Check the domain: 6 + £2, accepted.
5. d) Tach phan nguyén: 2x/(x — 2) =2 + 4/(x — 2). A nguyén khi (x — 2) 1a udc cta 4: x
—2 € {£1;£2; 4}, tic x € {3; 1, 4; 0; 6; —2}.
d) Split off the integer part: 2x/(x — 2) = 2 + 4/(x — 2). A is an integer when (x — 2) divides
4:x—2 €{£l; 2, ¥4}, sox €{3; 1, 4, 0; 6; —2}.
6. D4i chiéu DKXD: loai x = 2.
Check the domain: reject x = —2.
Vaya) A=2x/(x—2);b) A=4;c)x=6;d)x € {0; 1; 3; 4; 6}.
Soa)A=2x/(x—2);b)A=4,¢c)x=6,d)x €{0; 1,3, 4;6}. &

NHAN XET / REMARK — Mdi lan tim dwoc gia tri x, phai dbi chiéu DKXD. O y d) gia tri x
=—2 cho A = 1 nhung bi loai, vi ban dau miu x + 2 béng 0.

Every time you find a value of x, check it against the domain. In part d) x = —2 would give A = 1 but is
rejected, because the original denominator x + 2 is 0 there.

LOI HAY GAP / COMMON MISTAKE — Trir phan thitc ma quén dit ngodc cho tir: a/c —
(b+d)/c=(a—b—d)/c, khong phai (a — b + d)/c.

Subtracting fractions without brackets around the numerator: a/c — (b + d)/c = (a — b — d)/c, not (a
—b+de.

LOI HAY GAP / COMMON MISTAKE — Chia phan thirc ma khong viét thém diéu kién
cho phan thtrc chia khac 0.

Dividing by a fraction without adding the condition that the divisor is non-zero.

LOI HAY GAP / COMMON MISTAKE — Gi4i xong phuong trinh ¢ y ¢) khong di chiéu
DKXD, nhan ca nghiém lam mau bﬁng 0.
Solving part c) without checking the domain and accepting a root that makes a denominator 0.
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PHAI THUQC / MEMORISE — (A/B) : (C/D) = (A-D)/(B-C), diéu kién B, C, D khac 0.
Phép trir: a/c — b/c = (a — b)/c. D6i ddu: a— b =—(b — a).

(A/B) : (C/D) = (A-D)/(B-C), with B, C, D non-zero. Subtraction: a/c — b/c = (a — b)/c. Sign change: a
-b=—(b-a).

3.7. Nang cao: gia tri nguyén va biéu thirc c¢6 di€u Kié€n — Advanced: integer values
and expressions with a condition

Cac budc tim x nguyén deé phan thirc nguyén — Steps to find integer x making a fraction
an integer

1. Viét DPKXP. Chia tir cho mau dé tach A/B = (da thic nguyén) + (s6)/B.
Write the domain. Divide to split A/B = (integer polynomial) + (constant)/B.

2. Véi x nguyén, phan da thic 14 s6 nguyén, nén A/B nguyén khi va chi khi (s6)/B
nguyén, tirc s6 d6 chia hét cho B (B 1a wéc cta sd d6).
For integer x the polynomial part is an integer, so A/B is an integer exactly when
(constant)/B is, that is the constant is divisible by B (B is a divisor of it).

3. Liét ké moi wdc (ca woc am), giai x tir B = udc, ddi chiéu DPKXPD va thtr lai mot hai
gia tri.
List all divisors (negatives too), solve for x from B = divisor, check the domain and test one
or two values.

PHAN TICH / ANALYSIS — Tt x> + x + 2 bac 2, mau x — 1 bac 1: chia ra dugc phﬁn da
thire. VixX2 +x =x(x — 1)+ 2x =x(x — 1) + 2(x — 1) + 2, tir bang (x — 1)(x + 2) + 4. Phan con
lai 4/(x — 1) 12 s6, nén chi can x — 1 1 udc cua 4.

