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Chuong 1. Thir nguyén, woc lwgng va sai s0 — Chapter 1.

Dimensions, estimation and uncertainty

Muc tiéu chwong — Chapter objectives

* Dung thtr nguyén dé kiém tra mot cong thue va dé tim dang cia mdt dinh luat, ké ca
khi chua biét co ché.
Use dimensions to test a formula and to find the form of a law before the mechanism is
known.

« Ué6c luong bac do 16n ciia mot dai luong tir vai s6 lidu quen thudc, biét sai ¢ dau thi
két qua 1éch nhiéu nhat.
Estimate the order of magnitude of a quantity from a few familiar numbers, and know which
input moves the result most.

« Viét két qua do voi ding chir s6 co nghia, tinh sai s6 cta dai luong gian tiép qua tong,
tich, Iy thura.
Write a measured result with the right significant figures and find the uncertainty of an
indirect quantity through sums, products and powers.

* Pua quan h¢ liy thura vé duong théng, xac dinh hé sb goc, h¢ s6 chin va sai sb cua
chung.
Turn a power relation into a straight line and find the slope, the intercept and their
uncertainties.

* Viét phuong an thi nghi¢m theo cAu trac cua dé thi hoc sinh gidi: co s0, dung cu, cac
budc, xu ly sb liéu, sai sb.
Write an experimental plan in the structure used in olympiad papers: principle, apparatus,
steps, data treatment, uncertainty.

1.1. Pai lwgng, don vi va thir nguyén — Quantities, units and dimensions

Quy udc ky hiéu dung sudt sach: Ax 1a sai sd tuyét d6i cta x, &x = Ax/|x| 14 sai s6 tuong
d6i, X 1 gia tri trung binh. Chi sb clia cac lyc va nang luong viét theo tiéng cua timg ngon
ngit: Fus (tiéng Viét) va Fg (tiéng Anh) cho luc ma sat, Wa va K cho dong nang, W, va U
cho thé nang. Gia tdc roi tu do 1ay g = 9,8 m/s? néu dé khong cho khac.

Notation used throughout the book: Ax is the absolute uncertainty of x, &x = Ax/|x| is the relative
uncertainty, X is the mean value. Subscripts on forces and energies follow each language: Fus in
Viethamese and Fy in English for friction, W and K for kinetic energy, W; and U for potential
energy. The free-fall acceleration is taken as g = 9.8 m/s’ unless the problem says otherwise.

PINH NGHIA 1.1 (Pai lwgng va don vi SI) / DEFINITION 1.1 (Quantity and SI unit) —
DPai lugng vat li 1a tinh chit ctia mot hién tuong hay mdt vat ma ta do duoc, két qua do viét
béng mot s6 nhan véi mot don vi. Pon vi SI co ban dung trong co hoc 1a mét (m), kilogam
(kg), giay (s). Moi don vi co hoc khéc 1a tich hay thuong cua ba don vi nay: newton N =
kg'm/s?, joule J = N-m, watt W = J/s, pascal Pa = N/m?.

A physical quantity is a property of a phenomenon or a body that can be measured, a result is written

as a number times a unit. The SI base units used in mechanics are the metre (m), the kilogram (kg)
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and the second (s). Every other mechanical unit is a product or quotient of these three: newton N =
kg'm/s’, joule J = N-m, watt W = J/s, pascal Pa = N/m".

PINH NGHIA 1.2 (Thir nguyén) / DEFINITION 1.2 (Dimension) — Thir nguyén ctia mot
dai luong x, ky hi¢u [x], 1a tich cac lliy thira cua khéi lugng M, chiéu dai L, thoi gian T cho
biét x dwoc tao tir ba dai lwong co ban ndo. Chang han [v] =LT", [a] = LT, [F] = MLT?, [E]
= ML2T-2. Pai luong c6 [x] = 1 (moi lity thira bang 0) goi 1a khong thir nguyén: goc, ti sb hai
do dai, hé s6 ma sat L.

The dimension of a quantity x, written [x], is the product of powers of mass M, length L and time T
that shows how x is built from the three base quantities. For example [v] = LT", [a] = LT? [F] =
MLT?, [E] = ML*T?. A quantity with [x] = 1 (all powers zero) is dimensionless: an angle, a ratio of
two lengths, the friction coefficient .

TINH CHAT 1.3/ PROPERTY 1.3 — Nguyén tic dong nhét thir nguyén. Hai vé ctia mot
dang thirc vat 1i c6 cing thir nguyén. Chi cong, trir, so sanh cac dai luong ciing thir nguyén.
Dbi s6 cua sin, cos, tan, Ig, In, e* 13 sb khong thir nguyén.

Principle of dimensional homogeneity. Both sides of a physical equation have the same dimension.
Only quantities of the same dimension are added, subtracted or compared. The argument of sin, cos,
tan, lg, In or €' is a dimensionless number.

Nguyén tic nay ding vi don vi do c6 thé chon tiy ¥: néu d6i mét thanh centimét ma mot
dang thiic bi sai thi dang thirc ay khong mo ta quy luat cua tu nhién. Thir nguyén chi ra
cong thuc sai, khong chiing nhén cong thuc dung: hé s6 sd hoc (2, 1/2, m) va su khac
nhau giira sin va cos khong nam trong thir nguyén.
The principle holds because the choice of unit is arbitrary: if an equation fails when metres are
replaced by centimetres, it cannot describe a law of nature. Dimensions expose a wrong formula
but do not certify a right one: numerical factors (2, 1/2, ) and the difference between sin and
cos are invisible to them.

Dai lugng Thir nguyén Pon vi SI
Quantity Dimension ST unit

Van toc, toc do

-1

Velocity, speed LT ms
Gia toc . LT m/s?
Acceleration
Luc, trong lugng MLT> N = kg'm/s?
Force, weight
Cong, nang lugng, moment lyc PR _

ML-T J=N'm
Work, energy, torque
Cong suat ML2T3 W=1J/s
Power
Ap suat, trng suat ML'T2 Pa = N/m>
Pressure, stress
Khoi lugng riéng ML kg/m’

Density
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Dai lugng Thir nguyén Pon vi SI
Quantity Dimension SI unit

Dong lugng, xung luong

. MLT! kg-m/s

Momentum, impulse
T/\ A t/( A r

an so, toc do goc T Hz=s", rad/s
Frequency, angular speed
H & hép di

ang so. ap dan G ML3T? N-m%kg?
Gravitational constant G
Hé sb ca & mat

é sp cang be mit o MT-2 N/m
Surface tension o
Do nhé

¢ nhotn ML T Pa-s

Dynamic viscosity n

Tién t6 hay dung khi d6i don vi: nano (n) 10, micro () 107, milli (m) 107, kilo (k) 10?,
mega (M) 10°, giga (G) 10°. Khi d6i don vi ctia dai lugng co lity thira, liiy thira ap cho ca
hé s6 d6i: 1 cm?= (102 m)>= 10 m2.

Prefixes met most often: nano (n) 107, micro (1) 1075, milli (m) 1073, kilo (k) 10°, mega (M) 10°,
giga (G) 10°. When a quantity carries a power, the power applies to the conversion factor too: 1
cm? = (107 m)’ = 107 m?.

PHAN TICH / ANALYSIS — Céng thirc cho san dang chif: viét th nguyén cia timg s6
hang, thay ngay vao bang trén, rdi so hai vé. S6 hang nao 1éch liiy thira ciia L hay T 1a s6 hang
sai hodc thiéu mot dai lugng.

A formula given in letters: write the dimension of each term from the table above and compare both
sides. A term whose power of L or T differs is wrong or is missing a quantity.

Vi DU 1.1 (Loai cong thirc sai bing thir nguyén) / EXAMPLE 1.1 (Rejecting a wrong
formula by dimensions) — Thoi gian t @& mot vat bit dau tir nghi trugt hét doan dbc dai s,
nghiéng goc o, hé sb ma sat truot p, dwoc mot hoc sinh nhé theo ba cach: (a) t = V(2s/(g(sin o
— pcos a))); (b) t=2s/(g(sin a — p cos a)); () t = V(2sg(sin 0. — p cos a)). Cach nao c6 thé
dung vé thir nguyén? C6 thé két luan cach d6 dang khong?

The time t for a body starting from rest to slide down a slope of length s, inclined at angle a, with
sliding friction coefficient p, is remembered by a student in three ways: (a) t = N(2s/(g(sin a — u cos
a); (b) t = 2s/(g(sin o — i cos a)); (c) t = N(2sg(sin o — pi cos ). Which can be right dimensionally?
Does that make it right?

Loi giai. / Solution.
sin a, cos a, i khong thir nguyén, nén thira sé g(sin a — p cos o) ¢6 thir nguyén cia g, tic
LT2 Can [t] =T.
sin a, cos o and u are dimensionless, so g(sin a. — p cos &) has the dimension of g, LT. We need
[]=T
1. Cach (a): [s/g] = LALT?) = T2, 13y can dugc T. Pung thir nguyén.
Form (a): [s/g] = L/(LT?) = T?, its root is T. Dimensionally correct.
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2. Cach (b): [s/g] = T?, khong c6 cdn nén cho T2 Sai.
Form (b): [s/g] = T? with no root, giving T°. Wrong.
3. Cach (c): [sg] =L-LT2=L2T?, can 1a LT"' (mot van tdc). Sai.
Form (c): [sg] = L-LT? = L’T", its root is LT (a speed). Wrong.
Vay chi (a) qua duoc phép kiém. Thtr nguyén khong phén biét (a) v6i t = V(s/(g(sin o — pt
cos 0))) hay véi t = V(2s/(g(cos a — p sin a))), nén (a) con phai kiém bang cach khac: véi
n=0, o =90° nd cho t = V(2s/g), dung cong thirc roi tu do.
Hence only (a) passes. Dimensions cannot tell (a) from t = \/(S/(g(sin o — W cos a))) or fromt =
\/(ZS/(g(cos o — wsin a))), so (a) needs another test: for u = 0, o = 90° it gives t = \/(2s/g), the
free-fall formula. &

LOI HAY GAP / COMMON MISTAKE — Thay hai vé ciing thir nguyén rdi két luan céng
thirc dung. Thtr nguyén chi loai duoc cong thirc sai: thiéu hé s6 2 hay nham sin véi cos van
qua.

Seeing equal dimensions on both sides and declaring the formula right. Dimensions can only reject a
wrong formula: a missing factor 2 or sin mistaken for cos still passes.

LOI HAY GAP / COMMON MISTAKE — Ddi don vi ma quén binh phwong: 1 cm? bang
10 m2 khong phai 102 m2. 36 km/h bang 10 m/s, khong phai 36 m/s hay 3,6 m/s.
Converting units without squaring: 1 cm’ is 107 m?, not 10° m*. 36 km/h is 10 m/s, not 36 m/s or 3.6
mys.

1.2. Phan tich thir nguyén: tim dang cia dinh luat — Dimensional analysis:
finding the form of a law

Khi biét dai luong can tim phu thudc vao nhitng dai lugng nao, thir nguyén thudng di dé
suy ra dang cong thirc. Phuong phap gdm bén budc: liét ké cac dai luong anh hudng, viét
y = C-x1P-x29-x3" voi C khong tht nguyén, can bang lity thira cuia M, L, T hai vé, giai hé.

When the quantities that a result depends on are known, dimensions are often enough to fix the

form of the formula. The method has four steps: list the relevant quantities, write y = C-x/P-x27-x3"
with C dimensionless, equate the powers of M, L, T on both sides, solve the system.

TINH CHAT 1.4 (Phén tich thir nguyén) / PROPERTY 1.4 (Dimensional analysis) —
Néu dai lugng y chi phu thudc vao xi, x2, X3 va quan h¢ c6 dang tich liy thira y = C-x1Px29x3",
thi cac liiy thira p, q, r duge xac dinh béi ba phwong trinh (mdt cho méi M, L, T), con C 1a
hang s khong thir nguyén ma thir nguyén khong cho biét. Khi c6 nhiéu hon ba dai lugng doc
1ap, hé thiéu phuong trinh: phai ghép cac dai lugng thanh t6 hop khong thir nguyén, va y phu
thudc vao cac t6 hop d6 qua mot ham chua biét.

If a quantity y depends only on x,, X2, x3 and the relation is a product of powers y = C-x/’x2'x3", then
the powers p, q, r are fixed by three equations (one each for M, L, T), while C is a dimensionless
constant that dimensions cannot supply. With more than three independent quantities the system is
short of equations: the quantities must be grouped into dimensionless combinations, and y depends on
them through an unknown function.
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Vi¢c chon dung danh sach dai lugng la phén vat li cia bai toan. Thiéu mot dai lugng thi
cong thure sai; thira mdt dai lugng thi Ity thira cua né tu ra béng 0 hoac h¢ v nghi¢m, do
cling la cach phat hién dai lugng thura.

Choosing the list of quantities is the physics of the problem. Omit one and the formula is wrong;

include an extra one and its power comes out zero or the system has no solution, which is also
how a superfluous quantity is detected.

PHAN TICH / ANALYSIS — Con lic don: chu ky c6 thé phy thudc chiéu dai day €, khoi
lwong qua ning m, gia tdc roi ty do g, bién d6 goc Oo. Bién d6 goc khong thir nguyén, nén né
chi vao hé s6 C, khong vao lily thira. Chi m c6 chira M: néu m c¢6 mit thi phwong trinh ctia M
budc lity thira ctia m bang 0.

Simple pendulum: the period may depend on the string length €, the bob mass m, the free-fall
acceleration g and the angular amplitude 6y. The amplitude is dimensionless, so it enters the constant
C, not a power. Only m contains M: if m is present, the M equation forces its power to be zero.

Vi DU 1.2 (Phén tich thir nguyén co ban) / EXAMPLE 1.2 (Basic dimensional analysis)
— Tim dang cong thirc chu ky T cta con l4c don ¢6 day dai £, qua nang khdi luong m, tai noi
co gia tde roi tu do g, dao dong véi bién do nho.

Find the form of the period T of a simple pendulum with string length € and bob mass m, where the
free-fall acceleration is g, oscillating with small amplitude.

Loi giai. / Solution.
bat T = C-P-m%-g". Thir nguyén: T = LP-M9-(LT?)".
Set T = C-tP-mi-g". Dimensions: T = LP-M4-(LT?)".

1. Lity thira ctia M: 0 = g, nén q = 0. Khdi lugng khong c6 mit.
Power of M: 0 = q, so q = 0. The mass drops out.

2. Lty thvacta T: 1 = —2r,nénr=—-1/2.
Power of T: 1 = —2r, sor =—1/2.

3.LaythraciaL: 0=p+r,nénp=1/2.
Powerof L: 0 =p +r,sop =1/2.

T=CV(£/g) (1.1)

Vay chu ky ti 18 v6i can bac hai ciia chidu dai, khong phu thudc khéi lwong; hang s6 C
khong thtr nguyén va thtr nguyén khong xac dinh dugce no6 (¢ bién do nho C = 2z, chuong
Thuc nghiém va bai toan tong hop chi phat biéu).
Hence the period is proportional to the square root of the length and independent of the mass, C
is dimensionless and dimensions cannot fix it (for small amplitude C = 2, which the chapter on
experiments and synthesis problems only quotes). R

NHAN XET / REMARK — Héng 6 C co thé tim béng mot lando: do T tai mot {, tinh C =
TV(g/0), rdi dung cho moi € khac. Pay 1a cach dung phan tich thi nguyén dé chuyén mot thi

nghiém thanh mdt dy doan, nhu ¢ vi du 1.14.

The constant C can be found from one measurement: measure T at one £, compute C = TN(g/L), then
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use it for every other €. This is how dimensional analysis turns one experiment into a prediction, as in
example 1.14.

PHAN TIiCH / ANALYSIS — Luyc can cia khong khi 1én vat chuyén dong nhanh phu thude
mat d¢ khong khi p, dién tich mat cit ngang S, tdc dd v. Luc c6 M ma chi p mang M, nén Iy
thira cia p phai 1a 1. Sau d6 chi con L va T dé dinh S va v.

The air drag on a fast body depends on the air density p, the cross-sectional area S and the speed v.
Force contains M and only p carries M, so the power of p must be 1. Only L and T then remain to fix S
and v.

Vi DU 1.3 (Hing s6 khong thir nguyén cho truwéc) / EXAMPLE 1.3 (A given
dimensionless constant) — Lyc can F cta khong khi 1én vat chuyén dong nhanh phu thudc
vao khdi luong riéng p ciia khong khi, dién tich mit cit ngang S ciia vat va toc do v. Tim
dang cua F. Tu do udc lugng tdc do roi 6n dinh ciia mot giot mua ban kinh 1,0 mm, biét héng
s6 khong thir nguyén cua cong thire 14 0,25 va p = 1,2 kg/m°.

The drag F of air on a fast body depends on the air density p, the body's cross-sectional area S and its
speed v. Find the form of F. Then estimate the steady fall speed of a raindrop of radius 1.0 mm, given
that the dimensionless constant of the formula is 0.25 and p = 1.2 kg/m’.

Loi giai. / Solution.
bat F = C-p?-S®v¢; [F] = MLT?2, [p] = ML?, [S]=L? [v]=LT.
Set F = Cp*SP~v¢; [F] = MLT?, [p] = ML, [S] = L2, [v] = LT".

I.M:1=a.T:2=-—c,nénc=2.L:1=-3a+2b+tc=-3+2b+2,nénb=1.
M:1=a T —-2=-csoc=2.L:1=-3a+2b+c=-3+2b+2 sob=1.

F = CpSv2 (1.2)

Giot mua 6n dinh khi lyc can cén bang trong lyc: CpSv? = mg. Khéi luong m =
(4/3)nr3pn v6i pn = 1000 kg/m?, dién tich S = nr?. V&ir= 1,0 mm: m = 4,19-10% kg, S =
3,14:10°° m?.

The drop is steady when drag balances weight: CpSv? = mg. The mass is m = (4/3)wr’pw with pw
= 1000 kg/m* and S = nr’. Forr = 1.0 mm: m = 4.19-10° kg, S= 3.14-10°° m°.

v ="(mg/(Cp$))
Vay v ~ 6,6 m/s. Gap doi ban kinh thi m ting 8 lan, S ting 4 lan, v ting \2 lan, tic
khoang 9,3 m/s.

Hence v = 6.6 m/s. Doubling the radius multiplies m by 8 and S by 4, so v grows by \2, to about
9.3m/s. &

LOI HAY GAP / COMMON MISTAKE — Cho dai lwong thira vao danh sach (vi du khéi
lwong quéa ning trong chu ky con lac) rdi ¢d giit liy thira khac 0. Hé phwong trinh s& tu budc
no béng 0; néu hé vo nghiém thi danh sach dai lugng da sai.

Putting a superfluous quantity in the list (the bob mass in the pendulum period) and trying to keep its
power nonzero. The system forces it to zero, if the system has no solution, the list of quantities is
wrong.
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LOI HAY GAP / COMMON MISTAKE — Quén ring hing sé C cta phan tich thir nguyén
khong do thir nguyén quyét dinh: két qua T = C(/g) khong cho biét T bang bao nhiéu gidy
néu chwa c6 mot phép do hay mot li thuyét cho C.

Forgetting that the constant C is not fixed by dimensions: T = CN(t/g) does not give T in seconds until
a measurement or a theory supplies C.

1.3. U6c lwong bac dd 16n — Order-of-magnitude estimation

PINH NGHIA 1.5 (Bac d§ 16m) / DEFINITION 1.5 (Order of magnitude) — Bac do 1én
ctia sb duong x 1 s6 mil nguyén n sao cho 10" gan x nhit theo thang 16garit, ttrc n 14 sd
nguyén gan nhit véi lg x. Hai dai luong cing bac d6 16n khi ti s6 cua chung ndm trong
khoang tir 1/3 dén 3 (x4p xi V10). Udc lugng Fermi 1a tinh mot dai luong chua biét tir vai sb
liéu quen thudc, moi s6 1am tron dén béac do 16n hay mdt chix s6 ¢ nghia.

The order of magnitude of a positive number x is the integer n such that 10" is nearest to x on a
logarithmic scale, that is, the integer nearest to lg x. Two quantities have the same order of magnitude
when their ratio lies between 1/3 and 3 (about N10). A Fermi estimate computes an unknown quantity
from a few familiar numbers, each rounded to an order of magnitude or to one significant figure.

Mot udc luong Fermi 1a tich va thwong ciia nhiéu thira s6, nén sai sd twong d6i ciia két
qua 13 tong céc sai sb trong d6i cua ting thira sé (muc 1.5). Sai 1éch hai lan ¢ thira s6 nay
thudng bu mot phan cho sai 1éch & thira s6 khac, nén két qua cudi thuong dung trong
khoang ba lan. Thira sé c6 lity thira cao (ban kinh, van tdc binh phuong) can udc luong
can than nht.

A Fermi estimate is a product and quotient of several factors, so the relative uncertainty of the
result is the sum of the relative uncertainties of the factors (section 1.5). A factor-of-two miss in
one factor often partly cancels a miss in another, so the final result is usually right within a
factor of three. Factors with high powers (a radius, a squared speed) deserve the most care.

PHAN TICH / ANALYSIS — Tim dap déu, tudi tho vai chuc nam: d6i moi thoi gian ra gidy
hay ra phiit theo ciing mot don vi, nhan ting thira s6, giit lai lity thira ctia 10 riéng khoi phan
thap phan dé d& kiém.

A steady heartbeat over a lifetime of several decades: convert all times to the same unit, multiply

factor by factor, and keep the power of ten apart from the decimal part so that the result is easy to
check.

Vi DU 1.4 (Chudi thira s6 trong wéc lwgng Fermi) / EXAMPLE 1.4 (A chain of factors
in a Fermi estimate) — Udc lugng s6 1an tim dap trong doi mot ngudi sdng 75 nam, nhip
tim lac nghi 70 1an/phut. Mdi 1an tim bom khoang 70 mL méu: téng thé tich mau bom trong
doi bang bao nhiéu lan thé tich mot bé boi 50 m x 25 m x 2 m?

Estimate the number of heartbeats in the life of a person who lives 75 years with a resting rate of 70
beats per minute. Each beat pumps about 70 mL of blood: how many times the volume of a 50 m % 25

m % 2 m swimming pool is pumped in a lifetime?

Loi giai. / Solution.
S6 phut trong mot nam: 60 - 24 - 365 = 525 600 ~ 5,3-10°.
Minutes in a year: 60 - 24 - 365 = 525,600 = 5.3-1(7.
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N=70-525600-75= 28-108

Béc do 16n 1a 10 (Ig N = 9,44). Luong méau: 2,8-10° - 70-10% m® = 1,93-10° m>.

The order of magnitude is 10° (Ig N = 9.44). The blood volume is 2.8-10° - 70-10°° m* = 1.93-10°

m’.

Bé boi chira 50 - 25 - 2 =2500 m?, nén ti s6 khoang 77.
The pool holds 50 - 25 - 2 = 2500 m?>, so the ratio is about 77.

Vay tim dap c¢& 3-10° 1an, va luong méau bom trong doi ¢ 80 bé boi. Nhip 60 hay 80
lan/phut chi thay két qua dudi 20%, nho hon mirc bat dinh cta sb nim séng.