The numerator x° + x + 2 has degree 2 and the denominator x — 1 degree 1, so division gives a
polynomial part. Since x* + x =x(x — 1) + 2x = x(x — 1) + 2(x — 1) + 2, the numerator is (x — 1)(x +
2) + 4. The remainder 4/(x — 1) is a constant over the denominator, so x — I only needs to divide 4.

VI DU 3.18 (Gi tri nguyén ciia phin thirc) / EXAMPLE 3.18 (Integer values of a
fraction) — Tim cac s6 nguyén x & B = (x2 + x + 2)/(x — 1) 13 s6 nguyén.
Find the integers x for which B = (X’ + x + 2)/(x — 1) is an integer.

Loi giai. / Solution.
1.DKXD:x#1. Chia: x> +x+2=(x—1)x+2)+4,nén B=x+2 +4/(x — 1).
Domain: x # 1. Divide: x> +x +2=(x—-1)(x+2)+4,soB=x+2+4/x— 1).
2. x nguyén thi x + 2 nguyén, nén B nguyén khi 4/(x — 1) nguyén, tac (x — 1) 1a udc cta
4.
X integer makes x + 2 an integer, so B is an integer when 4/(x — 1) is, that is (x — 1) divides
4.
3.Ubccuad: +1,+2,+4. Suyrax—1=1;-1;2;-2;4; 4vax=2;0;3;-1; 5, 3.
Divisors of 4: 1, +2, +4. Sox — 1 =1; —1; 2; =2; 4, —4andx = 2; 0; 3, —1,; 5; —3.
4. Ca sau gia tri khac 1. Tht x =3: B=(9 + 3 + 2)/2 = 7, nguyén.
All six values differ from 1. Testx = 3: B =(9 + 3 + 2)/2 =7, an integer.
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Vay x € {—3;—-1;0; 2; 3; 5}.
Sox €{=3;,—1;0;2;3,5}. m

Dang tht hai: d& cho mot diéu kién nhu x + 1/x = 3 hay a + b + ¢ = 0 rdi bat tinh gia tri.
Pumng giai tim bién. Hay binh phwong, 1ap phuong diéu kién, hodc thay mot bién bang
biéu thuc cua cac bién con lai.

The second type gives a condition such as x + 1/x = 3 or a + b + ¢ = 0 and asks for a value. Do
not solve for the variables. Square or cube the condition, or replace one variable by an
expression in the others.

PHAN TICH / ANALYSIS — Pé cho x + 1/x va héi x2 + 1/x2 Binh phuong x + 1/x sinh ra
hai hang tir x va 1/x2, cong véi hang tir giita 2-x-(1/x) = 2 1a mot hang sd. Tir d6 x2 + 1/x2
tinh duoc ngay; mudn 1ap phuong thi thém mot 1an nhan véi x + 1/x.

We know x + 1/x and want x* + 1/X°. Squaring x + 1/x produces x* and 1/x°, plus the middle term
2:x+(1/x) = 2, a constant. So x* + 1/X* follows at once; for cubes multiply once more by x + 1/x.

Vi DU 3.19 (Biét x + 1/x) / EXAMPLE 3.19 (Given x + 1/x) —Chox #0vax + 1/x = 3.
Tinh x? + 1/x%, x> + 1/x® va x* + 1/x*.
Givenx#0andx + 1/x = 3,ﬁndx2 + 15, 3 + 1A and x* + 1.

Loi giai. / Solution.
L(x+1/xyP=x*2+2+1/x%,nénx*+1/x>=9-2=7.
(x+1x)P°=x>+2+1x sox’ +IxK°=9—-2=7.

2.(x+1/x)P=x>+3(x+1/x)+1/x*,nén x> + 1/x* =27 - 3-3=18.
(x+1/x)p =x>+3(x+1/x)+ 1AK% sox’ + 1/x*=27—33=18.

3.2+ 1/ =xt+2+ 1/x,nénx* + 1/x* =49 -2 =47.
P+ I =xt+ 2+ 1 sox? + IxT=49—2=47.

Vay 7, 18 va 47. Gia tri x thoa dé co ton tai, vi du x = (3 + V5)/2, khi d6 1/x = (3 — V5)/2.
So 7, 18 and 47. Such an x exists, for example x = (3 + N5)/2, and then 1/x = (3 —5)/2. m

PHAN TICH / ANALYSIS — Ba méau b? + ¢? — a2, ¢ + a2 — b, a% + b? — c? trong khong lién
quan. Pidu kién a + b + ¢ = 0 cho a = —(b + ¢). Binh phuong hai vé: a2 =b? + 2bc + ¢2, nén
mdi mau rat thanh —2 nhan tich hai bién con lai.

The three denominators b> + ¢ — &, &> + & — b°, & + b° — & look unrelated. The condition a + b +
c =0gives a = —(b + c). Squaring: a* = b* + 2bc + ¢*, so each denominator becomes —2 times the
product of the other two variables.

VI DU 3.20 (Biét a + b + ¢ = 0) / EXAMPLE 3.20 (Given a + b + ¢ = 0) — Cho a, b, ¢ khéc
Ovaa+b+c=0.a) Ching minh a® + b® + ¢ = 3abc. b) Tinh S = 1/(b? + ¢? — a?) + 1/(c* + a?
—b?) + 1/(a% + b> = ¢?).

Let a, b, ¢ be non-zero with a + b + ¢ = 0. a) Prove a® + b’ + ¢’ = 3abc. b) Find S = 1/(b* + ¢’ — &)
+ 1/ +d - b))+ /@ + b - D).
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Loi giai. / Solution.
l.a) Tra+b=—c:a’+b*=(a+b)’—3ab(a+b)=—c’+ 3abc.
a) Froma +b=—c:a’> +b* = (a +b)’ — 3ab(a + b) = =’ + 3abc.
2. Chuyén —c? sang trai: a> + b + ¢* = 3abc.
Move —c3 to the left: a® + b’ + &3 = 3abc.
3.b)a=—(b+c)nén a’>=b?+ 2bc + c?, suy ra b® + ¢ — a?> = —2bc. Tuong tu ¢ + a? — b?
=—2ca va a’ + b?> — ¢> = —2ab; ca ba khac 0.
b)a=—(b+c)gives a’ = b’ + 2bc + 2, so b* + ¢ — a®> = —2bc. Similarly ¢* + a’> — b’ =
—2ca and a* + b*> — ¢? = —2ab; all three are non-zero.
4.S =-1/(2bc) — 1/(2ca) — 1/(2ab) = —(a + b + ¢)/(2abc) = 0.
S =—1/(2bc) — 1/(2ca) — 1/(2ab) = —(a + b + ¢)/(2abc) = 0.
Vay a® +b® + ¢ = 3abc va S = 0.
Soa’+ b+ =3abcand S=0. A

LOI HAY GAP / COMMON MISTAKE — Gii ra x rdi thay vao thay vi dung diéu kién:
nhiéu bai chi c6 nghiém vo ti hodc khong c6 nghiém thuc, thay s6 d& sai.

Solving for x and substituting instead of using the condition: many such problems have irrational
roots or none, and substituting invites errors.