Hence the heart beats about 3-10° times, and the blood pumped in a lifetime is about 80 pools. A
rate of 60 or 80 beats per minute changes the result by under 20%, less than the uncertainty in
the lifespan. &

NHAN XET / REMARK — Tinh nguoc ciing 1a mot kiém tra: tim bom 70 mL mdi 1an va
70 1an mdi phut cho 4,9 L/phut, ding ¢& luu lugng mau that khi nghi. Mot udce lugng co )
lidu dau vao sai thuong 16 ra khi ddi chiéu véi mot dai lwong khac ma ta biét.

Working backwards is also a check: 70 mL per beat at 70 beats per minute is 4.9 L/min, the right
scale for resting blood flow. An estimate with a wrong input often shows itself when compared with
another quantity one already knows.

LOI HAY GAP / COMMON MISTAKE — Lam tron sém timg budc rdi nhan: 1am tron 1,4
1én 2 & ba thira s6 lién tiép sai t6i 2,9 1an. Giit hai chir s6 d¢én budc cubi, lam tron mot lan.
Rounding at every step before multiplying: rounding 1.4 up to 2 in three successive factors is off by
2.9 times. Keep two figures until the last step and round once.

Dai lugng Gia tri thwong dung
Quantity Typical value

Ban kinh n.guyén tu 10° m

Atomic radius

Budc chan nguoi 16n 0,7 m

Adult step length 0.7 m

Khdi lugng riéng nuéc, khong khi 10° kg/m’®, 1,2 kg/m’
Density of water, air 10° kg/m?, 1.2 kg/m?
Ap suét khi quyén 1,0-10° Pa
Atmospheric pressure 1.0-1(° Pa

Ban kinh Trai Dat 6,4-10°m

Radius of the Earth 6.4:10°m

Khoang cach Trai Dét dén Mat Trang 3,810 m

Earth to Moon distance 3.8:10°m

Mot nam 3,2:107 s

One year 3.2:10" s
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Dai lugng Gia tri thwong dung

Quantity Typical value

Cong suat lam viéc cua nguoi
Sustained power of a person

100 W

1.4. Phép do, chir so c6 nghia va sai S0 — Measurement, significant figures and

uncertainty

PINH NGHIA 1.6 (Chir s6 ¢6 nghia) / DEFINITION 1.6 (Significant figures) — Chit s6
c6 nghia ciia mot két qua do 1a cac chir s6 dang tin, ké tir chir s6 khac 0 dau tién bén trai dén
chir sb bat dinh cubi cing. S6 0 dig dau khong tinh (0,0250 c6 3 chit sb c6 nghia); s6 0 &
cubi sau déu phay tinh (2,50 c6 3). Khi nhén, chia: két qua giit s6 chit s6 co nghia bang thira
sO ¢6 it chir s6 nhat. Khi cong, trir: két qua giit sd chir sé thap phan bang sd hang c6 it chit s6
thap phan nhat.

The significant figures of a measured result are the trustworthy digits, from the first nonzero digit on
the left to the last uncertain digit. Leading zeros do not count (0.0250 has 3 significant figures),
trailing zeros after the decimal point do (2.50 has 3). In multiplication and division the result keeps as
many significant figures as the factor with the fewest. In addition and subtraction it keeps as many
decimal places as the term with the fewest.

PINH NGHIA 1.7 (Sai s6 tuyét d6i va twong d6i) / DEFINITION 1.7 (Absolute and
relative uncertainty) — Néu dai luong x do duogc gia tri trung binh X va sai sd tuyét ddi Ax
thi két qua viét x = X + Ax, nghia 1a gia tri that ndm trong khoang tir X — Ax dén X + Ax. Sai s6
tuong d6i &x = Ax/|X|, thuong viét bang phan trim. Quy udc ghi: Ax lam tron dén mét chir s6
c6 nghia (hai chit s6 néu chit s6 dau 1a 1), X 1am tron dén cung hang thap phan voi Ax.

If the quantity x has mean X and absolute uncertainty Ax, the result is written x = X + Ax, meaning the
true value lies between X — Ax and x + Ax. The relative uncertainty is ex = Ax/|x|, often given as a
percentage. Convention: round Ax to one significant figure (two if the first digit is 1) and round x to
the same decimal place as Ax.

PINH NGHIA 1.8 (Sai s6 ngiu nhién, h¢ thong, dung cu) / DEFINITION 1.8 (Random,
systematic and instrument errors) — Sai s6 ngau nhién lam cac 1an do lap lai rai quanh mot
gid tri, 1éch vé hai phia, va giam khi 13y trung binh nhiéu 1an (phan tmg bim déng hd, dao
d6ng cia kim). Sai s hé thong 1am moi 1an do 1éch cung mét phia voi cing mot d6 16n
(thudc gidn, dong hd chay nhanh, bo sot ban kinh qua cau khi do chiéu dai con lic); ldy trung
binh khong loai dugc n6. Sai ) dung cu léy béng ntra d6 chia nho nhét cua dung cu, hodc
bang d6 chinh xac ghi trén dung cu.

A random error scatters repeated readings about a value, on both sides, and shrinks when many
readings are averaged (reaction in timing, a flickering needle). A systematic error shifts every reading
the same way by the same amount (a stretched ruler, a fast clock, forgetting the bob radius when
measuring a pendulum length); averaging does not remove it. The instrument error is taken as half the
smallest division, or the accuracy printed on the instrument.
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Hinh 1.1. Tam lan do cua mot dai lugng c6 gia tri that 10 (duong nét dut); vach cam la trung
binh. A: ngau nhién 16n, hé théng nhé. B: ngiu nhién nho, 1éch hé théng. C: ca hai déu nho.
Figure 1.1. Eight measurements of a quantity whose true value is 10 (dashed line), the orange tick is the
mean. A: large random, small systematic error. B: small random error, systematic shift. C: both small.

PINH NGHIA 1.9 (Trung binh va dé 1éch) / DEFINITION 1.9 (Mean and deviation) —
Véin lan do xi, ..., Xn: gid tri trung binh X = (x1 + ... + Xa)/n. D9 1éch trung binh Axye = (jx1 —
X| + ... + |xa — X[)/n. DO 16ch chudn méu s = V(Z(xi — X)¥(n — 1)); sai s6 chuén cua trung binh
s/\n. Sai sb tuyét ddi toan phan theo quy wdc thi hoc sinh gidi: AX = AXng + AXdc, Vi Axqe 12
sai b dung cu.

For n readings xi, ..., xx. the mean is X = (x; + ... + x,)/n. The mean deviation is Ax, = (|x; — x| + ... +
x, — X|)/n. The sample standard deviation is s = N(Z(x; — )*/(n — 1)); the standard error of the mean
is s/\in. The total absolute uncertainty in the usual olympiad convention is Ax = Ax, + Axin, where Axin
is the instrument error.

PHAN TICH / ANALYSIS — Niam s6 doc dong hd bam gidy c6 do chia 0,01 s. Tinh trung
binh trude, 1iy timg d6 1éch, rdi cong sai sé dung cu. Két qua cudi viét dung quy ude lam
tron.

Five stopwatch readings with a 0.01 s division. Compute the mean first, take each deviation, then add
the instrument error. Write the final result in the rounding convention.

Vi DU 1.5 (Viét két qua do diing quy wéc) / EXAMPLE 1.5 (Writing a measured result
correctly) — Nam lan do thoi gian mot chuyén dong, dong hd bam gidy c6 do chia nho nhat
0,01 s, cho: 2,31; 2,28; 2,35; 2,30; 2,33 (s). Viét két qua t = T+ At va néu do léch chuan mau
cung sai s6 chuan cua trung binh.

Five timings of a motion with a stopwatch of smallest division 0.01 s give: 2.31, 2.28, 2.35, 2.30, 2.33
(s). Write the result t = { + At and give the sample standard deviation and the standard error of the
mean.

Loi giai. / Solution.
Trung binh t = 2,314 s. Cac d6 1éch tuyét ddi: 0,004; 0,034; 0,036; 0,014; 0,016 (s), trung
binh 0,021 s.

The mean is t = 2.314 s. The absolute deviations are 0.004, 0.034, 0.036, 0.014, 0.016 (s),
averaging 0.021 s.
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Sai s6 dung cu 1y bang d6 chia nho nhat, 0,01 s. Téong: At = 0,021 + 0,01 = 0,031 s, lam
tron thanh 0,03 s.
The instrument error is the smallest division, 0.01 s. Total: At = 0.021 + 0.01 = 0.031 s, rounded

t0 0.03 s.

Do 1éch chuin miu s = 0,027 s; sai sb chuén s/V5 = 0,012 s.

The sample standard deviation is s = 0.027 s; the standard error is sA5=0.012s.

Vay t =2,31 + 0,03 s (¢ = 1,3%). Viét 2,314 £ 0,03 14 sai quy udc vi chit s thir ba sau
dau phay nam sau chir s6 bat dinh.

Hencet =2.31+0.03 s (¢ = 1.3%). Writing 2.314 + 0.03 breaks the convention because the third
decimal lies beyond the uncertain digit. W

NHAN XET / REMARK — Sai s6 dung cu va do léch ngﬁu nhién cdng vdi nhau. Néu nim
lan do trung nhau hét (do Iéch 0), sai s6 van béng sai s& dung cy, khong béng 0.

The instrument error and the random deviation add together. If five readings coincide (deviation 0),
the uncertainty is still the instrument error, not (.

NHAN XET / REMARK — D¢ 1éch chuén s mé ta d rai cua timg 1an do va khong giam khi
do thém; sai sé chudn s/Vn mé ta do tin cdy cua trung binh va giam theo Vn. Po thém 4 1dn dé
giam mot nira sai s6 ngau nhién cua trung binh, nhung khéng dung t6i sai sé hé thong.

The standard deviation s describes the scatter of single readings and does not shrink with more
readings; the standard error s/N\n describes the reliability of the mean and shrinks as \n. Four times
as many readings halve the random error of the mean but leave the systematic error untouched.

LOI HAY GAP / COMMON MISTAKE — Ghi két qua thira chir s6:t=2,3140 + 0,03 .
Chit sb cudi cua gid tri phai cung hang thap phan véi chit s6 cudi cia sai sb.

Quoting surplus digits: t = 2.3140 = 0.03 s. The last digit of the value must sit in the same decimal
place as the last digit of the uncertainty.

LOI HAY GAP / COMMON MISTAKE — Tudng do nhiéu 1an thi loai dwoc moi sai sd.
Mot thudc bi Iéch vach 0 cho cung mdt do 1éch ¢ moi lan do: trung binh ctua ching van léch.
Believing that many readings remove every error. A ruler with a shifted zero gives the same offset in
every reading: their mean is still offset.

PHAI THUQC / MEMORISE — Cong, trir: sai sb tuyét ddi cong lai. Nhan, chia: sai $6
tuong d6i cong lai. Lity thira n: sai s6 twong ddi nhan vdi |n).

Sum, difference: absolute uncertainties add. Product, quotient: relative uncertainties add. Power n:
the relative uncertainty is multiplied by |n|.

1.5. Truyén sai s0 — Propagation of uncertainty

Dai lugng gian tiép y tinh tr cac dai lugng do truc tiép X1, X2, ... Sai sb cia y 1€iy theo
truong hop xau nhat: moi sai s6 cung ddy y vé mot phia. Cach nay cho sai s6 16n hon
murc théng ké nhung don gian va an toan, 1a cach dugc dung trong dé thi.

An indirect quantity y is computed from directly measured quantities x1, x2, ... The uncertainty of

v is taken for the worst case: every error pushes y the same way. This gives a larger uncertainty
than the statistical one but is simple and safe, and is the method used in olympiad papers.
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PINH LY 1.10 (Truyén sai s6) / THEOREM 1.10 (Propagation of uncertainty) — Vdi a
+Aavab+Ab:(1)y=atbcoAy=Aa+ Ab. (2)y=abhodcy=a/bcodey =€+ &.(3)y=
a" cO &y = |n|-€a, VO1 €a nhO.
Fora+Adaandb+4b: (1) y=a+bhas Ay =Aa +4b. (2)y =abory =a/bhas e, =¢e, + & (3)y =
a" has &, = |n| e, for small .

Chirng minh. / Proof.

(1) Gia tri 16n nhatciaa+bla (a+ Aa) + (b+ Ab) = (a + b) + (Aa + Ab); gia tri nho nhat
1a (a + b) — (Aa + Ab). Voi a — b: 16n nhét 13 (a + Aa) — (b — Ab) = (a — b) + (Aa + Ab).
Vay trong ca hai truong hop Ay = Aa + Ab.

(1) The largest value of a + b is (a + da) + (b + 4b) = (a + b) + (da + Ab), the smallest is (a +
b) — (da + Ab). For a — b the largest is (a + da) — (b — 4b) = (a — b) + (da + 4b). So in both
cases Ay = Ada + Ab.

(2) (a+ Aa)(b + Ab) = ab(1 + &,)(1 + &) = ab(1l + €, + € + €agb). Tich €aer nhé hon nhiéu
S0 VOi € + & nén bo di: &y = € + &. Vi thuong: a/b 16n nhét 13 a(1 + €.)/(b(1 — &)) =
(a/b)(1 + &4 + &), vi 1/(1 — &) = 1 + € khi & nhd.

(2) (a + da)(b + Ab) = ab(l + e,)(1 + ep) = ab(l + eu + e» + €acp). The product eqep is far

smaller than . + €» and is dropped.: &, = €4 + €p. For the quotient the largest a/b is a(l + €4)/(b(1
— &) = (a/b)(1 + &4 + &), since 1/(1 — ¢) = 1 + & for small e.

(3) Voi n nguyén duong, a" 13 tich cta n thira s6 a, mdi thira s6 ¢6 sai s6 tuong d6i €, nén
&y = Ng&, theo (2). Vi n am, 1/a 1a thuong nén &y = |n|e.. Vi n khong nguyén (nhu 1/2
cho can bac hai), dung (1 + &)" = 1 + ne khi & nhé (phat biéu, khong chimg minh & 16p
10).

(3) For positive integer n, a" is a product of n factors a, each with relative uncertainty €., so &, =
neq by (2). For negative n, 1/a" is a quotient so &, = |n|e,. For non-integer n (such as 1/2 for a
square root) use (1 + &)" = 1 + ne for small € (quoted, not proved at grade 10). W

HE QUA 1.11 / COROLLARY 1.11 — Néu y = C-x/*-x>%-x3" thi &, = |ple1 + |qle2 + [r]es, Vi
&i 12 sai s6 twong d6i cua x;. Hang sb chinh xac C khong dong gop.

Ify = Cx/x%x3" then g, = |pler + |qlez + |r|es, where g is the relative uncertainty of xi. An exact
constant C contributes nothing.

Chirng minh. / Proof.
Ap dung lién tiép (2) cho tich va (3) cho ting lity thira. Hang s6 chinh xac c6 sai sd bang
0.

Apply (2) to the product and (3) to each power in turn. An exact constant has zero uncertainty.
|

Khi cac sai s& doc 1ap va ngiu nhién, xac suat dé tit ca cung day y vé mot phia nho; sai
s6 thong ké khi d6 13 cin cua tong binh phuong: véi y = ab, &, = V(g2 + &2) (phat biéu,
khong chimg minh). Con s6 nay nho hon téng ¢ trén; sach nay va dé thi dung tong, trir
khi dé yéu cau khac.
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When the errors are independent and random, the chance that all push y the same way is small;
the statistical uncertainty is then the root of the sum of squares: for y = ab, ¢, = Vied + )
(quoted, not proved). It is smaller than the sum above, this book and olympiad papers use the
sum unless told otherwise.

PHAN TiCH / ANALYSIS — Khdi lugng riéng ctia hinh try p = 4m/(nd*h): d xuét hién
binh phuong. Trudce khi tinh, udc lugng sai sé twong ddi cua m, d, h; dai luong co |liy thira| x
sai s& tuong d6i 10n nhat chi phdi két qua va la chd dang cai thién dung cu.

The density of a cylinder is p = 4m/(xd’h) with d squared. Before computing, estimate the relative
uncertainty of m, d, h; the quantity with the largest |power| X relative uncertainty dominates the result
and is where a better instrument pays off.

Vi DU 1.6 (Dai lrgng chi phéi sai s6) / EXAMPLE 1.6 (The dominant source of
uncertainty) — Mot hinh tru déng chat: m = 25,80 g+ 0,05 g, duong kinh d = 10,02 mm +
0,02 mm, chiéu cao h = 38,50 mm + 0,02 mm. Tinh khdi lugng riéng p va sai s6. Dai luong
nao can do chinh xac hon?

A uniform cylinder: m = 25.80 g + 0.05 g, diameter d = 10.02 mm £ 0.02 mm, height h = 38.50 mm =+
0.02 mm. Find the density p and its uncertainty. Which quantity most needs a better measurement?

Loi giai. / Solution.
p = 4m/(md?h) (1.3)

Po6i d= 1,002 cm, h= 3,850 cm: p =4 - 25,80/(x - 1,0022 - 3,850) ~ 8,50 g/cm’.
Withd = 1.002 cm and h = 3.850 cm: p = 4 - 25.80/(z - 1.002° - 3.850) = 8.50 g/cm’.

1. Sai sb tuong ddi: em = 0,05/25,80 = 0,19%; &4 = 0,02/10,02 ~ 0,20%, nhan liiy thira 2
cho 0,40%; &n = 0,02/38,50 = 0,05%.
Relative uncertainties: en = 0.05/25.80 = 0.19%, €4 = 0.02/10.02 = 0.20%, times the power 2
gives 0.40%, e, = 0.02/38.50 = 0.05%.
2. Cong: g, = 0,19 + 0,40 + 0,05 = 0,64%, nén Ap = 0,64% - 8,50 = 0,05 g/cm’.
Add: g, = 0.19 + 0.40 + 0.05 = 0.64%, so Ap = 0.64% - 8.50 = 0.05 g/cm’.
Vay p = 8,50 + 0,05 g/cm?®. Puong kinh chiém khoang 62% sai s toan phan; thay thudc
kep bang panme (d¢ chinh x4c 0,01 mm) giam phan ndy mot nira. Néu tinh theo cin ciia
tong binh phuong, &, =~ 0,45%.
Hence p = 8.50 + 0.05 g/cm’. The diameter supplies about 62% of the total uncertainty, a
micrometer (accuracy 0.01 mm) in place of the calipers halves that share. With the root of the
sum of squares, €,~ 0.45%. W

PHAN TiCH / ANALYSIS — Con lic don do g qua T = 2aV(£/g), tirc g = 4n2¢/T2. T nim

binh phuong, nén sai s6 cia T tinh gdp doi. Thoi gian do bang ddng hd bam tay co sai sb c¢b

dinh ¢ 0,2 s bat ké s6 dao dong: do nhiéu dao dong lam sai s6 twong d6i ciia T giam.

A pendulum gives g through T = 2n\(/g), that is g = 47°C/T". T is squared, so its uncertainty counts
twice. A hand-held stopwatch has a fixed error of about 0.2 s whatever the number of swings: timing
more swings reduces the relative uncertainty of T.
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Vi DU 1.7 (Chon s6 dao dong theo sai s6 yéu ciu) / EXAMPLE 1.7 (Choosing the
number of oscillations from the required accuracy) — Do con lic don: £ =0,850 m +
0,001 m; thoi gian 20 dao dong toan phan t=37,00 s + 0,2 s. (a) Tinh g va sai sd. (b) Can it
nhit bao nhiéu dao dong dé &, < 0,8% néu £ va sai sb cia t giit nguyén? (c) Bién d6 goc 5°
gdy sai léch hé thong bao nhiéu?

A simple pendulum: € = 0.850 m £ 0.001 m, the time for 20 complete oscillations is t = 37.00 s = 0.2
s. (a) Find g and its uncertainty. (b) How many oscillations are needed at least for e, < 0.8% if € and
the error of t stay the same? (c) How large is the systematic effect of a 5° amplitude?

Loi giai. / Solution.
(a) T=1/20=1,850s. Tir g = 4n*/T>:
(a) T =1t/20 = 1.850 5. From g = 47°t/T*:

€g = €¢ + 2er

et = 0,001/0,850 = 0,12%; et = & = 0,2/37,00 = 0,54% (chia cho 20 khong ddi sai so
tuong d6i). Do d6 &, ~ 1,20%, g ~ 9,80 m/s%, Ag ~ 0,12 m/s%.

e = 0.001/0.850 = 0.12%; er = & = 0.2/37.00 = 0.54% (dividing by 20 leaves the relative
uncertainty unchanged). So e = 1.20%, g = 9.80 m/s*, Ag= 0.12 m/s°.

(b) Can 2& < 0,8% — 0,12%, tlc & < 0,34%. Vi At ¢b dinh 0,2 s nén t > 0,2/0,0034 ~ 58,6
s, tire N > 58,6/1,850, 1ay N = 32 dao dong.
(b) We need 2¢: < 0.8% — 0.12%, i.e. & < 0.34%. Since At is fixed at 0.2 s, t > 0.2/0.0034 = 58.6
s, so N>58.6/1.850, giving N = 32 oscillations.

(c) Vi bién do 0o, chu ky that 16n hon chu ky bién d6 nho khoang 00%/16 (0o tinh bﬁng
rad, phét biéu). Vi 5° = 0,0873 rad, do 16n nay bang 0,048%, nho hon nhiéu so voi er &
trén, nén bo qua duoc.

(c) For amplitude 6y the true period exceeds the small-amplitude period by about 0/°/16 (6 in
rad, quoted). For 5° = 0.0873 rad this is 0.048%, far below the er above, so it can be neglected.

Vay g = 9,80 £ 0,12 m/s?; can it nhat 32 dao dong. Dung N = 50 dao dong thi t = 92,5 s,
€~ 0,22% va gg = 0,55%.

Hence g = 9.80 + 0.12 m/s?, and at least 32 oscillations are needed. With N = 50 oscillations t =
92.5s,e~022%and ;= 0.55%. |

NHAN XET / REMARK — Sai s ¢6 dinh cta ngudi bdm dong hd (phan tmg luc bat dau va
lac dimg) khong dbi theo s6 dao dong, con thoi gian do ting ti 16 v6i s6 dao dong, nén sai sb
tuong ddi giam theo 1/N. Ciing vi thé, gi6i han thyc té 14 tit ddn: do qua l4u thi bién d6 khong
con nho.

The fixed error of the person timing (reaction at the start and at the stop) does not change with the
number of swings, while the time grows in proportion to it, so the relative uncertainty falls as 1/N. The
practical limit is damping: time for too long and the amplitude is no longer small.

PHAN TiCH / ANALYSIS — Hai s6 do gﬁn nhau trir cho nhau: sai sd tuyét ddi cong lai,
con hiéu thi nho, nén sai sé twong di ciia hiéu bi phong to.
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Two close readings subtracted: the absolute uncertainties add while the difference is small, so the
relative uncertainty of the difference is magnified.

Vi DU 1.8 (Hiéu ciia hai 50 gz“m nhau) / EXAMPLE 1.8 (Difference of two nearly equal
readings) — Mot day thép dai treo vat ndng. Dung thudc c6 sai s6 mdi 1an doc 0,05 cm,
chiéu dai day trude khi treo 1a 85,42 cm, sau khi treo 1a 85,61 cm. Tinh d6 gidn AL va sai $6.
Néu cach do dé sai s twong ddi dudi 1%.

A long steel wire carries a load. With a ruler whose reading error is 0.05 cm, the length is 85.42 cm
before loading and 85.61 cm after. Find the extension A€ and its uncertainty. Suggest a way to
measure it so that the relative uncertainty is below 1%.

Loi giai. / Solution.

MB&i chiéu dai co sai sb twong ddi chi 0,06%, rat tét. Nhung do gidn 1a hiéu cia hai chiéu
dai.

Each length has a relative uncertainty of only 0.06%. The extension, however, is the difference of
two lengths.

Al =£r —¥1, A(AP) = Al + AL>

AL =28561 — 85,42 =0,19 cm va sai s6 tuyét d6i 0,05 + 0,05 = 0,10 cm, nén € ~ 53%.
At = 85.61 — 85.42 = 0.19 cm with absolute uncertainty 0.05 + 0.05 = 0.10 cm, so ¢ = 53%.

Két qua AL =0,19 £ 0,10 cm gan nhu v6 nghia. Mudn dudi 1% khi AL = 0,19 cm can sai
sO tuyét d6i dudi 0,0019 cm = 0,019 mm. Po truc tiép d6 gidn: gin dong ho so (d6 chinh
xac 0,01 mm, dat kim vé 0 trude khi treo) vao day hoac dung don béy quang hoc lam
phong dai d6 gian 1én hang chuc lan trude khi doc.

The result AC = 0.19 = 0.10 cm is almost meaningless. To get below 1% for AL = 0.19 cm the
absolute uncertainty must be below 0.0019 cm = 0.019 mm. Measure the extension directly: fix a

dial gauge (accuracy 0.01 mm) to the wire, or use an optical lever that magnifies the extension
tens of times before it is read.

Vay Al = 0,19 + 0,10 cm bang thudc; do tryc tiép bang déng ho so cho sai sd twong dbi
khoang 0,5%.

Hence A€ = 0.19 + 0.10 cm with the ruler; direct measurement with a dial gauge gives a relative
uncertainty of about 0.5%. W

LOI HAY GAP / COMMON MISTAKE — Tinh sai sb cta hiéu bang cach 1iy hiéu hai sai
sd twong d6i. Véiy =a — b, sai s6 TUYET DOI cong lai; sai s6 trong ddi cua y 1a (Aa +
Ab)/|a —b)|.

Finding the uncertainty of a difference by subtracting relative uncertainties. Fory = a — b the
ABSOLUTE uncertainties add; the relative uncertainty of 'y is (da + 4b)/|a — b|.

LOI HAY GAP / COMMON MISTAKE — Léy € cua can bac hai béng € cua dai luong,
hay & cia binh phuong bang € cua dai lwong. Lily thira n nhén sai s6 twong dbi véi n|: binh
phuong gap doi, cin mot nira.

Taking the uncertainty of a square root, or of a square, equal to that of the quantity. A power n
multiplies the relative uncertainty by |n|: squaring doubles it, the root halves it.
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A(a+b) = Aa+ Ab; e(ab) = &a + &p; €(a”) = |n|ea (1.4)

1.6. D6 thi tuyén tinh héa va binh phwong t0i thiéu — Linearised graphs and least

squares

Mit danh gia duong théng chinh x4c hon duong cong, va h¢ sb gbc, hé sb chan doc dugc
truc tiép. Vi thé moi quan hé liy thira dugc dua vé duong thang bang cach chon truc
thich hop. Hé sb chan con c6 ich thir hai: no hip thy sai s6 hé thong khong d6i (do tré
bam gid, ban kinh qua cau bi bo st khi do chiéu dai).

The eye judges a straight line more accurately than a curve, and its slope and intercept can be
read off directly. So every power relation is brought to a line by choosing the axes suitably. The
intercept has a second use: it absorbs a constant systematic error (a timing delay, a bob radius
omitted from a length).

TINH CHAT 1.12 / PROPERTY 1.12 — Tuyén tinh hoa. Quan hé giita hai dai luong duoc
v& thanh duong thing Y = aX + b bang cach dat Y va X 13 cac ham cua dai lwong do, sao cho
hé s6 goc avahe s6 chan b chua cac héng s6 can tim (xem bang dudi). Véiy =Cx", vé Igy
theo Ig x: hé s6 goc 1 n, hé sb chan 1a 1g C.

Linearisation. A relation between two quantities is drawn as a straight line Y = aX + b by letting Y
and X be functions of the measured quantities, so that the slope a and the intercept b contain the

constants wanted (see the table). For y = Cx", plot lg y against g x: the slope is n and the intercept is
lg C.

Quan hé VEéY theo X Hé s6 goc H¢ s6 chin
Relation Plot Y against X Slope Intercept

0 (b > 0 néu ¢ thiéu
T? theo ¢ ban kinh
T = 2n\(t/ 4n/
™ (Ug) T? against € e b > 0 if € omits the
radius)
s = so + at*/2 Sjilicolt a/2 S0
s against £
v2 = vg® + 2as v: theo s 2a vo®
Vv’ against s
s=v(t—1) UL \ -V
s against t
Vs theo t
—1 )2 —
s=7g(t—7) s against t \/(g/Z) ‘L‘\/(g/z)
P lg F theolg v
F=Cv lg F against Ig v t le €
y= Ak In y theo x K n A

In y against x
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PINH LY 1.13 (Binh phuwong ti thiéu) / THEOREM 1.13 (Least squares) — Vi n diém
(xi, yi), duong thing y = ax + b lam tong binh phwong d6 1éch doc Z(yi — axi — b)? nhé nhét co
a=X(xi — X)(yi — §)/2(xi — X)%, b=y — ax. Néu dudng thang budc di qua gbc (y = ax) thia=
Txiyi/Zxi. Sai s6 chudn ciia hé sb goc (phat biéu, khong chimg minh): s, = V(E(y; — ax; —
b)*/(n —2) / Z(xi — X)?).

For n points (x;, yi), the line y = ax + b that minimises the sum of squared vertical deviations X(y; —
ax; — b)? has a = X(x; — X)(yi — §)/2(xi — ¥)°, b =7 — ax. If the line is forced through the origin (y =
ax) then a = Xxy/2x’. The standard error of the slope (quoted, not proved) is s. = N(Z(y; — ax; —
b)y/(n— 2) / Z(xi — %)?).

Chirng minh. / Proof.

Pit ui = xi — X, wi = yi — ¥; khi d6 Zui = 0 va Zwi = 0. Viét duong thang dang w = au + ¢
(v6i c =b + aX — §). Tong binh phuong d6 1éch:

Put u; = x; — x and w; = yi — y; then 2u; = 0 and Zw; = 0. Write the line as w = au + ¢ (with ¢ =
b + ax — ). The sum of squared deviations is:

(wi — aui — ¢)2 = Z(wj — aui)? — 2¢Z(wi — aui) + nc?

S6 hang gitta bang 0 vi Zwi = Zu; = 0. Con lai Z(w — au)? + nc?: nhé nhat khi ¢ = 0, nghia
1a duong di qua diém (X, ), tc b = — ax.

The middle term is zero because Xw; = Xu; = 0. What remains is X(w — au)’ + nc’, smallest
when ¢ = 0, that is the line passes through (X, y), so b =y — ax.

Z(w — au)? = a2Xu? — 2aZuw + Iw?

Pay 1a tam thirc bac hai cta a voi hé s6 bac hai Zu? > 0, nho nhit tai dinh a = Zuw/Xu
Truong hop qua gdc 1am y hét véi x, y thay cho u, w va khong c6 s6 hang c.

This is a quadratic in a with leading coefficient Xu’ > 0, smallest at the vertex a = Xuw/Xu’. The
case through the origin is the same with x, y in place of u, w and no term c. R

PINH LY 1.14 (Hai dwong bién) / THEOREM 1.14 (Extreme-lines method) — Sai s6 ciia
hé s6 goc theo d thi tay. V& cac thanh sai s6, rdi vé hai duong thiang cuc bién di qua moi
thanh sai s6: mot duong dbc nhit, mot duong thoai thoai nhét. Hé sb goc 1a hé sb gbc cua
dudng tot nhat, sai s6 Aa = (amax — amin)/2. Phuong phap nay cho sai s6 16n hon s, va an toan
hon.

Uncertainty of the slope from a hand graph. Draw the error bars, then draw two extreme lines that
pass through all of them: a steepest one and a shallowest one. The slope is that of the best line and Aa
= (Amax — Amin)/2. The method gives a larger uncertainty than s. and is safer.
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diém treo
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o}

tam qua cau cach diém treo € + 1

Hinh 1.2. So dd do con lic: thude dat doc day, vach 0 & diém treo. Chiéu dai £ doc dén mép trén
qua cau cach tim mot khoang r, nén chiéu dai hiéu dung 1a € +r.
Figure 1.2. Pendulum set-up: a ruler beside the string with its zero at the suspension point. The length ¢
is read to the top of the bob, a distance r from its centre, so the effective length is € + r.

PHAN TICH / ANALYSIS — Dé cho tam diém (€, T) do tir mép trén qué cau. Biét T2 =
(4n/g)(L + r): v& T2 theo £ duoc dudng thing co hé sd chin duwong. Hé sé goc cho g; ti s6 hé
s6 chan/hé s6 goc cho r. Tinh g riéng timg diém thi mang theo sai s6 hé thong.

The problem gives eight points (£, T) measured to the top of the bob. Since T® = (47°/g)(t + r), plotting
T* against € gives a line with a positive intercept. The slope gives g; intercept over slope gives r.
Computing g point by point carries the systematic error along.

ViDU 1.9/ EXAMPLE 1.9 — Mt hoc sinh do chu ky con lac don v&i tam chiéu dai, mdi
1an bam gid 20 dao dong (sai s6 0,2 s), chiéu dai do tir diém treo dén mép trén qua cau (hinh
1.2). S liéu trong bang dudi. Tinh g bang d6 thi T2 theo £, udc lugng sai sb bang hai duong
bién, tim ban kinh qua cau r, va so vdi g tinh riéng timg diém.

A student measures the period of a simple pendulum at eight lengths, timing 20 oscillations each time
(error 0.2 s), with each length measured from the suspension point to the top of the bob (figure 1.2).
The data are in the table below. Find g from the graph of T® against €, estimate its uncertainty with
two extreme lines, find the bob radius r, and compare with g computed point by point.

0,30 22,57 1,129 1,274 9,30
0.30 22.57 1.129 1.274 9.30
0,40 25,96 1,298 1,685 9,37
0.40 25.96 1.298 1.685 9.37
0,50 28,85 1,443 2,081 9,49
0.50 28.85 1.443 2.081 9.49
0,60 31,32 1,566 2,452 9,66
0.60 31.32 1.566 2.452 9.66
0,70 34,05 1,702 2,899 9,53
0.70 34.05 1.702 2.899 9.53
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0,80 36,29 1,815 3,292 9,59
0.80 36.29 1.815 3.292 9.59
0,90 38,33 1,916 3,673 9,67
0.90 38.33 1.916 3.673 9.67
1,00 40,51 2,026 4,103 9,62
1.00 40.51 2.026 4.103 9.62

Loi giai. / Solution.
Sai s cta T 13 0,2/20 = 0,01 s, nén thanh sai s6 ctia T2 1a +£2TAT (rong 0,02T), dai ra khi
T 16n (hinh 1.3).
The error of T'is 0.2/20 = 0.01 s, so the error bar of T is £2TAT (width 0.02T), growing with T
(figure 1.3).
1. Binh phuong ti thiéu cho hé sb goc a=4,027 s*>/m (sa = 0,025) va hé s6 chin b =
0,065 s2.
Least squares gives the slope a = 4.027 s°/m (s, = 0.025) and the intercept b = 0.065 s°.
2. Tra=4n’/g: g = 4n*/a = 9,80 m/s?, 4o 1éch theo s, 1a 0,06 m/s>.
From a = 4n°/g: g = 4n°/a = 9.80 m/s*, with deviation 0.06 m/s’ from s,.

3. Hai duong bién c6 hé sb goc 4,132 va 3,952, nén Aa = 0,090 va Ag = 4n’Aa/a’ = 0,22

m/s2.

The two extreme lines have slopes 4.132 and 3.952, so Aa = 0.090 and Ag = 47°Aa/a’ = (.22

m/s’.

4. Heé s6 chian: b=ar, nénr =b/a~ 1,6 cm, hop li cho qua cau duong kinh khoang 3
cm.
The intercept gives b = a'r, so r = b/a = 1.6 cm, reasonable for a bob about 3 cm in
diameter.
5. Tinh riéng timg diém cho g tir 9,30 dén 9,67 m/s?, trung binh 9,53 m/s2, ludn thap vi £
thiéu r; sai 1éch 16n nhat & € nho, noi r/¢ 16n.
Point-by-point values run from 9.30 to 9.67 m/s’, mean 9.53 m/s°, always low because {
omits r; the deviation is largest at small €, where r/C is large.
Vay g = 9,80 £ 0,22 m/s? (d0 thi, hai duong bién); phuong phap dd thi loai sai sé hé
théng cua €, con trung binh céc gia tri riéng 1éch thap t6i 9,53 m/s.
Hence g = 9.80 + 0.22 m/s* (graph, extreme lines); the graph removes the systematic error of €,
while the mean of the single values is low at 9.53 m/s*>. R
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3,51 2=al+b #

5 \

T2 (s?)

0 T T T T T
0 0,2 0,4 0,6 0,8 1

£ (m)

Hinh 1.3. D6 thi T2 theo {: tam diém véi thanh sai s6, dudng thang binh phwong ti thiéu (lién)
va hai duong bién (nét dut). Hé sé chin b duong.
Figure 1.3. Graph of T? against {: eight points with error bars, the least-squares line (solid) and the two
extreme lines (dashed). The intercept b is positive.

PHAN TICH / ANALYSIS — Luc can F theo téc do v trén khoang v tur 2 dén 10 m/s: néu F
= Cv" thi chi can v& Ig F theo Ig v. Ti 1& 2:10 chua téi mot bac 10, nén dung lg thay cho db thi
F theo v, & d6 mét kho phan bi¢tn= 1,8 véin =2.

Drag F against speed v over v from 2 to 10 m/s: if F = CV" just plot Ig F against Ig v. The ratio 2:10

spans less than a decade, so use logs rather than a graph of F against v, on which the eye can hardly
telln = 1.8 fromn = 2.

ViDU 1.10 / EXAMPLE 1.10 — Mot tim bia phang chuyén dong trong ludng gid, luc can F
do bang luc ké & bay tc d6 v (bang). Xac dinh s6 mii n trong F = Cv", sai s6 cta n, va néu
cach két luan n = 2.

A flat card is held in an air stream and the drag F is measured at seven speeds v (table). Find the
exponent n in F = CV", its uncertainty, and say how to conclude n = 2.

0,060 0,301 —1,222
2.() 0.060 0.301 —1.222
3,0 0,137 0,477 —-0,863
3.0 0.137 0.477 —0.863
4,0 0,237 0,602 —0,625
4.0 0.237 0.602 —0.625
5,0 0,358 0,699 —0,446
5.0 0.358 0.699 —0.446
6,0 0,528 0,778 —-0,277
6.0 0.528 0.778 -0.277
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0,912 0,903 —0,040
8.() 0.912 0.903 —0.040
10,0 1,505 1,000 0,178
10.0 1.505 1.000 0.178

Loi giai. / Solution.

V& Ig F theo Ig v (hinh 1.4). Binh phuong tdi thiéu trén cac diém nay cho n= 1,98 va s, =
0,02.

Plot lg F against Ig v (figure 1.4). Least squares on these points gives n = 1.98 and s, = 0.02.

Hé s6 chin doc duge C =10'€€ =~ 0,0152 N-s"/m".
The intercept gives C = 10'¢€ = (0.0152 N-s"/m".

Gia tri 2 cach n ding mot sai s6 chuan (1,98 + 0,02), nén dit liéu khong bac bo n = 2.
Khang dinh n = 2 xong thi 1am lai bang cach v& F theo v? qua gbc; duong thang qua gbc
cho hé s6 goc 0,0148 N-s/m>.

The value 2 is exactly one standard error from n (1.98 + 0.02), so the data do not rule out n = 2.

Having accepted n = 2, redo the fit by plotting F against v’ through the origin; the line through
the origin has slope 0.0148 N-s°/m’.

Vay n= 1,98 + 0,02, phu hop véi luc can bac hai F = Cv? voi C = 0,0148 N-s?/m?.
Hence n = 1.98 + 0.02, consistent with quadratic drag F = Cv* with C= 0.0148 N-s°/m°. ®

0,25 1

hé s6 goc n=A(lg F) / A(lg v)

1g(F /N)

lg(v/ (m/s))

Hinh 1.4. D) thij Ig F theo g v cua bay diém do; hé s goc cta duong thing 13 sé miin ~ 2.
Figure 1.4. Graph of Ig F against Ig v for seven measurements, the slope of the line is the exponent n = 2.

NHAN XET / REMARK — Hg s6 goc trén db thi lg—lg khong phu thudc don vi cta v va F;
d6i don vi chi dich hé s6 chin. D6 1a 1y do d6 thi Ig—Ig ding duoc dé so sanh hai thi nghiém
do bang don vi khac nhau.

The slope on a log—log graph does not depend on the units of v and F; changing units only shifts the
intercept. That is why log—log graphs let two experiments in different units be compared.
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NHAN XET / REMARK — Piém dau va diém cudi anh huong hé sé goc nhiéu nhat. Véi
tam diém déu nhau theo £, bé diém cudi 1am hé sd gbc ddi it; néu thém mdot diém & xa cac
diém kia, n6 kéo dudng thang manh hon moi diém khac. Piém nim xa phai do ki nhét.

The first and last points influence the slope most. With eight points evenly spaced in {, dropping the
last one changes the slope little; a point added far from the rest pulls the line harder than any other.
The outlying point must be measured most carefully.

LOI HAY GAP / COMMON MISTAKE — V& dudng thing qua hai diém d4u va cudi thay
vi dudng tbt nhat, hodc ép dudng qua gbc khi hé sb chin khac 0. Vi du T2 theo € khi € thiéu
ban kinh qua ciu: ép qua gbc 1am g sai hé thong.

Drawing the line through the first and last points instead of the best line, or forcing it through the
origin when the intercept is not zero. For T® against £ with € missing the bob radius, forcing through
the origin biases g.

LOI HAY GAP / COMMON MISTAKE — Tinh hé s6 goc bang hai diém doc trén truc di
d6i (Ig) ma quén rang thang da d6i: A(lg F)/A(lg v) phai 1y hiéu cua lg, khong phai lg cua
hiéu.

Computing the slope from two points read on a transformed axis (Ig) and forgetting the
transformation: use A(lg F)/A(lg v), the difference of logs, not the log of a difference.

1.7. Thiét ké phwong an thi nghi€ém — Designing an experiment

pé dang “dé xuit phuong 4n” cho vai dung cu va mot dai lugng can do, rdi chAm theo
timg khau. Bai dat diém ti da co dii sau khau trong bang dudi va néu rd khau nao da
dugc thiét ké dé loai sai s6 hé thong hay giam sai s6 ngau nhién.

A “propose a method” problem supplies a few instruments and a quantity to measure, and is

marked stage by stage. A full-marks answer has all six stages in the table below and says which
stage was designed to remove a systematic error or reduce a random one.

Khiu Noi dung phai c6 L3i mat diém

Stage What must be there Where marks are lost

Cong thure noi dai lugng can do vai dai Khong néu diéu kién (gdoc nho,

1.Cosoli thuyét luong do duoc, diéu kién ap dung chuyén dong déu)
1. Principle The formula linking the wanted quantity to No conditions stated (small angle,
measurable ones, and when it applies uniform motion)

Chi dung dung cu dé cho; ghi d6 chia

2. Dyng cu nho nhét Thém dung cu ngoai danh sach
2. Apparatus Only instruments given; smallest divisions Instruments not on the list
stated
3. B4 tri So d6 ¢ ghi cac dai lugng do So d6 khong ghi dai luong
3. Set-up A sketch labelling the measured quantities Sketch without labels

Th tu thao tac, s6 lan lip, khoang gia A om0 of o
) P g8 Chi mdt gia tri bien, khong lap

4. Céc budc tri ciia bién ) :
) A single value of the variable, no
4. Procedure Order of operations, repeats, range of the —_
variable
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Khiu Noi dung phii c6 L3i mat diém

Stage What must be there Where marks are lost

o Bang, db thi tuyén tinh hoa, doc hé sb Tinh riéng timg diém rdi lay trun
5. Xt ly so liéu £ HIY T £ e y &

5. Data treatment £oc¢ . . b%nh
Table, linearised graph, slope Single values then a mean
Nguon sai s6 chinh, cach giam, sai s6 Khong phan biét hé thong va ngau
6. Sai 6 ctia két qua nhién
6. Uncertainty Main sources, how to reduce them, the No distinction between systematic
uncertainty of the result and random

PHAN TICH / ANALYSIS — C6 xe d6 choi chay déu, duong ray dai 3 m, thudc chia mm,
ddng hd bam tay. Bam tay ludn tré khi bat d¢au va khi dirng, nén thoi gian do 1a t + T v6i T gan
) dinh. Néu do & nhiéu vach 101 v& s theo t, T chi lam duong théng dich theo truc t, hé sb goc
khong doi.

A toy car runs uniformly on a 3 m track; there is a ruler in mm and a hand-held stopwatch. Hand
timing is always late at the start and the stop, so the measured time is t + t with © roughly constant. If
the time is taken at several marks and s is plotted against t, © only shifts the line along the t axis and
the slope is unchanged.

Vi DU 1.11 (Loai d9 tré bam gio bang dé thi) / EXAMPLE 1.11 (Removing the timing
delay with a graph) — D& xuit phuong an do toc do v ciia xe d6 choi chay déu trén duong
ray thang dai 3 m, chi ding thudc chia mm va dong hd bim tay do chia 0,01 s (ngudi bam tré
c0 0,2 s). Néu cach loai sai $6 do bAm tré. Vi s6 lidu thu duoc (bang, mdi thoi gian 1a trung
binh ciia ba 1an bim) hay tinh v va sai sb.

Propose a method to measure the speed v of a toy car running uniformly on a straight 3 m track, using
only a ruler in mm and a hand-held stopwatch of division 0.01 s (the timer is late by about (.2 s).
Explain how to remove the error from the late timing. With the data obtained (table, each time the
mean of three timings) find v and its uncertainty.

Loi giai. / Solution.
1. Co s0: xe chay déunéns= v(t — 1), v6i t 1a thoi gian do va 113 d6 tré bam. D4 thi s
theo t 1a duong théng hé sb goc v, cattruc ttait=r1 (hinh 1.5).
Principle: the car runs uniformly so s = v(t — t), with t the measured time and t the timing
delay. The graph of s against t is a line of slope v meeting the t axis at t = t (figure 1.5).

2. Bé tri: dan sau vach cach diém xuét phat 0,50; 1,00; ...; 3,00 m. Cho xe chay tur truéc
vach xuét phat dé di dat téc do on dinh.
Set-up: stick six marks 0.50, 1.00, ..., 3.00 m from the start. Let the car run in from before
the start mark so that it already has a steady speed.

3. Thyc hién: voi mdi vach, bAm gid tir lic xe qua vach xuét phat dén luc qua vach s, lap
ba lan, iy trung binh. Gia tri s do bang thudc, sai s6 0,001 m, nhé hon rat nhiéu so
Vi sai s cia t.