LOI HAY GAP / COMMON MISTAKE — O cu gia tri nguyén, chi 1y u6c duvong cua
hang s6 va bo udc am.
In integer-value questions, taking only the positive divisors of the constant and forgetting the negative

ones.
Vi du
Example

Bang chién lwge — Strategy table

Cach lam
Method

Diu hi¢u trong dé

Sign in the problem

X N2 a2 2+ + ~
Maulax®—a“hay X +bX+c oo ok mau, ghi PKXD trude

Denominator is x> — & or x°> + i i o 3.14
Factorise, write the domain first

bx + ¢ '

Hai phan thirc khic mau Quy ddng bang MTC, trir thi dit ngodc tir

Fractions with different Common denominator, bracket a subtracted 3.15

denominators
C6 dau chia giira hai phan
thire

Division of two fractions

Tim x dé phén thirc nguyén
Find x for an integer value

Bon hang tir, khong c6 nhan
tu chung
Four terms, no common factor

numerator

Nhan nghich d4o, thém diéu kién chia khac
0 3.16
Multiply by reciprocal, add divisor # 0

Téch phan nguyén, mau 13 wéc hing so

Split integer part, denominator divides the 3.17,3.18
constant
Nhém hai hang tir mot

6m hai hang t&r mo 310

Group in pairs
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Diu hi¢u trong dé Cach lam Vidu
Sign in the problem Method Example
x* + hing s6 Thém bét dé c6 hiéu hai binh phuong o
x* plus a constant Add and subtract to get a difference of squares ’
Cho biét x +y va xy Biéu dién qua tong va tich 3.9
Sum and product given Express through sum and product ’
Chox+ 1/xhodca+b+c= . . 1 A
i Binh phuong, 1ap phuong; thay mdt bién
0 . : 3.19, 3.20
. Square, cube, substitute a variable
x+ I/xora+b+c=0given
Chia da thirc cho x — a, hoi Du bine oid tri tai x = 2
du selatilk 3.6

) . Remainder equals the value at x = a
Remainder on dividing by x — a

3.8. Luyén cau hoéi trac nghi€ém — Multiple-choice and short-answer practice

Cau nhiéu lya chon: rat gon hoac khai trién rdi so véi dap an, hodc loai phuong an sai
bang cach thir mot gid tri cu thé ciia x (thir x = 0, x = 1, x = —1). Cau dung/sai: xét timg y
riéng, mdi y can mot phép tinh ngin. Cau tra 10i ngan: chi ghi dap s, khong can trinh
bay, nhung phai tinh du; ghi rd khi dé yéu cau 1am tron.

Multiple choice: simplify or expand and compare, or eliminate options by trying a specific value
of x (tryx = 0, x = 1, x = —1). True/false: judge each statement separately, each needs a short

calculation. Short answer: write only the number, no working, but compute fully, follow any
rounding instruction.

Phan I. Nhiéu lya chon — Part I. Multiple choice
Cau 1. Khai trién (x — 3)? duoc:
Question 1. Expanding (x — 3)° gives:

cA.x2-9
A x2—9
*B.x2—6x+9
B.x*—6x+9

+C.x2+6x+9
C.x’+6x+9

*D.x>2-3x+9
D.x>—3x+9

Cau 2. Piéu kién xéc dinh ctia 5/(x* — 4x) la:
Question 2. The domain condition of 5/(x* — 4x) is:

cA.x#4
A x+4
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*B.x#0
B.x#0

*C.x#0vax#4
Cx#0andx+4

*D.x#2vax#-2
D.x#2andx# -2
Cau 3. Béc cua da thire 3x%y® — x* + Sy la:
Question 3. The degree of 3x*y* — x* + 5y is:
*A.4
A. 4

*B.5
B.5

*+C.3
C. 3

*D.6
D.6

Cau 4. Véi x # %1, rlit gon (x2 — 1)/(x> + 2x + 1) duogc:
Question 4. For x # 1, (x> — 1)/(x* + 2x + 1) simplifies to:
cA.x+1D/(x—1)
A e+ Dl — 1)
*B.x—1
B.x—1

C. l/(x+1)
C I/x+ 1)
‘D.x—1/(x+1)
D.(x— D/x+ 1)

Phan IL Pung hoic sai — Part II. True or false

Cau 5. Cho x +y =4 va xy = 1. Cac khang dinh sau dang hay sai?
Question 5. Let x +y = 4 and xy = 1. Are the statements true or false?
ca)x’+y*=14.
a) x> +y* = I4.
*b) (x —y)*=20.
b) (x —y)? = 20.
cc) x> +y* =52,
c)x*+y =352
o d) x* + y*=196.
d) x* + y* = 196.
Cau 6. Cho A = (x + 2)/(x* — 4). Céc khang dinh sau dung hay sai?
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Question 6. Let A = (x + 2)/(x’ — 4). Are the statements true or false?
*a) bBKXD cua A lax #2.
a) The domain of A is x + 2.