Procedure: for each mark, time from the start mark to mark s, three times, and average. The
distance s is read with the ruler to 0.001 m, far smaller than the error in t.
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4. X1r Iy: binh phuong t6i thiéu s theo t cho v =10,513 m/s, s, = 0,010 m/s va t=0,20 s.
Treatment: least squares of s against t gives v = 0.513 m/s, sa = 0.010 m/s and t = 0.20 s.

5. Pdi chiéu: tinh riéng vi = si/ti cho 0,450 m/s ¢ vach 0,50 m va 0,505 m/s ¢ vach 3,00
m. Gia tri chay theo s vi t chiém ti 18 16n & thoi gian ngan, nén trung binh céc vi 1éch
hé thong.

Comparison: single values v; = si/t; give 0.450 m/s at the 0.50 m mark and 0.505 m/s at the
3.00 m mark. They drift with s because t is a larger share of a short time, so the mean of the
vi is biased.
Vay v = 0,513 + 0,010 m/s (sai s6 chuan cta hé sb goc, € ~ 2%). Do tré bam gid nam
trong hé s chin nén khong anh huong v.
Hence v = 0.513 = 0.010 m/s (standard error of the slope, ¢ = 2%). The timing delay sits in the
intercept and does not affect v. R

0,50 1,11 0,450
0.50 1.11 0.450
1,00 2,17 0,461
1.00 2.17 0.461
1,50 3,17 0,473
1.50 3.17 0.473
2,00 4,13 0,484
2.00 4.13 0.484
2,50 5,15 0,485
2.50 515 0.485
3,00 5,94 0,505
3.00 5.94 0.505
3,51
3 4
2,51
~~ 2 1
g
@ 1,51
14 hé sé goc =v
0,5 1
0 -

t(s)

Hinh 1.5. D) thi s theo t cta xe dd choi: sau diém, dudng thang binh phuwong tbi thiéu. Poan
xanh trén truc t 1a do tré bdm gio t, khong anh hudng hé sb goc.
Figure 1.5. Graph of s against t for the toy car: six points and the least-squares line. The green segment
on the t axis is the timing delay t, which does not affect the slope.
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NHAN XET / REMARK — Téch sai s6 thanh phan c6 dinh va phan ngau nhién 13 y chinh
ctia khau 6. Phan ¢d dinh (1) cAn mot cach thiét ké loai bo: dung hé¢ s6 chan cua dod thi, hodc
liy hiéu hai 1an do. Phan ngiu nhién giam bang lip lai va bang nhiéu diém.

Splitting the error into a fixed and a random part is the core of stage 6. The fixed part (t) needs a
design that removes it: the graph intercept, or the difference of two readings. The random part is
reduced by repeats and by many points.

LOI HAY GAP / COMMON MISTAKE — Pé cho d6ng hd bdm tay ma chi do mot
khoang s rdi tinh v = s/t: sai s6 bAm tré ndm nguyén ven trong két qua. Phai do nhiéu s va v&
d6 thi, hodc do hiéu hai thoi gian.

Using a hand-held stopwatch for a single distance s and computing v = s/t. the timing delay stays
whole in the result. Measure several s and draw the graph, or take the difference of two times.

1.8. T6 hop khong thir nguyén va dong dang — Dimensionless groups and

similarity

Khi s dai lugng doc lap nhiéu hon ba, phan tich thir nguyén khong cho mot cong thic
ma cho mot ham ciia cac to hop khong thir nguyén. Ham ay van c6 ich: hai hé ¢ cing
gi tri cac t6 hop dién ra gidng hét nhau khi vé trong cac bién khong thir nguyén.

With more than three independent quantities, dimensional analysis gives not a formula but a

Sfunction of dimensionless groups. That function is still useful: two systems with the same values
of the groups behave identically when drawn in dimensionless variables.

PINH LY 1.15 (Nguyén li dong dang) / THEOREM 1.15 (Principle of similarity) —
Nguyén li dong dang. Néu dai lwong y c6 thir nguyén [y] va phu thudc vao cac dai luong xi,
.., Xk thi c6 thé viét y = yo-f(IT}, I, ...), trong d6 yo ghép tir ba dai luong co ban di dé co
thir nguyén [y], cac IT 1a t6 hop khong thir nguyén ciia x;, va f 1a mot ham chua biét. Hai hé c6
cac IT bang nhau thi c6 y/yo bang nhau.

Principle of similarity. If a quantity y of dimension [v] depends on the quantities x;, ..., X, it can be
written y = yof(I1;, I, ...), where yo is built from enough of the base quantities to have dimension [y],
the I1 are dimensionless combinations of the x;, and f'is an unknown function. Two systems with equal
11 have equal y/y.

Phét biéu trén 12 dang so cip ctia mot dinh 1i téng quat (dinh i IT ciia Buckingham); sach
khong chimg minh no. S t6 hop IT bang sé dai lwong trir sé don vi co ban doc 1ap.
The statement above is the elementary form of a general result (Buckingham’s Il theorem); the

book does not prove it. The number of groups Il equals the number of quantities minus the
number of independent base units.

PHAN TiCH / ANALYSIS — Vit roi tir d6 cao h, chiu lyc can tuyén tinh —bv (b tinh bang
kg/s). Cac dai lugng: t, h, g, m, b: ndm dai lugng, ba don vi, nén hai to hop. Mot la gt?/h; to
hop con lai phai chtra b: thir b?h/(m?g), vi b/m c6 thitr nguyén T

A body falls from height h with a linear drag —bv (b in kg/s). The quantities are t, h, g, m, b five
quantities, three units, so two groups. One is gt’/h; the other must contain b: try b*h/(m’g), since b/m
has dimension T,
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Vi DU 1.12 (Hai thi nghiém dong dang) / EXAMPLE 1.12 (Two similar experiments) —
Vat khéi lugng m = 0,050 kg tha tir nghi & d6 cao h =2,0 m, lyc can —bv véi b = 0,20 kg/s;
thi nghiém do dugc thoi gian roi t; = 1,063 s. Hoi tha cung vat tir nghi & d6 cao 8,0 m trong
mai trudng ¢ b = 0,10 kg/s thi thoi gian roi bang bao nhiéu? Néu gidi han cua két luan.

A body of mass m = 0.050 kg is released from rest at height h = 2.0 m with drag —bv, b = 0.20 kg/s,
an experiment finds the fall time t; = 1.063 s. What is the fall time of the same body released from rest
at 8.0 m in a medium with b = 0.10 kg/s? State the limit of the conclusion.

Loi giai. / Solution.

Nam dai luong t, h, g, m, b voi ba don vi cho hai t6 hop khong thir nguyén: IT; = gt¥/h va
1> = b’h/(m2g). That vay [b/m] = T, nén [b’h/(m?g)] = T>-L/(LT?2) = 1.

The five quantities t, h, g, m, b with three units give two dimensionless groups: I1; = gt*/h and I1,
= b’h/(m’g). Indeed [b/m] = T, so [b’h/(m’g)] = T2-L/LT?) = 1.

t =V (h/g)-f(Il2) (1.5)

Thi nghiém 1: I, = (0,20/0,050)? - 2,0/9,8 = 3,27. Thi nghiém 2: b/m = 0,10/0,050 =2 s
(mot nira), h = 8,0 m (gap 4), nén Il» ¢ cung gié tri: 22 - 8,0/9,8 =~ 3,27.

Experiment 1: IT; = (0.20/0.050)° - 2.0/9.8 = 3.27. Experiment 2: b/m = 0.10/0.050 = 2 57 (half),
h = 8.0 m (four times), so Il> has the same value: 2° - 8.0/9.8 = 3.27.

Hai hé c6 cung I nén f giéng nhau va to/t; = V(ha/hy) = 2.
The two systems have the same IT>, hence the same f, and t:/t; = \(h2/h;) = 2.

Vay t, = 2t; = 2,126 s. Két luan nay khong can biét ham f. Gigi han: n6 chi ding khi hai
hé c6 cung Ila; voi b = 0,20 kg/s & 8,0 m thi IT> khac va khong du doan dugce t néu chua
biét f.

Hence t> = 2t; = 2.126 5. The conclusion needs no knowledge of f. Its limit: it holds only when
the two systems share I, with b = 0.20 kg/s at 8.0 m the value of I1 differs and t cannot be
predicted without f- W

—— h=20m,B=4s"
—=- h=80m,p=2s"
"""" khong can

0 025 05 075 1 125 15 1,75 2
t/\(/g)

Hinh 1.6. Hai thi nghiém roi ¢6 can tuyén tinh v& trong bién khong thir nguyén t/N(h/g) va x/h
tring nhau; duong chim 1a roi khong can.
Figure 1.6. Two falls with linear drag drawn in the dimensionless variables t/N(h/g) and x/h coincide; the
dotted line is fall without drag.
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NHAN XET / REMARK — Khi IT, nhé (can yéu), f dan t6i V2, tirc t dan t6i V(2h/g) = 0,639
s ¢ thi nghiém 1. Khi I, I6n (can manh), vat nhanh chong dat tdc do cubi mg/bvat=
hb/(mg), ti 1& voi h. Biét hai gii han nay, ta nbi bang thuc nghiém phan gitra ma khong c6
cong thirc.

When IT is small (weak drag), f tends to \2, so t tends to N(2h/g) = 0.639 s in experiment 1. When I
is large (strong drag) the body quickly reaches the terminal speed mg/b and t = hb/(mg), proportional
to h. Knowing the two limits, one joins the middle by experiment without a formula.

PHAN TICH / ANALYSIS — Giot chit long ban kinh r dao dong hinh dang: tan s f ¢6 thé
phu thudc hé s6 cing bé mit o (thir nguyén MT-2), khdi lwong riéng p, ban kinh r. Ba dai
luong ddc 1ap cho ba phuong trinh; xem g c6 can thém khong bang cach so luc cing bé mat
va trong luc.

A liquid drop of radius r oscillating in shape: the frequency f may depend on the surface tension o
(dimension MT?), the density p and the radius r. Three independent quantities give three equations;
whether g must be added is decided by comparing surface tension and weight.

Vi DU 1.13 (Chon dai lwgng cin dwa viao) / EXAMPLE 1.13 (Choosing which quantities
to include) — Tim dang cua tan s6 f dao dong hinh dang cua giot nudc ban kinh r = 1,0 mm.
Hé sb cang bé mit 6 = 0,0728 N/m, p = 1000 kg/m?>. Thyc nghiém cho héng $6 khong tha
nguyén C ~ 0,45. Tinh f; biét f thay d6i thé nao khi ban kinh ting gip doi; xét c6 can dua g
vao khong.

Find the form of the frequency f of shape oscillations of a water drop of radius v = 1.0 mm. The
surface tension is ¢ = 0.0728 N/m and p = 1000 kg/m’. Experiment gives a dimensionless constant C =
0.45. Compute f; say how f changes when the radius doubles, decide whether g must be included.

Loi giai. / Solution.
P4t £ = C-o%p™; [f] = T, [6] = MT?, [p] = ML, [r] = L.
Set f= C-ap; [f] = T, [a] = MT?, [p] = ML, [r] = L.
1.T:-1=-2a,néna=12.M:0=a+b,nénb=-1/2.L: 0=-3b+c¢,nénc=3b=
-3/2.
T:-—1=-2a,soa=12 M:0=a+b,sob=—1/2.L:0=-3b+c¢, soc=3b=-3/2.
f=CV(o/(pr®) (1.6)
Véir=1,0 mm: \/(0/(pr3)) = \/(0,0728/(1000 -10?) = 270 s!, nén f= 0,45 - 270 = 121
Hz.
For r = 1.0 mm: N(a/(pr®)) = N(0.0728/(1000 - 10°)) = 270 57!, s0 f= 0.45 - 270 = 121 Hz.

Ban kinh gip doi: f giam 2*2 =~ 2,83 14n, con khoang 43 Hz.
Doubling the radius reduces by 2°? = 2.83, to about 43 Hz.

Pua g vao: thém mot to hop khong thir nguyén pgr¥/c (sé6 Bond). V&i r = 1,0 mm gia tri
la 0,135, nho, nén trong lyc chi hi¢u chinh nhe va cong thic bd g dung dugc. Véi giot
ban kinh 5 mm s6 nay 16n hon 25 1an va cong thirc mét hiéu lyc.

Including g adds a dimensionless group pgr’/o (the Bond number). For r = 1.0 mm it is 0.135,

small, so gravity is a slight correction and the formula without g works. For a 5 mm radius it is
25 times larger and the formula fails.
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Vay = CV(o/(pr’)) = 121 Hz cho r = 1,0 mm; f ti 16 r32,
Hence = CN(o/(pr?)) = 121 Hz for r = 1.0 mmy; fis proportional to 2.

PHAN TiCH / ANALYSIS — Chu ky vé tinh quanh Trai DAt phu thudc ban kinh quy dao r,
khéi lugng M cuia Trai Dat va hiang s6 hip dan G. G va M c6 thé xuit hién riéng hay chi qua
tich GM? Thit nguyén cta G (bang ¢ muc 1.1) cho M': cap G, M phai xuat hién cing lity
thira.

The period of a satellite about the Earth depends on the orbital radius r, the Earth’s mass M and the
gravitational constant G. Can G and M appear separately or only as the product GM? The dimension
of G (see the table in section 1.1) carries M”': G and M must appear with the same power.

Vi DU 1.14 (Tir mét thién thé dy do4n thién thé khiac) / EXAMPLE 1.14 (Predicting one
body from another) — Chu ky chuyén dong tron ciia mot vat quanh Trai Dt chi phu thude
vao ban kinh quy dao r, hing s6 hap dan G va khéi lugng M cua Trai Dat. Dung phan tich thir
nguyén tim dang cua chu ky, rdi tir chu ky ctia Mt Trang (27,32 ngay, r = 3,844-10® m) du
doan chu ky mot tram quy dao & do cao 410 km (ban kinh Trai D4t 6,371-10° m), khong ding
gia tri G hay M.

The period of circular motion of a body about the Earth depends only on the orbital radius r, the
gravitational constant G and the Earth’s mass M. Use dimensional analysis to find the form of the
period, then from the period of the Moon (27.32 days, r = 3.844-10° m) predict the period of a station
at 410 km altitude (Earth radius 6.371-10° m), without using the values of G or M.

Loi giai. / Solution.
bit T = C-r*G°MS; [G] = M LT,
Set T = C-*G"Me; [G] = MIL3T™.
1.T:1=-2b,nénb=-1/2.M: 0=-b+c,nénc=-1/2. L: 0=a + 3b, nén a = 3/2.
T:1=-2bsob=—-1/2.M:0=-b+c,soc=—-1/2.L: 0=a + 3b, soa = 3/2.
T = CV(r3/(GM)) (1.7)
G va M chi xuit hién qua tich GM, nén véi ciing mét thién thé trung tam, T ti 1& voi r*/2:
To/T1 = (r2/11)*2, va C, G, M déu gian udc.

G and M appear only through the product GM, so for one central body T is proportional to r*:
T>/T; = (r2/r1)%?, and C, G, M all cancel.

Béan kinh quy dao tram: r = 6,371-10° + 4,1-10° = 6,781-10° m. Chu ky Mait Tring:
2,360-10° s.

The station’s orbital radius is r = 6.371-10° + 4.1-10° = 6.781-10° m. The Moon’s period is
2.360-10° s.

Tiss = Tm(riss/rm)3/2
Ti s ban kinh 0,01764, ltiy thira 3/2 cho khoang 2,34-1073, nén Tiss = 5530 s = 92,2 phut.
The radius ratio is 0.01764, its 3/2 power is about 2.34-10, so Tiss= 5530 s = 92.2 min.
Vay chu ky cua tram khoang 92,2 phut. Gié tri quan sat khoang 92,7 phut, I¢ch dudi 1%.

Hence the station’s period is about 92.2 min. The observed value is about 92.7 min, within 1%.
|
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NHAN XET / REMARK — Két qua T o 12 1a dinh luat Kepler thir ba cho quy dao tron;
phan tich thi nguyén cho dang, con hang sé C = 2r can dan tir luc hap dan (Chuong Pong luc
hoc nang cao).

The result T ocr*” is Kepler’s third law for circular orbits; dimensional analysis gives the form, while
the constant C = 21 has to be derived from the gravitational force (chapter on advanced dynamics).

LOI HAY GAP / COMMON MISTAKE — Dung dang tich lity thira khi c6 hai t6 hop
khong thtr nguyén tré 1én (vi du roi ¢6 can tuyén tinh). Khi d6 t = V(h/g)-f(IL2) v6i f chua biét,
khong phai t = C-hPg. ..

Using a pure power product when two or more dimensionless groups exist (for example fall with
linear drag). Then t = \(h/g)-f{I,) with { unknown, not t = C-h’g’ ..

PHAI THUQC / MEMORISE — Ba dai luong doc 1ap va ba don vi co ban: phén tich thir
nguyén cho cong thic, trir hing s6 C. Nhiéu hon ba: cho mot ham f cta cac to hop khong thir
nguyén.

Three independent quantities and three base units: dimensional analysis gives the formula up to the
constant C. More than three: a function f of dimensionless groups.

1.9. Bang chién lwge: tir diu hi¢u trong dé dén cOng cu — Strategy table: from the
sign in the problem to the tool

Diu hi¢u trong dé Cong cu nén thir Vi du

Sign in the problem Tool to try Example

Cho cong thirc dang chit, hoi
ding hay sai

A formula in letters, right or

So thir nguyén hai vé; thir gia tri giéi han
Compare dimensions of both sides; test a 1.1
limiting case

wrong?

Biét dai lugng phu thude vao ba
dai luong, hdi dang cong thic
The quantity depends on three
others; find the form

Phan tich thr nguyén, giai ba phuong trinh
Ity thira 12,13

Dimensional analysis, three power equations

Cho mot phép do & diéu kién

C S Y Tilé tir cong thurc 1y thira, gian udc han
nay, hoi két qua ¢ diéu kién khac ~ ; ~ g y & g

sO 1.14

One measurement given, asked for o ,
Ratio from the power formula, constants cancel

another case

“Uéc lugng”, “cd bao nhiéu”, Chudi thira s6, lam tron mot chit sb, kiém

khong cho sb bang dai lugng khac 1.4
“Estimate”, “about how much”, no = A chain of factors, one significant figure, cross-

numbers check

Cho cac s do kém + hay d6 chia  Truyén sai sd: cong tuyét d6i, cong twong

dung cu ddi, nhan véi sb mii n 16.1.7
Readings with + or instrument Propagate: add absolute, add relative, multiply B
divisions by the exponent n
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Diu hi¢u trong dé

Sign in the problem

Cong cu nén thir
Tool to try

Vi du
Example

Hiéu hai s6 do gan nhau
Difference of two close readings

B9 s6 liéu nhiéu diém, hoi hang
s6

Many data points, asked for a
constant

Dung cu cho trudce, hoi “dé xuat
phuong an”

Given apparatus, “propose a
method”

Hon ba dai lugng doc lap, hai h¢

Sai s6 tuyét ddi cong; do truc tiép hiéu béng
dung cu nhay hon
Absolute errors add,; measure the difference

1.8
directly with a finer instrument
Tuyén tinh hoa, binh phuong tbi thiéu, hai

duong bién
Linearise, least squares, extreme lines

1.9,1.10

Sau khau; do thi dé loai sai s6 hé thong
khong do6i

Six stages, a graph to remove a constant
systematic error

T4 hop khong thir nguyén, nguyén li dong

gidng nhau

More than three independent
quantities, two similar systems

Thuéat ngir

Term (Vietnamese)

dang

Tiéng Anh

1.12,1.13

Dimensionless groups, similarity

Giai thich ngin
Short definition

Dai lugng co ban

Thi nguyén

Khong thir nguyén
Pong nhét thir nguyén

Phan tich thir nguyén

T6 hop khong thi
nguyén

Nguyén li dong dang

Bac d6 16n

English

Base quantity

Dimension

Dimensionless

Dimensional
homogeneity

Dimensional analysis

Dimensionless group

Similarity

Order of magnitude

dai lwong chon 1am gbc (M, L, T)
quantity chosen as the foundation (M, L, T)

tich cac lily thoracia M, L, T
product of powers of M, L, T

moi lity thira ciia M, L, T bang 0
all powers of M, L, T equal 0

hai vé dang thirc ciing thir nguyén
both sides of an equation have equal dimension

tim dang cong thuc tur thir nguyén

finding a formula's form from dimensions

tich liy thira cac dai lugng c6 thir nguyén
bang 1

power product of quantities with dimension
equal to 1

hai hé cung t6 hop khong thir nguyén dién
ra giéng nhau
systems with equal groups behave alike

lity thira ctia 10 gan gié tri nhét
the power of ten nearest the value
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Thuéat ngir Tiéng Anh Giai thich ngin

Term (Vietnamese) English Short definition

tinh ¢ do 16n tir vai so liéu quen thudc
Udce lugng Fermi Fermi estimate an order-of-magnitude calculation from
familiar numbers

chir s6 dang tin ciia két qua do

Chir s6 c6 nghia Significant figure
& & & a trustworthy digit of a result
DA s . d6 16n ctia do léch 6 thé c6
Sai s0 tuyét doi Absolute uncertainty R .
the size of the possible deviation
.z £ . . sai s tuyét d6i chia cho gia tri
Sai s0 twong doi Relative uncertainty y§ , . gla tr
absolute uncertainty divided by the value
C A x rai hai phia, giam khi lay trung binh
Sai s6 ngau nhién Random error phia, & , Y £ .
scatters both ways, falls on averaging
léch cung phia, khong giam khi 14y trung
Sai s0 h¢ thong Systematic error binh
shifts one way, not reduced by averaging
nira d6 chia nho nhét hay d6 chinh xéac ghi
Sai s0 dung cu Instrument error trén may
half the smallest division or the stated accuracy
A 1a 3 - do rai clia timg 1an do quanh trung binh
Do 1éch chuan Standard deviation ; } & ) q &
scatter of single readings about the mean
I , . o dua quan hé vé duong thang bang doi truc
Tuyén tinh hoa Linearisation .q T & ) g & ] ;
turning a relation into a line by changing axes
A A ti s A(truc doc)/A(truc ngan
HIé 56 géc Slgie (truc doc)/A(truc ngang)

ratio A(vertical)/A(horizontal)

duong 1am tong binh phuwong d6 léch doc

X Lo iR nho nhét

Binh phuong t6i thieu Least squares 0 ] a o , )
the line minimising the sum of squared vertical
deviations

doan thang trén do thi bi€u dién sai so cua
diém
a segment on a graph showing a point's

Thanh sai s Error bar

uncertainty

ban ké hoach g@)m co sd, dung cy, budc, xur

e s , 1y, sai sd

Phuong an thi nghiém Experimental method Y, sa S(.) o
a plan with principle, apparatus, steps,

treatment, uncertainty
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1.10. Bai tu luyén — Practice problems
Mirc 1 — Hoc sinh gioi cé{lp tinh — Level 1 — Provincial olympiad

Bai 1.1 / Problem 1.1 — Tir biéu thirc lyc hip dan F = Gmmy/r2, tim thir nguyén va don vi
SI ctia hing sb G. Kiém tra bang thir nguyén xem V(r3/(GM)) ¢6 1a thoi gian khong va GM/r2
c6 1a gia téc khong (M 1a khéi luong, r 13 d6 dai).

From the gravitational force F = Gmmy/r’, find the dimension and SI unit of the constant G. Check by
dimensions whether N (r/( GM)) is a time and GM/r* an acceleration (M a mass, r a length,).

Bai 1.2 / Problem 1.2 — Hinh chir nhat do duoc caccanha=21,50cm £ 0,05cmvab=
8,20 cm =+ 0,05 cm. Viét dién tich S va chu vi P kém sai s theo quy udc lam tron.

A rectangle has sides a = 21.50 cm £+ 0.05 cm and b = 8.20 cm £ 0.05 cm. Write the area S and the
perimeter P with uncertainties in the rounding convention.

Bai 1.3 / Problem 1.3 — Udc luong khéi luong khong khi trong mot phong hoc 9,0 m x 6,5
m x 3,6 m (khéi lugng riéng khong khi 1,2 kg/m3). Bang khoang méy hoc sinh ning 50 kg?
Néu mdi kich thude chi biét véi sai s6 10% thi khdi lugng bét dinh bao nhiéu phan tram?
Estimate the mass of air in a classroom 9.0 m x 6.5 m x 3.6 m (air density 1.2 kg/m’). About how
many 50 kg students is that? If each dimension is known only to 10%, what is the percentage
uncertainty of the mass?

Bai 1.4 / Problem 1.4 — Tén s f cua vat khdi luong m dao dong trén 16 xo d6 cung k (thtr
nguyén cua k 1a MT-2) chi phu thudc k va m. Tim dang f bang phan tich thir nguyén. Vi m =
0,10 kg do dugc f= 3,2 Hz. Tinh f khi (a) m tang 1én 0,40 kg; (b) m = 0,40 kg va 16 xo cliing
gip doi.

The frequency f of a mass m oscillating on a spring of stiffness k (dimension of k is MT?) depends only
on k and m. Find the form of f by dimensional analysis. With m = 0.10 kg, f= 3.2 Hz is measured.
Find fwhen (a) m increases to 0.40 kg; (b) m = 0.40 kg and the spring is twice as stiff-

Mirc 2 — Hoc sinh gioi quéc gia — Level 2 — National olympiad

Bai 1.5 / Problem 1.5 — Tha vt roi tir nghi, do thoi gian roi t bang dong hd bam tay c6 do
tré cb dinh T chua biét, nén t do =t that + t. Vi sdu do cao s: 0,5; 1,0; 1,5; 2,0; 2,5; 3,0 (m)
do duoc t: 0,44; 0,58; 0,68; 0,75; 0,84; 0,91 (s). Dung dd thi Vs theo t tim g va 1. Giai thich vi
sao v& s theo t? cho g sai, va cho biét g thu duoc tir dd thi do.

A body is dropped from rest and the fall time t is measured with a hand-held stopwatch with a fixed
unknown delay t, so measured t = true t + . For six heights s: 0.5, 1.0, 1.5, 2.0, 2.5, 3.0 (m) the times
are: 0.44, 0.58, 0.68, 0.75, 0.84, 0.91 (s). Use the graph of \s against t to find g and t. Explain why
plotting s against  gives a wrong g, and state the g that graph gives.

Bai 1.6 / Problem 1.6 — Khbi luong riéng cua qué cau thép: p = 6m/(nd). Pom =835 g+
0,01 gvad=12,70 mm + 0,01 mm (panme). Tinh p va sai s6. Néu dung thudc kep (sai sd
0,02 mm), p sai s bao nhiéu? Néu thay can bang can chinh xac 0,001 g, sai sé twong ddi cia
p gidm t6i dau khi van dung panme?

Density of a steel ball: p = 6m/(nd’). Measured m = 8.35 g +0.01 g and d = 12.70 mm £ 0.01 mm
(micrometer). Find p and its uncertainty. With calipers (error 0.02 mm) what is the uncertainty of p?
If the balance is replaced by one accurate to 0.001 g, how far does the relative uncertainty of p fall
while keeping the micrometer?
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Bai 1.7 / Problem 1.7 — Cong suit P ma mdt tuabin gi6 1iy tir ludng khong khi chi phu
thudc khéi lugng riéng p ciia khong khi, dién tich quét A cia canh quat va toc do gid v. Tim
dang P. Mo hinh ¢6 A = 0,20 m? trong gi6 5,0 m/s (p = 1,2 kg/m*) cho P = 6,0 W. Dy doan P
cho tuabin A = 1,8 m? trong gi6 8,0 m/s. Néu ban kinh canh tang 1,5 lan & cing toc d6 gio, P
tang may lan?

The power P a wind turbine takes from an air stream depends only on the air density p, the swept area
A of the rotor and the wind speed v. Find the form of P. A model with A = 0.20 m’ in a 5.0 m/s wind (p
= 1.2 kg/m’) gives P = 6.0 W. Predict P for a turbine with A = 1.8 m* in an 8.0 m/s wind. If the blade
radius grows 1.5 times at the same wind speed, by what factor does P grow?

Bai 1.8 / Problem 1.8 — Do bé day va khéi luong riéng cua gidy véi thude chia mm va can:
mot ram 500 t& A4 (210 mm x 297 mm, sai s6 mdi canh 0,5 mm) cao H=5,05cm + 0,1 cm,
khéi lugng 2,50 kg + 0,01 kg. (a) Néu vi sao do ca ram thay vi mot to. (b) Tinh bé day mét to
va sai s6. (¢) Tinh khdi lwong riéng va sai s6. (d) Dung hai ram chdng 1én nhau thi sai s&
tuong d6i ciia p con bao nhiéu?

Measure the thickness and density of paper with a mm ruler and a balance.: a ream of 500 A4 sheets
(210 mm x 297 mm, error 0.5 mm per side) stands H = 5.05 cm = 0.1 cm and has mass 2.50 kg = 0.01
kg. (a) Say why the whole ream is measured instead of one sheet. (b) Find the thickness of one sheet
and its uncertainty. (c) Find the density and its uncertainty. (d) With two reams stacked, what is the
relative uncertainty of p?

Mirc 3 — Olympic quf')c té — Level 3— International olympiad

Bai 1.9 / Problem 1.9 — Ném vit thing ding 1én véi tc do vo, luc can khong khi co gia tde
—\v2 (A tinh bang m™!, huéng ngugc chidu chuyén dong) cong véi g. (a) Bang phan tich thir
nguyén ching minh H = (vo%/g)-f(1)) véi n = Ave¥/g. (b) Mot md phong sd cho vo =20 m/s, A =
0,010 m™: H= 17,1 m. Can A' bang bao nhiéu dé ném véi vo' = 10 m/s cho cting hinh dang
chuyén dong, va khi d6 H' bang bao nhiéu? (c) Can lam giam d6 cao bao nhiéu phan trim so
v6i khong can 6 thi nghiém (b)? Lay g = 9,8 m/s.

A body is thrown vertically up with speed vo; air drag gives an acceleration =)V’ (. in m™, opposite
the motion) in addition to g. (a) Use dimensional analysis to show H = (vo’/g)-f(n) with n = Jvi’/g. (b)
A numerical simulation for vo = 20 m/s, A = 0.010 m™" gives H = 17.1 m. What )" gives the same shape
of motion for vo' = 10 m/s, and what is H' then? (c) By what percentage does drag lower the height in
experiment (b)? Take g = 9.8 m/s’.

Bai 1.10 / Problem 1.10 — M4t giot nudc mua nhé ban kinh r chuyén dong cham trong
khong khi ¢6 dd nhét n (tha nguyén ML'T-Y); luc can F chi phy thude n, 1, v. (a) Tim dang F
bang phén tich thir nguyén. (b) Biét hing sb 13 6, tim téc d6 roi 6n dinh cua giot r = 0,030
mm, bo qua lyc day ctia khong khi; = 1,810 Pa-s, p, = 1000 kg/m?. (c) T6 hop khong thir
nguyén Re = pxv(2r)/m, px = 1,2 kg/m?: tinh Re & (b), va ban kinh 16n nhat dé Re < 1 khi ding
cong thuc (b). (d) Véir= 1,0 mm (vi du vé luc can béc hai) Re bing bao nhiéu?

A small raindrop of radius r moves slowly through air of viscosity n (dimension ML'T"); the drag F
depends only on n, v, v. (a) Find the form of F by dimensional analysis. (b) Given the constant 6m, find
the steady fall speed of a drop of r = 0.030 mm, neglecting air buoyancy; n = 1.8:10” Pa-s, p,, = 1000
kg/m’. (c) With the dimensionless group Re = p.v(2r)/yy, pa = 1.2 kg/m’: compute Re in (b), and the
largest radius for which Re < 1 when the formula of (b) is used. (d) For r = 1.0 mm (the quadratic-
drag example) what is Re?

Bai 1.11 / Problem 1.11 — Do g bang hai chiéu dai con lic, mdi chiéu dai do tir diém treo
dén mép trén qua cau (thiéu ban kinh r chua biét). £; = 1,000 m, 2 = 0,250 m, sai s mdi
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chiéu dai 0,002 m; thoi gian 20 dao dong: t; = 40,44 s, t, = 20,66 s, sai s6 mdi thoi gian 0,1 s.
(a) Chimg minh r triét tiéu va tim biéu thirc g. (b) Tinh g va sai sb. (¢) Néu chon £, = 0,900 m
(t2 = 38,40 s) thi sai s trong ddi cua g bang bao nhiéu? (d) So g tinh tir riéng {1 v6i gia tri &
(b).

Measure g with two pendulum lengths, each measured from the suspension point to the top of the bob
(omitting an unknown radius r). €; = 1.000 m, £> = 0.250 m, error 0.002 m each; the time for 20
oscillations is t; = 40.44 s, t; = 20.66 s, error 0.1 s each. (a) Show that r cancels and find an
expression for g. (b) Find g and its uncertainty. (c) If > = 0.900 m is chosen (t> = 38.40 s), what is the
relative uncertainty of g? (d) Compare g from €; alone with the value in (b).

Bai 1.12 / Problem 1.12 — M4t bot hoi hinh cau ban kinh R trong nudc (khdi luong riéng p)
bi 4p sudt p bén ngoai ép xep. Thoi gian xep t chi phu thudc R, p, p. (a) Tim dang t. (b) Mot
mo phong cho R = 1,0 mm, p = 1,0-10% Pa, p = 1000 kg/m3: t =9,2-10"% s. Tim hang s khong
thir nguyén. (c) Du doan t cho R = 3,0 mm, p = 3,0-10* Pa. (d) So toc d6 trung binh R/t cia
thanh bot v&i V(p/p).

A spherical vapour bubble of radius R in water (density p) is squeezed shut by the outside pressure p.
The collapse time t depends only on R, p, p. (a) Find the form of t. (b) A simulation for R = 1.0 mm, p
= 1.0-10° Pa, p = 1000 kg/m’ gives t = 9.2-107 s. Find the dimensionless constant. (c) Predict t for R
= 3.0 mm, p = 3.0-10" Pa. (d) Compare the mean wall speed R/t with \(p/p).

1.11. Loi gidi bai tw luyén — Solutions to practice problems

Bai 1.1 — Problem 1.1
Giai F = Gmima/r? theo G: G = Fr¥/(mima).
Solve F = Gmimx/v’ for G: G = Fr’/(mimy).
[G] = MLT-2- L2 / M2 = M-1L.3T-2
DPon vi SI: m?/(kg-s?) = N-m?/kg?.
SI unit: m’/(kg's’) = N-m’/kg’.
[r3/(GM)] = L3 / (M-IL3T-2 - M) = T?
Cin béc hai c6 thir nguyén T: V(r3/(GM)) 1a thoi gian.
The square root has dimension T: \/(r3/(GZ\/[)) is a time.
[GM/r?] = M-1L3T2- M / L2 = LT+
Vay G c6 thir nguyén M'L3T2 (don vi N-m?/kg?); ca hai biéu thirc déu dung thtr nguyén,
biéu thirc sau 1a gia toc hap dan.
Hence G has dimension M™'L3T (unit N-m*/kg’); both expressions are dimensionally right, the
second being the gravitational acceleration. R
Bai 1.2 — Problem 1.2

Dién tich 1a tich: sai s6 twong dbi cong lai. &. = 0,05/21,50 =~ 0,23%, &, = 0,05/8,20 ~
0,61%, nén s ~ 0,84%.

The area is a product: relative uncertainties add. e, = 0.05/21.50 = 0.23%, e» = 0.05/8.20 =
0.61%, so es = 0.84%.

S=21,50 - 8,20 =176,3 cm?; AS = 0,84% - 176,3 = 1,5 cm?,
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§=21.50-820=176.3 cm?’; AS = 0.84% - 176.3 = 1.5 cm°.

Chu vi 12 téng: sai sb tuyét d6i cong lai. P = 2(a + b) = 59,4 cm, AP = 2(0,05 + 0,05) =
0,2 cm.

The perimeter is a sum: absolute uncertainties add. P = 2(a + b) = 59.4 cm, AP = 2(0.05 +
0.05) = 0.2 cm.

Vay S =176,3 £ 1,5 cm? (chit sb dau cua sai s6 14 1 nén gitr hai chir sé) vaP=59,4+0.2
cm.

Hence S = 176.3 + 1.5 cm? (the first digit of the uncertainty is 1, so two figures are kept) and P =
594+02cm. m

Bai 1.3 — Problem 1.3
Thé tich V=9,0 - 6,5 - 3,6 =210,6 m°.
The volume is V=9.0-6.5-3.6 =210.6 m°>.

Khéi luong m = pV = 1,2 - 210,6 = 253 kg, bac d6 16n 10* kg.
The mass ism =pV =1.2-210.6 =253 kg, of order 10° kg.

S4 hoce sinh: 253/50 = 5.
Number of students: 253/50 = 5.

Ba kich thudc nhan vdi nhau, mdi kich thudc sai 10%, nén ev = 3 - 10% = 30%, &m =
30% (p coi chinh xac), Am = 76 kg.

Three dimensions multiply, each 10% uncertain, so ey = 3 - 10% = 30% and e, = 30% (p taken
exact), Am = 76 kg.

Vay khdi luong khi ¢& 2,5-102 kg, bang khoang 5 hoc sinh, bat dinh c& 30%.
Hence the air weighs about 2.5-10° kg, roughly 5 students, uncertain by about 30%. ®
Bai 1.4 — Problem 1.4
bit f=C-k*m® T = (MT2)*M°.
Set f= C-kmP: T = (MT?)*MP.
1.T:-1=-2a,néna=1/2.M:0=a+b,nénb=-1/2.
T:-—1=-2a,soa=12 M:0=a+b,sob=-1/2.
f=CvV(k/m)

(a) k khong d6i: f oc m™2. Khéi lugng gap 4 nén f giam 2 lan: f=3,2/2 = 1,6 Hz
(a) k unchanged: f ocm™?. The mass is four times larger so f halves: f = 3.2/2 = 1.6 Hz.
(b) k gdp d6i nhan fvoi V2: f=1,6 - V2 =2,3 Hz
(b) Doubling k multiplies fby N2: f= 1.6 -N2 = 2.3 Hz.
Vay f= CV(k/m); (a) f~ 1,6 Hz; (b) = 2,3 Hz.
Hence = CN(k/m); (a) f~ 1.6 Hz; (b) f~2.3 Hz. m
Bai 1.5 — Problem 1.5
Thoi gian roi that 1a t — T nén s = Yg(t — 1)% Ly can: Vs = V(g/2) (t — 7).
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The true fall time is t — tso s = %g(t — 1)°. Taking the root: s = \/(g/2)-(t - 7).

Vs =(g/2)t—V(g/2)t
bay la duong théng Y=aX+bvsiX=t Y ="1s, hé sb géc a= \/(g/2), hé s6 chian b =
—art.
This is a line Y = aX + b with X = t, Y = s, slope a = \(g/2) and intercept b = —a.
Binh phuong téi thiéu trén sau diém: a = 2,204 m"?/s, b = —0,266 m">.
Least squares on the six points: a = 2.204 m'?/s, b = —0.266 m'”.

g=2a% t=-b/a

g=2-2204>=971 m/s*; t=—0,266/2,204 cho [t| = 0,12 s.
g=2-2204=9.71 m/s’°; t=—(—0.266)/2.204 = 0.12 s.
V& s theo t2: (t — 1)* = t2 — 21t + 12 chira s6 hang bac nhat theo t nén s theo t* khong la
duong thang, va dudng tot nhat qua cac diém c6 hé s6 goc g/2 sai. Tinh duoc g ~ 7,98
m/s2, thap hon 18%.
Plotting s against °: (t — ©)* = * — 2tt + ©° contains a term linear in t, so s against I is not a
line, and the best line through the points has a wrong slope g/2. It gives g = 7.98 m/s*, 18% low.
Vay g~ 9,71 m/s? vat=0,12s.
Hence g=9.71 m/s* andt= 0.12s. W

Bai 1.6 — Problem 1.6
p=06- 8,35-107 / (m - (12,70-103)*) = 7785 kg/m3.
p=6-835103/(x- (12.70-10°)°) = 7785 kg/m’,

€= &m+ 3&d

Panme: en = 0,01/8,35 = 0,12%, €4 = 0,01/12,70 = 0,079%, nén g, = 0,12 + 0,24 = 0,36%,
Ap = 28 kg/m?.

Micrometer: en = 0.01/8.35 = 0.12%, ¢4 = 0.01/12.70 = 0.079%, so €, = 0.12 + 0.24 = 0.36%, Ap
= 28 kg/m’.

Thudce kep: €4 = 0,02/12,70 = 0,157%, €, = 0,12 + 0,47 = 0,59%, Ap = 46 kg/m>.

Calipers: ¢4 = 0.02/12.70= 0.157%, ¢, = 0.12 + 0.47 = 0.59%, Ap = 46 kg/m’.

Can 0,001 g: em = 0,012%, &, = 0,012 + 0,24 = 0,25%: giam chut it vi dudong kinh (liy
thira 3) chi phdi.

Balance at 0.001 g: en = 0.012%, ¢, = 0.012 + 0.24 = 0.25%: only a slight fall because the
diameter (power 3) dominates.

Vay p = (7,79 £ 0,03)-10° kg/m® v6i panme; (7,79 + 0,05)-10° véi thude kep; can tét hon
chi dua & vé 0,25%.

Hence p = (7.79 + 0.03)-10° kg/m> with the micrometer, (7.79 + 0.05)-10° with the calipers, the
better balance only brings € to 0.25%. W
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Bai 1.7 — Problem 1.7
bit P = C-p?A®v¢; [P] = ML*T>.
Set P = C-p?Abve; [P] = ML’T.

I.M:1=a.T: -3=-c,nénc=3.

:2=-3a+2b+c=-3+2b+3,nénb=1.
M:1=a T:—3=-c,soc=3.L:2~=

—3a+2b+c=-3+2b+3 s0b=1.
P = CpAv3

T m6 hinh: C = P/(pAv?) = 6,0/(1,2 - 0,20 - 125) = 0,20.
From the model: C = P/(pAv?) = 6.0/(1.2 - 0.20 - 125) = 0.20.

Tuabin 16n: P = 0,20 - 1,2 - 1,8 - 8,0° = 221 W. Céch khac theo ti 1&: (1,8/0,20) -
(8,0/5,0)* =9 - 4,096 = 36,9 14n 6,0 W, cling =221 W.

Large turbine: P = 0.20 - 1.2 - 1.8 - 8.0° = 221 W. By ratios: (1.8/0.20) - (8.0/5.0)> = 9 - 4.096 =
36.9 times 6.0 W, also= 221 W.

Ban kinh x1,5 thi A o 12 tang 1,5% = 2,25 lan, nén P ting 2,25 lan.
Radius x1.5 makes A or? grow 1.57 = 2.25 times, so P grows 2.25 times.

Vay P = CpAv?, tuabin 16n cho khoang 221 W; ban kinh x1,5 cho P x2,25.
Hence P = CpAV, the large turbine gives about 221 W; radius %1.5 gives P x2.25. &

Bai 1.8 — Problem 1.8

(a) Mot to day khoang 0,1 mm, nho hon nhiéu so voi do chia 1 mm: sai sb tuong ddi c&
500%. Po N t& chong 1én thi sai sé tuyét dbi cua H khong d6i (0,1 cm), con H tang N 1an,
nén sai s6 twong dbi giam N 1an.

(a) One sheet is about 0.1 mm thick, far below the 1 mm division: relative uncertainty about

500%. For N sheets stacked, the absolute uncertainty of H stays (0.1 cm) while H grows N times,
so the relative uncertainty falls N times.

(b) d = H/500 = 0,101 mm; &4 = en = 0,1/5,05 = 1,98%; Ad = 0,1 cm/500 = 0,002 mm.
Vay d= (0,101 + 0,002) mm.

(b) d = H/500 = 0.101 mm; eq = en = 0.1/5.05 = 1.98%,; Ad = 0.1 cm/500 = 0.002 mm. So d =
(0.101 £ 0.002) mm.

p=m/(abH), g =€m+ €+ € + €n

(c) p=2,50/(0,210 - 0,297 - 0,0505) = 794 kg/m>. &m = 0,40%, €2 = 0,5/210 = 0,24%, &, =
0,5/297 = 0,17%, eu = 1,98%; téng g = 2,79%, Ap =22 kg/m’.

(c) p = 2.50/(0.210 - 0.297 - 0.0505) = 794 kg/m’. em = 0.40%, e. = 0.5/210 = 0.24%, e» =
0.5/297 = 0.17%, e = 1.98%, total e, = 2.79%, Ap = 22 kg/m>.

(d) Hai ram: H= 10,10 cm, & = 0,99%; m = 5,00 kg, em = 0,20%; €, = 0,20 + 0,24 + 0,17
+ 0,99 = 1,60%.

(d) Two reams: H = 10.10 cm, ex = 0.99%,; m = 5.00 kg, en = 0.20%;, ¢, = 0.20 + 0.24 + 0.17 +
0.99 = 1.60%.
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Vay d = (0,101 + 0,002) mm; p = (7,9 £ 0,2)-10 kg/m?, trong d6 chiéu cao ram chiém
khoang 71% sai sd; hai ram dua ¢, vé 1,60%.
Hence d = (0.101 + 0.002) mm; p = (7.9 + 0.2)-10° kg/m?, of which the ream height supplies
about 71% of the uncertainty; two reams bring ¢, to 1.60%. W

Bai 1.9 — Problem 1.9
(a) Cac dai lugng H, vo, g, A c6 [H] =L, [vo] = LT, [g] = LT?2 [A] = L': bon dai luong,
hai don vi doc 1ap (L, T), nén c6 hai to hop khong thir nguyén.
(a) The quantities H, vo, g, A have [H] = L, [vo] = LT, [g] = LT?, [A] = L!: four quantities and
two independent units (L, T), so two dimensionless groups.