*b)A=1/(x—2) voi x #+£2.
b) A = 1/(x — 2) for x # £2.

ec)Taix=3,A=1.
c)Atx =3, 4=1

* d) A nguyén véi x nguyén chi khi x = 3.
d) For integer x, A is an integer only when x = 3.
Phan IIL. Tra 16i ngin — Part I11. Short answer
Cau 7. Tinh gia tri cta f(x) = x> + 2x> = 5x + 1 tai x = —2.
Question 7. Find f{x) = x> + 2x* = 5x + L atx = —2.
Cau 8. Tinh tong cac s6 nguyén x dé (3x + 7)/(x + 2) 12 s6 nguyén.

Question 8. Find the sum of the integers x for which (3x + 7)/(x + 2) is an integer.

Dap an va giai thich — Answers and explanations

Vi sao ding, phwong 4n nhiéu sai & dau

Why it is right, where the distractors fail

(x —3)>=x>—6x+9. A quén hang tir giira; C sai dau; D lay ab thay cho

2ab.
1 B
(x — 3)> =x° — 6x + 9. A drops the middle term; C has the wrong sign; D uses ab
for 2ab.
x> — 4x = x(x — 4) # 0 can ca hai. A, B thiéu mot diéu kién; D 14 cta x> — 4.
2 C x’ — 4x = x(x — 4) # 0 needs both. A and B miss one condition; D belongs to x> —
4.
3 B 3x%y? ¢ bac 5, x* bac 4, 5y bac 1: lay bac cao nhat 5.
3x%)° has degree 5, x? degree 4, 5y degree 1: take the highest, 5.
(x — D(x+ 1)/(x+ 1)*=(x — 1)/(x + 1). A 1a nghich dao; B, C chia sai.
4 D (x— 1)+ D/(x+ 1) = (x — 1)/(x + 1). Ais the reciprocal; B and C cancel

wrongly.

x> +y?=16—-2=14 ding; (x —y)* =16 —4 =12 nén b sai; x* +y’ = 64 —
D,S,D,S  12=52ding; x*+y*= 14"~ 2= 194 nén d sai.

5
TLETF X+ =16—-2=14true; (x —y)’ =16 — 4 =12 s0 b is false; X’ +y* = 64 — 12
=52 true; x* +y* = 14 — 2 = 194 so d is false.
Mau (x — 2)(x + 2) nén can x # £2, a sai; A = 1/(x — 2) dang; x =3 cho 1
6 S,b,b, S ding; x —2 ==+1 cho x =3 hoac x = 1, nén d sai.

FTTF The denominator (x — 2)(x + 2) needs x # +2, so a is false; A = 1/(x — 2) is true; x
=3 gives 1, true; x — 2 = £1 gives x = 3 or x = 1, so d is false.
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Vi sao ding, phwong 4n nhiéu sai & dau

Why it is right, where the distractors fail

—-8+8+10+1=11.
-8+8+10+1=11

(B3x+7)/(x+2)=3+ 1/(x + 2); x + 2 = +1 cho x = —1 hodc —3, téng —4.
(Bx+7)/(x+2)=3+1/x+2),x+2==xl givesx =—1or =3, sum —4.