Mli=Hg/ve? Ila=2Avo? /g
Kiém: [Hg/vo?] = L-LT2/(L*T?) = 1 va [Ave¥g] = L"-L2T%(LT?) = 1. Theo nguyén li
dong dang IT; = f(IL,), tirc H = (vo¥/g)-f(n).
Check: [Hg/vo’] = L-LT?/L°T?) = 1 and [ivi’/g] = L'-L’T?/(LT?) = 1. By the principle of
similarity I1; = f(I1>), that is H = (vo’/2)-f(n).
(b) Thi nghiém 1 ¢6 n = 0,010 - 400/9,8 ~ 0,408. Thi nghiém 2 can cung n: A'-100 =
0,010 - 400, nén A' = 0,040 m".
(b) Experiment 1 has n = 0.010 - 400/9.8 = 0.408. Experiment 2 needs the same n: 1"-100 = 0.010
400, so A' = 0.040 m™.
Cung n nén cung f, va H/H = (vo'/vo)* = 1/4: H'= 17,1/4 = 4,28 m.
The same n gives the same f, and H'/H = (vo'/vy)* = 1/4: H' = 17.1/4 = 4.28 m.
(c) Khong can: Ho = vo*/(2g) = 400/19,6 = 20,4 m. Ti s6 17,1/20,4 =~ 0,84: can lam giam
khoang 16%.
(c) Without drag: Hy = vi*/(2g) = 400/19.6 = 20.4 m. The ratio 17.1/20.4 = 0.84: drag lowers the
height by about 16%.
Vay M' = 0,040 m!, H' = 4,28 m; can lam giam do cao khoang 16%.
Hence ' = 0.040 m!, H' = 4.28 m; drag lowers the height by about 16%. ®

Bai 1.10 — Problem 1.10
@F=Cn*v:M:1=a.T: 2=-a—c,nénc=1.L: 1=—a+b+c=-1+b+1,nénb
=1.
(a)F:C-n"r”v“:M'l =q. T -2=-a—-c¢soc=1.L:1=—-a+b+c=—-1+b+1 sob=1.
F=Cnrv
(b) Can bang trong luc mg = 6mnrv voi m = (4/3)ar’pu:
(b) Balance weight mg = 6znrv with m = (4/3)xrp.:
v = 2pngr? / (M)
Véir=3,0-10m: v=2-1000 - 9,8 - 9,0-10'%/(9 - 1,8:10) = 0,109 m/s.
Withr =3.0:-10° m: v =2-1000-9.8 - 9.0-107"°/(9 - 1.8-107) = 0.109 m/5s.
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(¢)Re=1,2-0,109 - 6,0-10°/1,8-10” = 0,44, nho hon 1 nén cong thirc dung dugc. Thay
v & (b) vao Re: Re = 4pnprg r’/(9?); dat Re = 1:

(c)Re=1.2-0.109 - 6.0:-10°/1.8:107° = 0.44, below 1 so the formula applies. Putting v of (b) into
Re: Re = 4pwpag r*/(9°); set Re = 1:

r3 =9n?/ (4pnpxg)
r=0,040 mm, va v = 0,19 m/s tai do.
r=0.040 mm, and v = 0.19 m/s there.

(d) Véir=1,0 mm, v = 6,6 m/s (ttr vi du vé luc can bac hai): Re = 1,2 - 6,6 - 2,0-10
3/1,8-107° = 880 > 1, nén dung lyc can bac hai F = CpSv? chir khong dung F = 6mnrv.

(d) For r = 1.0 mm, v = 6.6 m/s (from the quadratic-drag example): Re = 1.2 - 6.6 - 2.0-10
3/1.8:107° = 880 > 1, so the quadratic drag F = CpSV? applies, not F = 6mnrv.

Vay F = Cnrv; giot 0,030 mm roi véi v = 0,109 m/s (Re = 0,44); cong thic nay dung
dugc dén r = 0,040 mm.

Hence F = Cnrv, a 0.030 mm drop falls at v = 0.109 m/s (Re = 0.44); the formula holds up to r =
0.040 mm. m

Bai 1.11 — Problem 1.11

(a) T2 = (4n%/g)(L + r) cho mdi chiéu dai. Trir hai phuong trinh:
(a) T? = (47°/g)(€ + r) for each length. Subtract the two equations:
T12 — T2? = (41?/g) (Y1 — ¢2)
r triét tiéu. Tur do:
r cancels. Hence:
g =4m*(¢1—£2) / (T1* — T2?)
(b) T1 = 40,44/20 = 2,022 s, T> = 20,66/20 = 1,033 s; T1> — T»?> = 3,021 5%, do d6 g = 4n* -
0,750/3,021 = 9,80 m/s.
(b) T1 = 40.44/20 = 2.022 s, T> = 20.66/20 = 1.033 s; T — T = 3.021 s°, so g = 4n° -
0.750/3.021 = 9.80 m/s°.
Sai s6: A(L1 — £2) = 0,004 m, £ = 0,53%. AT = 0,1/20 = 0,005 s, A(T?) = 2TAT: 0,0202 va
0,0103 s, cong 0,0305 s2, € = 1,0%. Tong &g = 1,5%, Ag~ 0,15 m/s.

Uncertainty: A(€; — €3) = 0.004 m, ¢ = 0.53%. AT = 0.1/20 = 0.005 s, A(T?) = 2TAT: 0.0202 and
0.0103 52, sum 0.0305 s°, ¢ = 1.0%. Total eg = 1.5%, Ag = 0.15 m/s’.

(c) €1 — €2 = 0,100 m 1am s6 hang dau bang 0,004/0,100 = 4%; T:2 — T»? nho ciing lam sb
hang sau 16n; tong &, ~ 14%. Hai chiéu dai gin nhau 1am sai s6 bi phong to ¢& 9 lan.

(c) {1 — €> = 0.100 m makes the first term 0.004/0.100 = 4%; the small T;* — T»* enlarges the
second, total e, = 14%. Two close lengths magnify the uncertainty about 9 times.

(d) Tur ¢ riéng: g = 4n* - 1,000/2,0222 =~ 9,66 m/s?, thap hon (b) khoang 1,4% vi thiéu r.
Mirc 1éch ndy ciing c& & ctia (b), nén & sai sd thoi gian 0,1 s phuong phép hai chiéu dai
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chua vuot dugce cach thong thuong; n6é cé 1gi khi /€ 16n hoac khi thoi gian do chinh xac
hon.

(d) From {; alone: g = 4n° - 1.000/2.022° = 9.66 m/s’, about 1.4% below (b) because r is
omitted. This offset is comparable to &g of (b), so at a timing error of 0.1 s the two-length method
does not beat the ordinary one; it pays when r/C is large or the timing is more accurate.

Vay g=9,80 + 0,15 m/s? (¢ = 1,5%); chon > gﬁn €1 lam g, tang 1én c& 14%.
Hence g = 9.80 + 0.15 m/s’ (e = 1.5%); choosing (> close to { raises &g to about 14%. M

Bai 1.12 — Problem 1.12
(a) t=C-R%p°S [p] =ML!'T2 T: 1 =-2¢,nénc=-12.M:0=b+c,nénb=1/2.L: 0 =
a—3b—-c=a—-32+1/2,néna=1.
(a) t = C-Rp"p; [p] = ML'T?. T: 1 =-2¢c,s0c=—1/2.M: 0=b+c,sob=1/2.L: 0=a— 3b
—c=a—-32+1/2 soa=1.

t=CRV(p/p)

(b) \/(p/p) = \/(1000/105) =0,1 s/m, nén C=9,2-10°/(1,0-10> - 0,1) = 0,92.
(b) N(p/p) = N(1000/10°) = 0.1 s/m, so C = 9.2-10°/(1.0-10° - 0.1) = 0.92.

(c) Theo ti 16 t o RAp: t = 9,2-10° - 3 - V(10%/(3,0-10%) = 9,210 - 3 - 1,826 = 5,04- 10"
S.
(c) By ratios t « RANp: t = 9.2-10° - 3 -N(10°/(3.0-10°)) = 9.2-107 - 3 - 1.826 = 5.04-10"* s.

(d) R/t = 3,0-10%/(5,04-10%) = 6,0 m/s va V(p/p) = V(3,0-10*/1000) ~ 5,5 m/s: cing c&, vi
R/t =(p/p)/C.

(d) R/t = 3.0-10°3/(5.04-10%) = 6.0 m/s and \(p/p) = N(3.0-10*/1000) = 5.5 m/s: the same scale,
since R/t = \(p/p)/C.

Vay t = CRV(p/p) v6i C = 0,92; bot 3,0 mm & 3,0-10* Pa xep sau khoang 5,04-10 s.
Hence t = CRN(p/p) with C = 0.92; a 3.0 mm bubble at 3.0-10° Pa collapses in about 5.04-10* s.
[ |
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Chuong 2. Pong hoc chat diém chuyén dong thang — Chaprer 2.

One-dimensional kinematics

Muc tiéu chwong — Chapter objectives

* Phan biét o dich chuyén voi quang duong, van tde trung binh voi tdc do trung binh,
va tinh dung ting dai luong tir do thi.
Tell displacement from distance travelled and average velocity from average speed, and
compute each correctly from a graph.

« Dung bbn phuong trinh ctia chuyén dong thang bién doi déu va chon phuong trinh
khong chira dai lwong dé khong cho.
Use the four equations of uniformly accelerated motion and pick the one that leaves out the
quantity the problem does not give.

« Giai roi ty do va ném thang dimg bang mot phuong trinh duy nhét cho ca dudng 1én
1an duong xudng.
Solve free fall and vertical throws with a single equation covering both the rise and the fall.

« Lap diéu kién gip nhau, bién luan nghiém phuong trinh bac hai, va chuyén sang hé
quy chiéu gan mot vat dé rat gon bai toan.
Set up the meeting condition, discuss the roots of a quadratic, and switch to the frame of one
body to shorten a problem.

« X1r Iy chuyén dong nhiéu giai doan véi gia téc doi theo bac thang, ndi cac giai doan
bang van tdc va vi tri ¢ nut.
Handle multi-stage motion with step-wise acceleration, joining the stages through the
velocity and position at each node.

2.1. Hé quy chiéu, d6 dich chuyén va quing dwong — Reference frame,

displacement and distance

Chuyén dong théng duoc khao sat trén mot truc Ox, vat chuyén dong coi la chat diém:
kich thudc cta nd nhé so voi quing dudng nd di. Chi sb m (mean) dit cho gia tri trung
binh, vi du vm; chi s6 0 dat cho gia tri tai thoi diém ban dau. Gia tri g = 9,8 m/s? trir khi
dé cho khac. Khi xét chuyén dong thang dimg, truc Oy hudng 1én.

One-dimensional motion is studied along an axis Ox, and the moving body is treated as a
particle: its size is small compared with the distance it covers. The subscript m (mean) marks an
average value, for example vy, the subscript 0 marks the value at the initial instant. Take g = 9.8
m/s® unless stated otherwise. For vertical motion the axis Oy points up.

PINH NGHIA 2.1 (Hé quy chiéu) / DEFINITION 2.1 (Reference frame) — Hé quy chiéu
gdm vat 1am mdc, truc toa do gin véi vat mbc, gde thoi gian va ddng hd. Toa do x cia chit
diém 14 sb do dai s6 cua doan tir géc O t&i chét diém, duong theo chiéu duong cua tryc va am
theo chiéu nguoc lai.

A reference frame consists of a reference body, a coordinate axis attached to it, a time origin and a
clock. The coordinate x of a particle is the signed distance from the origin O to the particle, positive in
the positive direction of the axis and negative in the opposite direction.
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PINH NGHIA 2.2 (P dich chuyén) / DEFINITION 2.2 (Displacement) — D¢ dich
chuyén ctia chit diém tir thoi diém t; dén t 12 Ax = x2 — x1. bay la dai luong dai s6: Ax >0
khi chit diém dich theo chiéu duong, Ax < 0 khi dich ngugc chiéu duong. N6 chi phu thudc
vi tri ddu va vi tri cudi, khong phu thudc dudng di.

The displacement of a particle from time t; to t; is Ax = x> — x,. It is a signed quantity: Ax > 0 when
the particle moves in the positive direction, Ax < 0 when it moves against it. It depends only on the
initial and final positions, not on the path.

PINH NGHIA 2.3 (Quing dudng) / DEFINITION 2.3 (Distance travelled) — Quang
duong s 1a tong do dai cac doan chit diém di di qua trong khoang thoi gian xét. Quing duong
khong am va khong giam theo thoi gian.

The distance travelled s is the total length of the stretches the particle has passed over in the interval
considered. It is never negative and never decreases with time.

TINH CHAT 2.4 (P$ dich chuyén va quing dwong) / PROPERTY 2.4 (Displacement
versus distance) — Vi moi chuyén dong thang, |Ax| <'s. Dau bang xay ra khi va chi khi chat
diém khong dbi chiéu chuyén dong trong khoang thoi gian xét.

For any rectilinear motion, |Ax| <s. Equality holds if and only if the particle does not reverse its
direction of motion in the interval.

Chirng minh. / Proof.

Chia khoang thoi gian thanh cic doan nhé sao cho trong mdi doan chat diém khong doi
chiéu. Do dich chuyén ca khoang la téng dai s cua cac do dich chuyén nhd, con quang
duong 1a tong cac gi tri tuyét dbi cua ching.

Split the interval into pieces in each of which the particle keeps its direction. The total

displacement is the algebraic sum of the small displacements, while the distance is the sum of
their absolute values.

Gia tri tuyét doi cuia mot tong khong vuot quéa tong cac gia tri tuyét ddi, va hai vé bang
nhau khi moi s6 hang cing dau, tirc chat diém khong dbi chiéu.

The absolute value of a sum never exceeds the sum of the absolute values, and the two are equal
when all the terms have the same sign, that is, when the particle never reverses. R

NHAN XET / REMARK — Hai vat cung vi tri dau va cudi thi c6 cung do dich chuyén, du
di bang duong nao. Mot vong khép kin cho Ax = 0 nhung s > 0.

Two bodies with the same initial and final positions have the same displacement, whatever their paths.
A closed round trip gives Ax = 0 but s > 0.

LOI HAY GAP / COMMON MISTAKE — L4y quing dudng lam d6 dich chuyén khi vat
d6i chiéu: nguoi di 120 m vé phia dong roi 45 m vé phia tdy c6 Ax =75 m, con s = 165 m.
Using distance in place of displacement when the body reverses: a walker going 120 m east then 45 m
west has Ax = 75 m but s = 165 m.

2.2. Van toc, toc do va gia toc — Velocity, speed and acceleration

PINH NGHIA 2.5 (Vén tdc trung binh va tdc d§ trung binh) / DEFINITION 2.5
(Average velocity and average speed) — Van tdc trung binh trong khoang thdi gian At 13 v
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= Ax/At, dai lugng dai $6 cung dau v6i Ax. Tdc do trung binh 1a s/At, lu6n khong am. Hai dai
luong nay bang nhau vé do 16n chi khi chat diém khong doi chiéu.

The average velocity over a time interval At is v, = Ax/At, a signed quantity with the sign of Ax. The
average speed is s/At and is never negative. The two have equal magnitude only when the particle
does not reverse.

PINH NGHIA 2.6 (Van toc tire thoi) / DEFINITION 2.6 (Instantaneous velocity) — Van
tdc tirc thoi tai thoi diém t 1 gia tri ma van tdc trung binh v tién tdi khi khoang thoi gian At
bét du tir t dan t&i 0. Trén do thi x—t, n6 14 hé s6 goc cua tiép tuyén tai diém dang xét.

The instantaneous velocity at time t is the value that the average velocity v, approaches as the interval
At starting at t shrinks to 0. On an x—t graph it is the slope of the tangent at the point in question.

v = Ax/At khi At dan t&i 0 (2.1)

Hinh 2.1 cho thiy giéi han niy véi x = t* (x tinh bang mét, t bang gidy). T diém t =2 s,
cac cat tuyén nditdit=4s,3s,2,5scohésd gbc 6; 5; 4,5 m/s, tic 1a van tdc trung binh
trén cac khoang At=2s,1s,0,5s. H¢ sb gbc giam dan vé 4 m/s, ding béng 2ttait=2s:
Ax/At = (4At + A)/At = 4 + At, tién t&i 4 khi At dan t6i 0.

Figure 2.1 shows this limit for x = % (x in metres, t in seconds). From the point t = 2 s, the
chords reaching tot = 4 s, 3 s, 2.5 s have slopes 6, 5, 4.5 m/s, the average velocities over At = 2

s, 1's, 0.5 s. The slope falls towards 4 m/s, which is 2t at t = 2 s: for the interval At after t = 2 s,
Ax/At = (44t + AFP)/At = 4 + At, which tends to 4 as At tends to 0.

16 1

12 1

x (m)

t(s)

Hinh 2.1. Cat tuyén cua x = t2 xuat phat tir t = 2 s tién t6i tip tuyén; sb ghi canh duong 14 hé s6
goc, don vi m/s
Figure 2.1. Chords of x = t* starting at t = 2 s approach the tangent, the number beside each line is its
slope in m/s

PINH NGHIA 2.7 (Gia téc) / DEFINITION 2.7 (Acceleration) — Gia toc trung binh 13 an
= Av/At. Gia tdc tirc thoi 13 gid tri am tién t6i khi At dan t6i 0; trén do thi v—, n6 1 hé s6 goc
ctia tiép tuyén. Pon vi m/s%. Trong chuyén dong thing, a 1a dai luong dai sd.

The average acceleration is a, = Av/At. The instantaneous acceleration is the value a,, approaches as
At tends to 0; on a v—t graph it is the slope of the tangent. Its unit is m/s”. In rectilinear motion a is a
signed quantity.
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a = Av/At khi Atdan t&i 0 (2.2)

TINH CHAT 2.8 (Nhanh dén va chim dan) / PROPERTY 2.8 (Speeding up and slowing
down) — Chuyén dong nhanh dan khi v va a cung ddu (tbc d6 ting); cham dan khi v va a
nguoc dau (téc d6 giam). Dau ciia a mot minh khong cho biét nhanh dan hay cham dan.

The motion speeds up when v and a have the same sign (the speed grows) and slows down when they
have opposite signs (the speed falls). The sign of a alone does not tell which.

Vit ném thang dimg 1én c¢6 a = —g < 0 sudt hanh trinh. Khi di 1én, v > 0 nén cham dan;
khi di xubng, v < 0 nén nhanh dan.

A body thrown straight up has a = —g < 0 throughout. On the way up v > 0, so it slows down, on
the way down v < 0, so it speeds up.

PINH LY 2.9 (Trung binh diéu hoa) / THEOREM 2.9 (Harmonic mean) — Chét diém di
hai quing duong bang nhau theo ciing mot chidu véi tée d6 vi rdi va (mdi quing chuyén dong
déu) thi tbc d6 trung binh ca quéng 1a trung binh diéu hoa cua vi, va:

A particle covers two equal distances in the same direction at speeds v then v (each stretch at
constant speed). Its average speed over the whole path is the harmonic mean of v; and v;:

Vm = 2v1v2/(Vv1 + v2) (2.3)

Chirng minh. / Proof.

Goi mdi quing dai s. Thoi gian hai quing 1a s/vi va s/va. Toc dd trung binh bang tong
quing duong chia tong thoi gian:

Let each stretch have length s. The two times are s/vi and s/v.. The average speed is total
distance over total time:

vm=2s/(s/vi+s/v2) =2/(1/vi+ 1/v2) = 2vivz/(V1 + V2)

HE QUA 2.10 (Quing bing nhau, thoi gian biang nhau) / COROLLARY 2.10 (Equal
distances, equal times) — Vi n quing dudng bang nhau di v6i cac toc do vi, ..., v, tbe do
trung binh 12 n/(1/v1 + ... + 1/va). V6i n khoang thoi gian bang nhau, téc d6 trung binh 1a
trung binh cong (vi + ... + vo)/n.

For n equal distances at speeds vy, ..., v, the average speed is n/(1/v; + ... + 1/v,). For n equal time
intervals it is the arithmetic mean (v; + ... + v,)/n.

Chirng minh. / Proof.

Quéng bang nhau: ldp lai phép tinh cua dinh 1y trén véi n quing, tong thoi gian 1a s(1/v:
+ ...+ 1/vn) con tong quang 1a ns.

Equal distances: repeat the calculation above with n stretches; the total time is s(1/v; + ... +
1/vy) and the total distance is ns.

Thoi gian bang nhau, mdi doan kéo dai t: tong quing dudng 13 (vi + ... + vo)t, tong thoi
gian 1a nr, chia ra trung binh cdng.

Equal times, each lasting t: the total distance is (vi + ... + v,)t and the total time is nt, which
gives the arithmetic mean. W
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PHAI THUQC / MEMORISE — Quing bang nhau: trung binh diéu hoa. Thoi gian bang
nhau: trung binh cong. Téc do trung binh KHONG phai 1a trung binh cong cac toc do khi
quing duong bang nhau.

Equal distances: harmonic mean. Equal times: arithmetic mean. The average speed is NOT the
arithmetic mean of the speeds when the distances are equal.

LOI HAY GAP / COMMON MISTAKE — L4y (v1 + v2)/2 cho hai nira quing duong: di
30 km/h nira ddu va 60 km/h nira sau cho tdc do trung binh 40 km/h, khong phai 45 km/h.
Taking (vi + v2)/2 for two half-distances: 30 km/h over the first half and 60 km/h over the second give
an average speed of 40 km/h, not 45 km/h.

PHAN TICH / ANALYSIS — Dé cho tdc do theo timg nira quing dudng nhung nira sau lai
chia theo thoi gian. Ghi rd dai lwong nao dugc chia déu: quéing bang nhau thi trung binh diéu
hoa, thoi gian bang nhau thi trung binh cong. Tong quing AB khong cho nén phai tu triét
tiéu.

The speeds are given for each half of the distance, but the second halfis split by time. State which
quantity is split evenly. equal distances call for the harmonic mean, equal times for the arithmetic
mean. The length AB is not given, so it must cancel.

VI DU 2.1 (Phéan biét Ax va s) / EXAMPLE 2.1 (Displacement versus distance) — Ngudi
chay trén duong thang di 120 m vé phia dong trong 30 s, nghi 10 s, rdi chay 45 m vé phia tay
trong 15 s. Tinh d6 dich chuyén, quang duong, van toc trung binh va toc d6 trung binh trén ca
55s.

A runner on a straight track goes 120 m east in 30 s, rests for 10 s, then runs 45 m west in 15 s. Find
the displacement, the distance travelled, the average velocity and the average speed over the whole 55
s.

Loi giai. / Solution.

1. Chon truc Ox huéng dong, géc tai chd xuét phat. Vi tri cudi: x =120 — 45 =75 m nén
Ax =75 m.
Take Ox pointing east with the origin at the start. The final position is x = 120 — 45 = 75 m,
so dx =75 m.

2. Chat diém d6i chiéu nén quing duong 1a tong hai doan: s = 120 + 45 = 165 m.
The particle reverses, so the distance is the sum of the two stretches: s = 120 + 45 = 165 m.

3. Thoi gian c4 hanh trinh: At =30+ 10 + 15 =55 s. Nghi 10 s van tinh vao At.
Total time: At = 30 + 10 + 15 = 55 5. The 10 s rest counts towards At.

vm = Ax/At, téc do trung binh = s/At
Van tdc trung binh 1a 75/55 = 1,36 m/s theo chiéu dong; tbc do trung binh 1a 165/55 =
3,00 m/s. Vay hai dai lugng khac nhau vi nguoi chay doi chiéu.
The average velocity is 75/55 = 1.36 m/s eastward; the average speed is 165/55 = 3.00 m/s.
Hence the two differ because the runner reverses. B

Vi DU 2.2 (Hai kiéu chia: theo quing va theo thoi gian) / EXAMPLE 2.2 (Two kinds of
split: by distance and by time) — O t6 chay tir A dén B. Nira dau quéing duong di véi toe do
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30 km/h. Véi nira quang dudng con lai, nira thoi gian dau di voi 40 km/h, nira thoi gian sau di
v6i 60 km/h. Tim téc d6 trung binh trén ca quing AB.

A car runs from A to B. It covers the first half of the distance at 30 km/h. Over the second half, it
drives at 40 km/h for the first half of the time and at 60 km/h for the second half of the time. Find the
average speed over the whole of AB.

Loi giai. / Solution.
1. Ntra quing sau chia theo thoi gian bang nhau nén téc do trung binh trén nira d6 1a
trung binh cong: (40 + 60)/2 = 50 km/h.
The second half'is split into equal times, so its average speed is the arithmetic mean: (40 +
60)/2 = 50 km/h.

2. Ca quang gdm hai nira quing duong bang nhau véi toc do trung binh 30 km/h va 50
km/h, nén dung trung binh diéu hoa:
The whole path is two equal distances at average speeds 30 km/h and 50 km/h, so the
harmonic mean applies:

Vm = 2v1v2/(v1 + v2) (2.3)

3. Thay s bang don vi km/h: 2-30-50/(30 + 50) = 3000/80 = 37,5. Kiém tra voi AB =
120 km: nira ¢du mét 2 h, nira sau 60 km v6i 50 km/h mat 1,2 h, tong 3,2 h, va
120/3,2 = 37,5 km/h.

Substituting in km/h: 2-30-50/(30 + 50) = 3000/80 = 37.5. Check with AB = 120 km_: the first
half takes 2 h, the second half of 60 km at 50 km/h takes 1.2 h, total 3.2 h, and 120/3.2 =
37.5 km/h.

Vay toc do trung binh trén ca quing AB 13 37,5 km/h, khong phu thudc do dai AB.
Hence the average speed over the whole of AB is 37.5 km/h, independent of the length of AB. W

2.3. Do thi chuyén dong thé'ing — Graphs of rectilinear motion

TINH CHAT 2.11 (Y nghia hé s goc) / PROPERTY 2.11 (Meaning of the slope) — Trén
db thi x—t: hé s goc cuia doan thing ndi hai diém 13 vén tdc trung binh giita hai thoi diém ay;
hé sb goc cua tiép tuyén 1a van tdc tirc thoi. Trén dd thi v—t, hé sb goc cua tiép tuyén 1a gia toc
tirc thoi. P thi x—t thang ing véi van toc khong ddi; d6 thi v—t thang tmg véi gia toc khong
doi.

On an x—t graph, the slope of the segment joining two points is the average velocity between those
instants, and the slope of the tangent is the instantaneous velocity. On a v—t graph, the slope of the
tangent is the instantaneous acceleration. A straight x—t graph means constant velocity; a straight v—t
graph means constant acceleration.

PINH LY 2.12 (Dién tich duéi do thi v—t) / THEOREM 2.12 (Area under the v—t graph)
— Do dich chuyén trong khoang thoi gian tir t; dén t> bang dién tich dai s6 giéi han boi d6 thi
v—t, truc thoi gian va hai duong thing dimg t = t1, t = t»: phan ndm trén truc t tinh dwong, phan
nam dudi tinh Am. Tuong tu, dién tich dai s6 dudi dd thi a—t bang do bién thién van tdc Av.
The displacement between t; and t; equals the signed area bounded by the v—t graph, the time axis and
the vertical lines t = t;, t = t2: area above the t axis counts as positive, area below as negative.

Likewise, the signed area under an a—t graph equals the change in velocity Av.
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Chirng minh. / Proof.

Chia khoang thoi gian thanh cac doan At; du ngén dé van tbc trong mdi doan xem nhu
khong d6i, bang vi. Khi d6 @6 dich chuyén trong doan 13 viAt;, chinh 1a dién tich hinh chi
nhat cao vi, rong At;, mang dau cua vi.

Divide the interval into pieces At; short enough for the velocity in each to be taken as constant,

vi. The displacement in that piece is viAt;, the area of a rectangle of height vi and width At,
carrying the sign of vi.

Ax = viAt1 + v2At2 + ... + VAt (2.4)

Chia cang min thi tong cac hinh chir nhét cang sat mién dudi do thi. Khi v khong doi
timg doan hodc bién dbi tuyén tinh, mién dy 13 hinh chir nhat, tam giac, hinh thang va
phép cong cho két qua ding. Lap luan cho a—t gidng hét, voi a va Av thay cho v va Ax.
The finer the division, the closer the sum of rectangles hugs the region under the graph. When v
is constant on pieces or varies linearly, the region is a rectangle, triangle or trapezium and the
sum is exact. The argument for a—t is identical, with a and Av in place of v and Ax. &

NHAN XET / REMARK — Dién tich dai s6 cho d¢ dich chuyén; quing dudng 14 tong cac
dién tich lay gia tri tuyét ddi, tirc dién tich dudi do thi [v~t. Khi doc db thi v—t, tim trudc cac
thoi diém db thi cit truc t: d6 1a cac lac ddi chiéu va 1a chd phai tach mién.

The signed area gives displacement; the distance travelled is the sum of the areas taken as absolute
values, the area under the |v|—t graph. When reading a v—t graph, first locate where it crosses the t
axis. those are the instants of reversal and the places where the region must be split.

Hé s6 goc cho Dién tich du6i dd thi cho

The slope gives The area under it gives

van toc v khong c6 ¥ nghia vat i

the velocity v no physical meaning
v—t gia toc a d6 dich chuyén Ax
vt the acceleration a the displacement Ax
a—t do giat, ngoai chuong trinh d6 bién thién van téc Av
a—t the jerk, beyond the course the change in velocity Av

PHAI THUQC / MEMORISE — H& s6 goc di xudng mét bac: x—t = v—t = a—t. Dién tich
di 1én mét bac: a—t = v—t = x—t. Pon vi kiém tra: m/s nhan s ra m, m/s? nhan s ra m/s.

Slope steps down one level: x—t = v—t = a—t. Area steps up one level: a—t = v—t = x—t. Unit check:
m/s times s gives m, m/s’ times s gives m/s.

LOI HAY GAP / COMMON MISTAKE — Doc van tdc tir 46 cao cua do thi x—t thay vi tur
d6 dc: hai vat cit nhau trén x—t 13 gap nhau, khong phai ciing van tdc; van téc bang nhau khi
hai tiép tuyén song song.

Reading velocity from the height of an x—t graph instead of its steepness: two curves crossing on x—t
means the bodies meet, not that their velocities are equal; the velocities are equal where the tangents
are parallel.
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PHAN TiCH / ANALYSIS — D0 thi v—t gdm b6n doan thang. Héi vé d6 dich chuyén thi
lay dién tich dai sd; hoi vé quing duong thi tach tai chd v ddi dau. Gia tbc timg giai doan 1a
hé sb gbc. Vi tri luc ddi chiéu can cong thém toa do ban dau xo.

The v—t graph has four straight pieces. For displacement take the signed area, for distance split where
v changes sign. The acceleration in each stage is the slope. The position at reversal needs the initial
coordinate xy added.

Vi DU 2.3 (Poc dd thi v—t, tach mién tai chd doi ddu) / EXAMPLE 2.3 (Reading a v—t
graph, splitting at the sign change) — Chét diém chuyén dong thang, lic t=0 & xo =5 m.
D6 thi v—t ¢ Hinh 2.2: v ting déu tir 0 dén 8 m/s trong 4 s, gitt 8 m/s dén t = 10 s, giam déu t6i
—4m/sdt=13s, roi gitt —4 m/s dént=16s. Tim gia tbe tung giai doan, thoi diém va vi tri
d6i chiéu, do dich chuyén, quing dudng, van tdc trung binh va tdc do trung binh trong 16 .

A particle moves in a straight line, at xo = 5 m when t = 0. The v—t graph in Figure 2.2: v rises
uniformly from 0 to 8 m/s in 4 s, stays at 8 m/s until t = 10 s, falls uniformly to —4 m/s at t = 13 s, then
stays at —4 m/s until t = 16 s. Find the acceleration in each stage, the instant and position of reversal,
the displacement, the distance travelled, and the average velocity and average speed over the 16 s.

Loi giai. / Solution.

1. Gia toc 12 hé s6 goc: a=8/4 =2 m/s> (0-4s),a=0 (4-105), a = (—4 — 8)/3 = —4 m/s?
(10-13s),a=0(13-16s).
Acceleration is the slope: a = 8/4 = 2 m/s? (0-4s), a =0 (4-10s), a = (—4 — 8)/3 = —4 m/s*
(10-13s), a =0 (13-16 s).

2. B thi cat truc t khi 8 — 4(t — 10) = 0, tirc t = 12 s: vat d6i chiéu lic nay.
The graph crosses the t axis when 8 — 4(t — 10) = 0, that is at t = 12 s: the particle reverses
then.

3. Dién tich cac mién: 04 s: (1/2)-4-8 =16 m; 4-10s: 6:8 =48 m; 10-12 s: (1/2)-2:8 =
8 m (duong); 12-13 s: (1/2)-1:4 =2 m (am); 13—-16 s: 3-4 =12 m (am).
Areas: 0—4 s: (1/2)4-8 = 16 m; 4—105: 6-8 =48 m; 10-12 s: (1/2)-2-8 = 8 m (positive); 12—
13 5:(1/2)1-4 =2 m (negative);, 13—16 s: 3-4 = 12 m (negative).
4. Pén lac d6i chidu da di 16 + 48 + 8 = 72 m theo chiéu duong nén vi tri lax =5+ 72 =
77 m.
By the reversal the particle has gone 16 + 48 + 8 = 72 m in the positive direction, so x = 5
+72=77m.
5. Do dich chuyén: Ax =72 — 2 — 12 = 58 m. Quing dudng: s =72 +2 + 12 = 86 m.
Displacement: Ax =72 — 2 — 12 = 58 m. Distance: s =72+ 2+ 12 = 86 m.
Van toc trung binh 1a 58/16 = 3,625 m/s; tdc do trung binh 1a 86/16 = 5,375 m/s. Vay vat
d6i chiu tai t=12 s & x =77 m, va két thuc tai x = 63 m.
The average velocity is 58/16 = 3.625 m/s; the average speed is 86/16 = 5.375 m/s. Hence the
particle reverses att = 12 s at x = 77 m and ends at x = 63 m. W
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4 48 m

v (m/s)
[\S)

16 m 8 m

_n 12m
2 2m

o 2 4 6 8 10 12 14 16
t(s)
Hinh 2.2. D6 thi v—t cta Vi du 2.3; mién xanh la d6 dich chuyén duong, mién cam 1a 4m, s6 ghi
1a dién tich tinh bang mét
Figure 2.2. The v—t graph of Example 2.3; blue regions are positive displacement, orange regions
negative, numbers are areas in metres

LOI HAY GAP / COMMON MISTAKE — Cong dién tich moi mién d& dwoc do dich
chuyén ma khong d6i du phan dudi truc t. Voi Vidu 2.3 dap sdsaila72+2+12=86m
cho Ax.

Adding the areas of all regions to get the displacement without giving the part below the t axis a
minus sign. In Example 2.3 the wrong answer is 72 + 2 + 12 = 86 m for Ax.

2.4. Chuyén dong thé'ing bién d6i déu — Uniformly accelerated motion

PINH NGHIA 2.13 (Chuyén dong thing bién dbi déu) / DEFINITION 2.13 (Uniformly
accelerated motion) — Chuyén dong thang bién d6i déu 1a chuyén dong thing c6 gia toc a
khong d6i. DO thi v—t 1a mot dudng thing c6 hé s6 goc a.

Uniformly accelerated motion is rectilinear motion with constant acceleration a. Its v—t graph is a
straight line of slope a.

PINH LY 2.14 (B6n phuwong trinh ciia chuyén dong bién d6i déu)/ THEOREM 2.14
(The four equations of constant acceleration) — Véi chuyén dong thang co gia téc a khong
ddi, van toc vo va toa dd xo 6 t = 0, bdn phuong trinh sau lién hé x, v, t, a (mdi phuong trinh
thiéu dung mot dai lugng, xem bang bén dudi cac cong thirc):

For rectilinear motion with constant acceleration a, velocity vy and coordinate xo at t = 0, the
following four equations link x, v, t and a (each lacks exactly one quantity, see the table below the

formulas):
v=vp+ at (2.5)
X = Xo + Vot + at?/2 (2.6)
vZ —vo? = 2a(X — Xo) (2.7)
x —Xo = (vo + v)t/2 (2.8)
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Chirng minh. / Proof.

Phuong trinh (2.5): gia toc khong ddi nén a = (v — vo)/t dung v6i moi khoang, suy ra v =
vo t at.

Equation (2.5): the acceleration is constant, so a = (v — vg)/t holds over every interval, giving v
=w t+ at.

Phuong trinh (2.8): d6 thi v—t 1a duong thang nén mién dudi né (Hinh 2.3) 1a hinh thang
c6 hai ddy vo, v va chiéu cao t. Theo dinh 1y vé dién tich, x — xo = (vo + V)t/2.

Equation (2.8): the v—t graph is a straight line, so the region under it (Figure 2.3) is a trapezium
with parallel sides vo, v and height t. By the area theorem, x — xo = (vo + v)t/2.

Phuong trinh (2.6): thay v tir (2.5) vao (2.8): x — xo = (2vo + at)t/2 = vot + at?/2.
Equation (2.6): substitute v from (2.5) into (2.8): x — xo = (2vo + at)t/2 = vot + at’/2.

Phuong trinh (2.7): 1t t = (v — vo)/a tir (2.5) r6i thay vao (2.8):
Equation (2.7): take t = (v — vo)/a from (2.5) and put it into (2.8):

X — X0 = (Vo + v)(v —vo)/(2a) = (v2 — vo?)/(2a)

d6 déc a/slope a

R

Ax = dién tich / area

Hinh 2.3. D) thi v—t ctia chuyén dong bién d6i déu: mién dudi duong thing 1a hinh thang, dién
tich béng do dich chuyén
Figure 2.3. The v—t graph of uniformly accelerated motion: the region under the line is a trapezium
whose area is the displacement

. Khong chira . L s
Phwong trinh g Dung khi dé khong cho
] Does not :
Equation . Use when the problem omits
contain
vV =vo+at X — Xo quang duong
v =+ at X = X the displacement
X = Xo + Vot + at?/2 v van toc cudi
x =x9 + vot + at’/2 the final velocity
v? — vo® = 2a(X — Xo) . thoi gian
vV — v’ = 2a(x — xg) the time

Tai liéu nay dugc bién soan boi ddi ngii ctia website: https://globalmarket.vin
Trang 55



Vat li 10 cho Ga choi / Olympiad Physics for Grade 10

. Khong chira . e aX 1A
Phwong trinh g Dung khi dé khong cho
] Does not :

Equation . Use when the problem omits
contain

X — X0 = (Vo + V)t/2 gia toc
a .

X —Xx9=(vo+V)t/2 the acceleration

PHAI THUQC / MEMORISE — Bén phuong trinh (2.5) dén (2.8) va quy tic chon: gach
tén dai luong dé khong cho va khong hoi, roi 1dy phuong trinh thiéu ding dai luong ay.
The four equations (2.5) to (2.8) and the selection rule: strike out the quantity the problem neither
gives nor asks, then take the equation that lacks exactly that quantity.

HE QUA 2.15 (Quiing dwdng trong cic khoing thoi gian bang nhau) / COROLLARY
2.15 (Distances in equal time intervals) — Chia chuyén dong bién ddi déu thanh cac khoang
thoi gian bang nhau 7 lién tiép thi hiéu hai quing dudng ké nhau khong ddi va bang at2. Néu
xudt phat tir nghi, cac quang di dugc trong cac khoang t lién tiép tile 1:3:5: ..., va tong
quing tir dau ti 1& voi binh phuong thoi gian.

Divide uniformly accelerated motion into consecutive equal time intervals t. the difference between
successive distances is constant and equals at®. Starting from rest, the distances in consecutive
intervals T are in the ratio 1 : 3 : 5 : ..., and the total distance from the start is proportional to the
square of the time.

Chirng minh. / Proof.
Quing dudng trong khoang thir n, tir (n — 1)t dén nr, 14 hiéu hai gié tri caa (2.6):
The distance in the n-th interval, from (n — 1)t to nz, is the difference of two values of (2.6):

Sn = VvoT + (2n — 1)at?/2 (2.9)

Hiéu sn+1 — sn = at?, khong phu thudc n. Khi vo=0, sp ti l€ véi2n — 1, tkec 1 : 3 :5: ...
Téng n khoang dau la (1 +3 + ... + (2n — 1))at¥2 = n%at¥/2, ti 18 voi n*

The difference sy+1 — s, = at’ does not depend on n. For vo = 0, s, is proportional to 2n — 1, that
is 1 :3:5: .. The first n intervals add up to (1 + 3 + ... + 2n — 1))at’/2 = n’ar’/2,
proportional to n°. B

HE QUA 2.16 (Thoi gian qua cic doan bing nhau) / COROLLARY 2.16 (Time through
equal stretches) — Vat xuét phat tir nghi, chuyén dong bién d6i déu qua cac doan duong
bang nhau lién tiép. Néu doan thir nht mat t; thi doan thir n mat

A body starts from rest and moves with constant acceleration through consecutive equal stretches. If
the first stretch takes t;, the n-th stretch takes

th = t1(vVn —V(n — 1)) (2.10)
Chirng minh. / Proof.
Goi mdi doan dai £. Tur (2.6) véi vo = 0, thoi gian di n doan dau 1a Tn = \/(2n€/a), nén Tn
= tl\/n.

Let each stretch have length {. From (2.6) with vo = 0, the time for the first n stretches is T, =
\N(2nt/a), so T, = ti\n.
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Thoi gian riéng cua doan thtr n 14 hiéu Ta — Tat = ti(¥n — V(n — 1)).
The time of the n-th stretch alone is the difference T, — T-1 = t(\n—m—-1). m

HE QUA 2.17 (Van toc & giira thoi gian va giita quing dwong) / COROLLARY 2.17
(Velocity at mid-time and at mid-path) — Trong chuyén dong bién d6i déu tir van tbc vo
dén v (vat khong d6i chiéu), van tdc tai thoi diém chinh giira 13 (vo + v)/2 va bang vén tbc
trung binh. Van tc tai vi tri chinh giita quing dudng 1a

In uniformly accelerated motion from v to v (the body does not reverse), the velocity at the middle
instant is (vo + v)/2 and equals the average velocity. The velocity at the middle of the path is

v = V((vo? + v2)/2) (2.11)
Chirng minh. / Proof.

Giira thoi gian: (2.5) cho vi = vo + a(t/2) = (vo + v)/2, dung bang vm theo (2.8).
Mid-time: (2.5) gives vi = vo + a(t/2) = (vo + v)/2, which is v, by (2.8).

Giira quing: goi vx 1 van téc & trung diém. Ap dung (2.7) cho nira dau va nira sau, mi
ntra dai Ax/2:

Mid-path: let vy be the velocity at the midpoint. Apply (2.7) to the first and second halves, each
of length Ax/2:

Vi — Vo2 = aAX = V2 — vy?

Suy ra 2vi? = vo? + v2.

Hence 2vi2 = v’ +1°. 1

NHAN XET / REMARK — Vi (vo? + v2)/2 > ((vo + v)/2)? (hiéu bang ((v — v0)/2)?), van tbc
& gitra quang duong luon khong nhé hon van tdc & giita thoi gian, diu bang chi khi v = vo.
Vat nhanh dan di nira quing ddu mat nhiéu thoi gian hon nira quing sau, nén dén giita quang
n6 da qua hon nua thoi gian.

Since (vi> +V*)/2 > ((vo + v)/2)? (the difference is (v — vg)/2)?), the velocity at mid-path is never less
than at mid-time, with equality only for v = vy. A body speeding up spends longer on the first half of
the path than on the second, so it reaches mid-path after more than half the time.

LOI HAY GAP / COMMON MISTAKE — Ap dung (2.5) dén (2.8) cho mét chuyén dong
c6 gia téc d6i giita chimg (phanh rdi nha phanh, hai giai doan a khac nhau): mdi giai doan
phai viét phuong trinh riéng, ndi bang vén tdc va toa do tai nut.

Applying (2.5) to (2.8) to a motion whose acceleration changes midway (braking then releasing, two
different values of a): each stage needs its own equations, joined through the velocity and coordinate
at the node.

LOI HAY GAP / COMMON MISTAKE — Quén d4u ciia a khi cham dan: xe di theo chiéu
duong va hdm phanh c6 a < 0. Dung a > 0 trong (2.7) cho v? 16n hon v¢?, vo 1y.

Forgetting the sign of a when slowing down: a car moving in the positive direction and braking has a
< 0. Using a > 0 in (2.7) would give v’ larger than vy, which is absurd.

VI DU 2.4 (Chon phwong trinh thiéu dai lwgng chwa biét) / EXAMPLE 2.4 (Pick the
equation that lacks the unknown) — Vat xuat phat tir nghi, chuyén dong nhanh dan déu. No
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di qua hai diém A va B cach nhau 60 m trong 4,0 s, va van tdc tai B 1a 20 m/s. Tim vén tdc tai
A, gia toc, va khoang cach tir chd xudt phat dén A.

A body starts from rest and speeds up uniformly. It passes two points A and B 60 m apart in 4.0 s, and
its velocity at B is 20 m/s. Find the velocity at A, the acceleration, and the distance from the starting
point to A.

Loi giai. / Solution.
1. Chon chiéu duong theo chuyén dong. Giita A va B biét quing duong, thoi gian va ve;
chua biét a nén dung phuong trinh thiéu a, tirc (2.8):
Take the positive direction along the motion. Between A and B the distance, the time and v
are known and a is not, so use the equation without a, (2.8):

xB — XA = (va + vB)t/2 (2.8)

2. Suy rava =2-60/4 —20 =10 m/s.
Hence vy = 2:60/4 — 20 = 10 m/s.

3. Gia tdc tir (2.5) giita A va B: a = (20 — 10)/4 = 2,5 m/s2.
The acceleration from (2.5) between A and B: a = (20 — 10)/4 = 2.5 m/s°.

4. T chd xuat phat (v = 0) dén A, dé khong cho thoi gian nén dung (2.7): OA = va%/(2a)
=100/5 =20 m.
From the start (v = 0) to A the time is not given, so use (2.7): OA = v4*/(2a) = 100/5 = 20 m.

Vay va = 10 m/s, a= 2,5 m/s?> va OA =20 m.
Hencevi=10m/s,a =2.5m/s’ and OA =20m. W

PHAN TICH / ANALYSIS — Nguoi quan sat ding yén, cac toa troi qua trude mat. Diém 6
dau doan tau di nhitng doan béng nhau, mdi doan béng chiéu dai mot toa, ké tir lic nghi. D6
dung 1a tinh hubng cta (2.10), nén khong can giai ting toa.

The observer stands still while the coaches pass. The head of the train covers equal stretches, each the
length of one coach, starting from rest. This is exactly the situation of (2.10), so there is no need to
treat each coach separately.

Vi DU 2.5 (Cac doan dwdng bing nhau lién tiép) / EXAMPLE 2.5 (Consecutive equal
stretches) — Poan tau c¢6 cac toa dai 20 m bat dau chuyén dong nhanh dan déu tir nghi.
Ngudi quan sat ding ngang dau toa thir nhit; toa thir nhat di qua trude mat ngudi do trong 4,0
s. Tim gia toc cta tau, thoi gian toa thir 9 di qua, va vén toc tau khi toa thir 9 vira di qua hét.