Thuéat ngir Tiéng Anh Giai thich ngin

Term (Vietnamese) English Short definition

g6m sd, chit va phép tinh

Biéu thirc dai s6 Algebraic expression .
j & p built from numbers, letters, operations
tich cua s va cac bién
Pon thirc Monomial
product of a number and variables
He sb Coefficient s0 dung trude phan bién
) the number in front of the variable part
A 0 & 9 i hir ke 5 mil
Phan bién Variable part cac chu er? S0 mu
the letters with exponents
n , . tong cac s6 mii
Béc cua don thirc Degree of a monomial g ¢
sum of exponents
. aA . cung phan bién
Don thurc dong dang Like terms &pha
same variable part
, . tdng cac don thirc
Pa thic Polynomial g ) )
sum of monomials
Hane tir Term mot don thirc trong tong
ang one monomial in the sum
. cong cac hang tr ddng dang
Thu gon Simplif
£ PHLY add like terms
A A s : : hé s6 cua lily thira 16n nhat
Hé s6 cao nhat Leading coefficient j ] y )
coefficient of the highest power
A hang tir khong chira bién
Hé so tu do Constant term ang i g )
the term without a variable
L : : i4 trj lam da thtc bang 0
Nghiém cua da thuc Root of a polynomial gla i fam &
value making the polynomial 0
Hing déing thitc Identity dang thire dung v6i moi gia tri

equality true for all values
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Thuéat ngir Tiéng Anh Giai thich ngin
Term (Vietnamese) English Short definition

viét thanh tich
write as a product

Phan tich thanh nhan tt  Factorise

thira s0 c6 mat & moi hang tur

Nhan tir chung Common factor , )
factor in every term
A s .z . . A/B voi A, B 1a da thirc
Phan thuc dai so Algebraic fraction . ,
A/B with A, B polynomials
o X . trén va dudi vach phan sd
Tu thirc, mau thirc Numerator, denominator Achi p o
above and below the fraction bar
e : . diéu kién d€ mau khac 0
biéu kién xac dinh Domain condition o i
condition for the denominator to be non-zero
X . mau chia hét cho moi mau di cho
Mau thirc chung Common denominator , L i
a denominator divisible by all given ones
. . . A/B dao thanh B/A
Phan thirc nghich dao Reciprocal fraction
gl p A/B turned into B/A
chia tir, mau cho nhan tir chung
Rut gon Cancel, simplify divide numerator and denominator by a
common factor
. .. s6 chia hét mot s6 cho trude
Ude Divisor

a number dividing a given one

3.9. Bai tu luyén - Practice problems

Murc 1 — Co ban - Level 1 — Basic
Bai 3.1/ Problem 3.1 — Thu gon M = 2x%y — 3xy? + 5x%y + xy? 1di tinh M tai x = 1, y = —2.
Simplify M = 2x’y — 3xy’ + 5x%y + x°, then find Matx = 1, y = —2.

Bai 3.2 / Problem 3.2 — Chirng minh (2x + 3)? — (2x — 3)? — 24x = 0 v&i moi x.
Prove (2x + 3)* — (2x — 3)? — 24x = 0 for every x.

Bai 3.3 / Problem 3.3 — Phan tich thanh nhan ti: a) 9x2 — 16; b) x> + 8; ¢) x> + 7x + 12; d) ax
—ay + 2x — 2y.

Factorise: a) 9x° — 16, b) X’ + 8, ¢) X’ + 7x + 12; d) ax — ay + 2x — 2y.

Bai 3.4 / Problem 3.4 — Giai phuong trinh: a) x2 — 7x + 10 = 0; b) x*> — 4x = 0.

Solve: a) x> — 7x + 10 = 0; b) x> — 4x = 0.

Bai 3.5/ Problem 3.5 — Tim DKXD va rut gon (x> — 25)/(x? + 10x + 25).
Find the domain condition and simplify (> — 25)/(x* + 10x + 25).

Bai 3.6 / Problem 3.6 — Tinh nhanh: a) 2012 — 199%; b) 97-103.
Compute quickly: a) 201° — 199°; b) 97-103.
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