A train with coaches 20 m long starts from rest and speeds up uniformly. An observer stands level
with the front of the first coach, the first coach passes him in 4.0 s. Find the acceleration of the train,
the time the 9th coach takes to pass, and the speed of the train as the 9th coach finishes passing.

Loi giai. / Solution.
1. Pau toa 1 di 20 m tir nghi trong 4,0 s: a = 20/t;2=2-20/16 = 2,5 m/s?.
The firont of coach 1 covers 20 m from rest in 4.0 s: a = 2€/t/°> = 2:20/16 = 2.5 m/s°.
2. Thoi gian toa thir 9 theo (2.10): to = 4(N9 — V8) = 4(3 — 2V2) ~ 0,686 s.
The time of the 9th coach by (2.10): to = 4(N9 — \8) = 4(3 — 2N2) = 0.686 s.
3. Sau 9 toa tau di di 180 m, va biét a, quing duong nén ding (2.7): v =(2-2,5-180) =
30 m/s. Kiém tra: thoi gian 9 toa 12 4\9 = 12 s va 2,5-12 = 30 m/s.
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After 9 coaches the train has gone 180 m; with a and the distance known, use (2.7): v =
N(2:2.5:180) = 30 m/s. Check: the time for 9 coaches is 49 = 12 s and 2.5-12 = 30 m/s.

Viy a= 2,5 m/s?, toa thit 9 qua trong khoang 0,69 s va vén toc tau luc dy 1a 30 m/s.
Hence a = 2.5 m/s?, the 9th coach passes in about 0.69 s and the speed of the train at that
moment is 30 m/s. W

NHAN XET / REMARK — Toa thir 9 chi mat khoang 1/6 thoi gian ciia toa thir nhat
(0,686/4 ~ 0,17). Ti sb thoi gian cac toa lién tiép 1a 1 : 0,41 : 0,32 : 0,27 : ..., giam dan nhu
1/(¥n + N(n — 1)); cong thirc nay ciing cho thdy véi moi n thoi gian toa ludn dwong va nhod
dan.

The 9th coach takes only about 1/6 of the time of the first (0.686/4 = 0.17). The times of successive
coaches are in the ratio 1 : 0.41 : 0.32 : 0.27 : ..., falling like 1/(Nn + N(n — 1)), since (\N\n — (n —
D)An +\m - 1)) = 1.

2.5. Roi twr do va ném thang dimg — Free fall and vertical throws

PINH LUAT 2.18 (Roi tu do) / LAW 2.18 (Free fall) — O gin mit dét, néu bé qua luc can
ctia khong khi thi moi vét roi voi ciing mot gia tc hudng xudng g ~ 9,8 m/s?, khong phu
thudc khoi lugng va hinh dang. Pham vi: 46 cao nho so véi ban kinh Trai Dit; lyc can khong
khi bé so v&i trong luong.

Near the ground, if air resistance is neglected, every body falls with the same downward acceleration
g~ 9.8 m/s’, independent of mass and shape. Scope: heights small compared with the radius of the
Earth; air resistance small compared with the weight.

Chon truc Oy hudng 1én, géc & mat dat hodc diém ném. Khi d6 gia tdc cia moi vat chi
chiu trong lyc 13 a = —g trong sudt hanh trinh, ca luc 1én 1an lac xudng, nén (2.5) dén
(2.8) &p dung nguyén ven voi a = —g. Mot vat tha roi 1a truong hop vo = 0.

Take the axis Oy pointing up, with origin at the ground or at the point of launch. The

acceleration of any body acted on by weight alone is a = —g throughout, going up and coming
down alike, so (2.5) to (2.8) apply unchanged with a = —g. A dropped body is the case vy = 0.

HE QUA 2.19 (Ném thing ditng) / COROLLARY 2.19 (Vertical throw) — Vit ném
thang dtng 1én tir yo voi van tde vo > 0 thi y = yo + vot — gt¥/2 va v = vo — gt. VAt 1én cao nhét
sau t = vo/g, d0 cao cuc dai so voi chd ném la H= vo?/(2g); thoi gian di xuéng béng thoi gian
di 1én va van tdc khi trd lai chd ném 1a —vo.

A body thrown straight up from yo with velocity vo > 0 has y = yo + vot — gt’/2 and v = vy — gt. It
reaches its highest point after t = vo/g, the maximum height above the launch point is H = vy*/(2g); the
time to come down equals the time to go up, and the velocity on returning to the launch point is —vy.

y = yo + vot — gt?/2 (2.12)
tien = vo/g, H=v0%/(2g) (2.13)
Chirng minh. / Proof.

Piém cao nhit c6 v = 0: tir (2.5) véia=—-g, 0=vo— gtnén t = vo/g. PJ cao cuc dai tu
(2.7): 0 — v¢*> = —2gH, tirc H = v¢*/(2g).
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At the highest point v = 0: from (2.5) with a = —g, 0 = vo — gt so t = vo/g. The maximum height
from (2.7): 0 — vy’ = —2gH, so H = v¢*/(2g).

Vé chd ném: y = yo cho vot — gt¥2 = 0, nghiém t = 0 va t = 2vo/g, gap d6i thoi gian 1én.
Khi d6 v = vo — 2vo = —vo.

Return to the launch point: y = yo gives vot — gt*/2 = 0, with roots t = 0 and t = 2vy/g, twice the
time up. Thenv =vp— 2vo = —vo. B

HE QUA 2.20 (Hai lin qua cing mjt d9 cao) / COROLLARY 2.20 (Two passes through
one height) — Vat ném 1én tir mat dat véi vo qua do cao h (0 < h < H) hai 1dn, mét lan di 1én,
mdt 1an di xudng, véi cung tée do V(vo? — 2gh). Khoang thoi gian giita hai lan qua la

A body thrown up from the ground with vy passes the height h (0 < h < H) twice, once going up and
once coming down, with the same speed N(vi> — 2gh). The time between the two passes is

At = 2V (vo? — 2gh)/g (2.14)
Chirng minh. / Proof.
Tir (2.7) tai d6 cao h: v = vo? — 2gh, nén v = +V(ve? — 2gh), ddu + khi 1én, ddu — khi
xuéng.

From (2.7) at height h: v = vi? — 2gh, so v = =N(vo? — 2gh), plus going up and minus coming
down.

Van tdc dbi tir +u sang —u v6i gia tdc —g mét thoi gian 2u/g theo (2.5), u = V(vo? — 2gh).
The velocity changes from +u to —u at acceleration —g, which takes 2u/g by (2.5), with u = (v¢?
—2gh). &

NHAN XET / REMARK — Mot phuong trinh (2.12) mé ta ca dudng 1én 1an duong xudng,
ké ca khi vat bay qua chd ném vé phia dudi (y < yo). Giai y = h cho hai nghiém t, hai nghiém
13 hai lan qua dg cao h; nghi€ém am bi loai, nghi€ém duong 16n hon thoi gian bay 1a vat da
cham dét.

The single equation (2.12) describes the rise and the fall, even when the body passes below the launch

point (y < yg). Solving y = h gives two roots t, the two passes through height h; a negative root is
rejected, and a root beyond the flight time means the body has already landed.

NHAN XET / REMARK — Téc d6 cham dat cua vat ném tir do cao h véi tbe do vo 1a V(ve?
+ 2gh) cho moi huéng ném thang dung, 1én hay xudng: (2.7) chi chita vo% Ném 1én rdi roi vé
chd ném, vat co diing van tdc —vo va tir d6 gidng hét ném xudng; hai bai c6 thoi gian khéac
nhau va tdc do cudi nhu nhau.

The impact speed of a body thrown from height h with speed vy is N(vi* + 2gh) for any vertical
direction, up or down, because (2.7) contains only vi’. Thrown up, the body returns to the launch
point with velocity exactly —vy and from there is identical to a body thrown down; the two problems
have different times and the same final speed.

PHAN TICH / ANALYSIS — Vit bay 18n rdi roi xudng dit, dé hoi thoi gian cham dat.
Khong tach hai doan. Pat gbc & mit dat, truc hudng 1én, viét (2.12) v6i yo =30 m va dit y =
0; hai nghiém trai d4u, ldy nghiém duong.

The body rises and then falls to the ground, and the time to land is asked. Do not split into two stages.
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Put the origin at the ground, the axis up, write (2.12) with yo = 30 m and set y = 0, the two roots have
opposite signs, so take the positive one.

Vi DU 2.6 (Mot phwong trinh cho cé 1én va xudng) / EXAMPLE 2.6 (One equation for
the rise and the fall) — Tir néc nha cao 30 m, ném thing dimg mot qua bong 1én véi van tdc
12 m/s. B6 qua luc can, g = 9,8 m/s%. Tim d9 cao cuc dai so voi mat dat, thoi gian roi cham
dat va toc d6 khi cham dat.

From the roof of a house 30 m high a ball is thrown straight up at 12 m/s. Ignore air resistance, g =

9.8 m/s’. Find the maximum height above the ground, the time to reach the ground and the speed on
impact.

Loi giai. / Solution.
1. Goc & mit dat, Oy huéng 1én: yo = 30 m, vo = 12 m/s, a = —9,8 m/s.
Origin at the ground, Oy upward: yo = 30 m, vo = 12 m/s, a = —9.8 m/s°.
2. D06 cao cuc dai: H=144/(2-9,8) = 7,35 m trén néc nha, tirc 30 + 7,35 = 37,3 m so voi
mat dat.

Maximum height: H = 144/(2-9.8) = 7.35 m above the roof, that is 30 + 7.35 = 37.3 m above
the ground.

3. Cham dat khiy = 0: 30 + 12t — 4,9t = 0, tirc 4,9t — 12t — 30 = 0. Biét thirc 144 + 588
=732, \732 = 27,06, nént= (12 +27,06)/9,8 = 3,99 s (nghi€ém am loai).
It lands wheny = 0: 30 + 12t — 4.9¢ = 0, i.e. 4.9¢ — 12t — 30 = 0. The discriminant is 144
+ 588 = 732,732~ 27.06, so t = (12 + 27.06)/9.8 = 3.99 s (the negative root is rejected,).

4. Tdc @6 lac cham dat tir (2.7), khong can t: v2 = 144 + 2-9,8:30 = 732, v ~ 27,1 m/s.
Kiém tra bang (2.5): 12 — 9,8-3,985 ~ —27,05 m/s, diu 4m 13 huéng xudng.
Speed on impact from (2.7), without t: v* = 144 + 2-9.8:30 = 732, v= 27.1 m/s. Check with
(2.5): 12 — 9.8:3.985 = —27.05 m/s, the minus sign meaning downward.

Vay bong 1én cao nhét 37,3 m, cham dat sau khoang 3,99 s voi tdc do khoang 27,1 m/s.
Hence the ball peaks at 37.3 m, lands after about 3.99 s, and hits at about 27.1 m/s. W

Vi DU 2.7 (Dit thoi gian roi lam 4n) / EXAMPLE 2.7 (Take the time of fall as the
unknown) — Vit roi tu do tir 40 cao H Xuéng dat. Trong 2,0 s cudi cung trudc khi cham dat,
vat di duoc quing dudng bang 3/4 H. Tinh H va thoi gian roi, g = 9,8 m/s2.

A body falls freely from height H to the ground. In the last 2.0 s before impact it covers a distance
equal to 3/4 of H. Find H and the total time of fall, g = 9.8 m/s”.

Loi giai. / Solution.
1. Goi thoi gian roi 1a T. Quing duong ca quang: H = gT%2. Quing dudng dén lic T — 2
la g(T —2)%2.

Let the time of fall be T. The whole distance: H = gT?/2. The distance fallen by time T — 2 is
(T — 2)°/2.

2. Phan con lai trong 2 s cudi 1a 3H/4, nén phan di roi trude d6 1a H/4:
The last 2 s cover 3H/4, so the part already fallen before is H/4:

g(T—2)?/2=(1/4)-gT?/2
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3. LAy can hai vé (cd hai dwong viT>2): T—2=T/2,nén T =4s.
Take square roots (both sides positive since T>2): T—2=T/2, s0 T =4 s.

4.H=9,8-16/2 = 78,4 m. Kiém tra: trong 2 s dau vat roi 4,9-4 = 19,6 m = H/4.
H=293816/2 =784 m. Check: in the first 2 s the body falls 4.9-4 = 19.6 m = H/4.

Vay vét roi trong 4 s tir d0 cao 78,4 m.
Hence the body falls for 4 s from a height of 78.4 m. ®

PHAI THUQC / MEMORISE — Roi ty do tir nghi: v = gt, s = gt?/2, v2 = 2gs. Ném 1én: 1én
cao nhat sau vo/g, do cao vo¥(2g), thoi gian ca di 1n vé 2vo/g.

Free fall from rest: v = gt, s = gt’/2, v’ = 2gs. Thrown up. highest point after vo/g, height vi*/(2g),
round-trip time 2vy/g.

LOI HAY GAP / COMMON MISTAKE — Téch ném 1én va roi xudng thanh hai bai rdi
cong quing dudng nham: di 1én H, di xuéng H + 30 m; ding quén vt roi thdp hon chd ném.
Chon truc va diu mot lan, dung mdt phuong trinh.

Splitting the throw into a rise and a fall and then adding distances wrongly: up H, down H + 30 m; do
not forget the body lands below the launch point. Fix the axis and signs once and use a single
equation.

2.6. Hai vat gip nhau va chuyén dong nhiéu giai doan — Meeting problems and

multi-stage motion

PINH NGHIA 2.21 (Chuyén dong twong d6i mét chiéu) / DEFINITION 2.21 (One-
dimensional relative motion) — Vi hai chéat diém 1 va 2 trén cung mot truc, chuyén dong
ctia 2 dbi voi 1 (hé quy chiéu gin véi 1) duoc mo ta boi hiéu: toa do tuong ddi x21 = x2 — X1,
van toc twong ddi va1 = va — v, gia tdc twong ddi az1 = a» — a1. Hai vt gip nhau khi x2; = 0.
For two particles 1 and 2 on the same axis, the motion of 2 relative to 1 (the frame attached to 1) is
described by differences: relative coordinate x:; = x> — x;, relative velocity vo; = v» — vy, relative
acceleration ax; = a> — a;. The two meet when x2; = 0.

PINH LY 2.22 (Gia téc bang nhau) / THEOREM 2.22 (Equal accelerations) — Néu hai
chat diém c6 cung gia toc thi chuyén dong tuwong ddi cua chung 1a chuyén dong déu: x»1 =
x21(0) + v21(0)-t. Hai vt ném thang dimg cung ltic, hodc mot vat tha va mot vat ném, chua
cham dét, thudc truong hop nay.

If two particles have the same acceleration, their relative motion is uniform: x2; = x21(0) + v21(0)-t.
Two bodies thrown vertically at the same moment, or one dropped and one thrown, before either
lands, fall under this case.

Chirng minh. / Proof.

Trir (2.6) viét cho vat 2 va vat 1 v6i clng a, cac s6 hang at?/2 triét tiéu:

Subtract (2.6) written for body 2 and body 1 with the same a; the terms at’/2 cancel:
X2 — X1 = (X20 — X10) + (V20 — v10)t

Vé phai 1a ham bac nhét cta t, tic chuyén dong déu vé&i van tde vao — vio.

The right side is linear in t, that is uniform motion with velocity vzo — vio. R

Tai li€u nay dugc bién soan boi doi ngii cuia website: https://globalmarket.vin
Trang 62



Vat 1i 10 cho Ga choi / Olympiad Physics for Grade 10

TINH CHAT 2.23 (Gip nhau va khoing ciach nhé nhat) / PROPERTY 2.23 (Meeting
and minimum separation) — Diéu kién gip nhau: x»1(t) = 0 12 phwong trinh bac hai 4n t khi
ax1 # 0. Biét thirc u? — 2a21x21(0) dwong: gip nhau hai 1dn; bang 0: cham dang mot lan, ngay
lac van tdc twong d6i bang 0; am: khong gip. Khi khong gip, khoang cach nhé nhét dat luc
v21=0va béng |X21(0) - V21(0)2/(2a21)|.

Meeting condition: x21(t) = 0 is a quadratic in t when a; # 0. The discriminant v’ — 2a1x2:(0), with u
= vy,(0): positive, they meet twice; zero: exactly one touch, at the instant when the relative velocity is

0; negative: they never meet. When they do not meet, the minimum separation occurs when vz; = 0

and equals |x21(0) — v21(0)*/(2a2;)).

Chirng minh. / Proof.

Viét x21(t) = xo + ut + bt?/2 véi xo, u, b 1a toa do, van tdc, gia tdc tuong ddi ban dau (b#
0), r6i hoan thanh binh phuong:

Write x21(t) = xo + ut + bt’/2 with xo, u, b the initial relative coordinate, velocity and
acceleration (b # 0), and complete the square:

x21 = (b/2)(t + u/b)? + xo — u?/(2b)

Gia tri cuc tri xo — u%/(2b) dat lic t = —u/b, tlrc lac v21 = u + bt = 0. Phuong trinh x2; = 0
c6 nghiém khi va chi khi (t + u/b)?> = —(2/b)(xo — u?/(2b)) khong am, tirc biét thirc u? —
2bxo > 0; bang 0 thi nghiém kép tai va1 = 0.

The extreme value xo — u’/(2b) occurs at t = —u/b, that is when v2; = u + bt = 0. The equation
x21 = 0 has a solution if and only if (t + u/b)’ = —(2/b)(xo — u’/(2b)) is not negative, that is if the
discriminant u> — 2bxo > 0; when it is 0 the root is double, at v2; = (0. R

TINH CHAT 2.24 (Néi céc giai doan) / PROPERTY 2.24 (Joining the stages) — Chuyén
d6ng nhiéu giai doan: chia tai moi thoi diém gia toc doi. Mdi giai doan dung (2.5) dén (2.8)
véi a cua giai doan do; van tdc va toa do cudi giai doan nay la diéu kién dau cua giai doan
sau. Gia toc co thé nhay, van tdc va toa do khong nhay.

Multi-stage motion: split at every instant where the acceleration changes. Each stage uses (2.5) to
(2.8) with its own a; the velocity and coordinate at the end of one stage are the initial conditions of the
next. The acceleration may jump; the velocity and coordinate do not.

PHAN TiCH / ANALYSIS — Hai vét cuing chiu gia toc —g, nén theo dinh Iy vé gia toc bang
nhau chuyén dong tuong ddi 1a déu. Trude khi viét hai phwong trinh béc hai, hiy thi: ngay
lac B duge ném, A di roi 5 m va ¢ van tde 10 m/s hudéng xuéng; khoang cach 75 m, van tde
dén gan nhau 12 40 + 10 = 50 m/s.

Both bodies share the acceleration —g, so by the equal-accelerations theorem their relative motion is
uniform. Before writing two quadratics, try this: at the instant B is thrown, A has fallen 5 m and
moves down at 10 m/s; the gap is 75 m and the closing speed is 40 + 10 = 50 m/s.

Vi DU 2.8 (Hiéu hai chuyén dong cung gia toc 1a chuyén dong déu) / EXAMPLE 2.8
(Two motions with equal acceleration differ by uniform motion) — Vat A tha roi tir dinh
thap cao 80 m. Sau 1,0 s, vat B dugc ném thang dimg tir chan thap 1én véi van toc 40 my/s.
Lay g = 10 m/s2. Hai vat gip nhau lac ndo, & do cao bao nhiéu, va lac 4y mdi vat dang di 1én
hay di xudng?
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Body A is dropped from the top of a tower 80 m high. After 1.0 s, body B is thrown straight up from
the foot of the tower at 40 m/s. Take g = 10 m/s’. When and at what height do they meet, and is each
body moving up or down then?

Loi giai. / Solution.

1. Gbc & chan thap, Oy 1én, gbc thoi gian ltc tha A. A: ya =80 — 5t2. Bbatdautirt = 1
s:yg =40(t— 1) — 5(t— 1)~
Origin at the foot of the tower, Oy up, time zero when A is dropped. A: y4 = 80 — 5¢°. B
startsatt = 15s: yg =40(t— 1) — 5(t — 1)°.

2. Khai trién y = 40t — 40 — 5t* + 10t — 5 = 50t — 45 — 5t2. Cho ya = ys, cac s hang t?
triét tiéu:
Expand yg = 40t — 40 — 5¢ + 10t — 5 = 50t — 45 — 5¢°. Setting y4 = ys, the t* terms cancel.:

80 =50t — 45

3.Suyrat=2,5s,d0 caoy=80—5-6,25=48,75 m. Cach kia: lac t = 1 s khoang cach
75 m, van tdc dén gén nhau 50 m/s, mat 1,5 s, tic t=2,5 s.
Hencet=25sandy =80 — 5625 =48.75 m. The other way.: att = 1 s the gap is 75 m,
the closing speed 50 m/s, taking 1.5 s, sot = 2.5 s.

4. Van tbc lac gap: va=—10-2,5=-25m/s (xuéng); vg =40 —10-1,5 =25 m/s (Ién).
Vit B chua t6i dinh (dinh sau 4 s) nén 1ap luén hop 1€.
Velocities at the meeting: va = —10-2.5 = =25 m/s (down),; vg = 40 — 10-1.5 = 25 m/s (up).
B has not yet reached its peak (which comes after 4 s), so the argument holds.
Vay hai vat gdp nhau sau 2,5 s ¢ d0 cao 48,75 m; A di xuéng, B di Ién, cung tbe do 25
m/s.

Hence they meet after 2.5 s at a height of 48.75 m; A moves down and B up, both at 25 m/s. R

80 1

ap nhau / meet
(2,55; 48,75 m)

20

t(s)

Hinh 2.4. D thi y—t cua Vi du 2.8: hai parabola cit nhau tai t=2,5 s
Figure 2.4. The y—t graph of Example 2.8: the two parabolas intersect att = 2.5 s

PHAN TICH / ANALYSIS — Ba giai doan 13 rang: ting tdc, chay déu, him. D¢ dit gidi
han van tdc, nén can biét tau co dat gi6i han iy hay khong trude khi chia giai doan. Thir tinh
hudng khong c6 gidi han dé so sanh.

Three stages are obvious: speeding up, cruising, braking. The problem sets a speed limit, so one must
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know whether the train reaches the limit before splitting into stages. Try the case with no limit for
comparison.

Vi DU 2.9 (Ting téc, chay déu, him) / EXAMPLE 2.9 (Speed up, cruise, brake) — Tau
dién chay gitta hai ga cach nhau 2.400 m: tang tde véi gia tdc 0,8 m/s2, chay déu khi dat tdc
d6 giéi han 20 m/s, rdi him véi gia toe 1,2 m/s? dé dimg dung & ga sau. Tinh thoi gian di hét
quing duong. Néu bo gidi han toc do thi thoi gian ngin nhét 13 bao nhiéu?

An electric train runs between two stations 2,400 m apart: it speeds up at 0.8 m/s’, cruises on
reaching the speed limit of 20 m/s, then brakes at 1.2 m/s” to stop exactly at the second station. Find
the time for the whole run. With no speed limit, what is the shortest possible time?

Loi giai. / Solution.

1. Giai doan 1: t; = 20/0,8 = 25 s, s1 = 20%/(2-0,8) = 250 m. Giai doan 3: t3 =20/1,2 =
16,67 s, s3 =400/2,4 = 166,7 m.
Stage 1: t; = 20/0.8 = 25 s, s; = 20°/(2-0.8) = 250 m. Stage 3: t3 = 20/1.2 = 16.67 s, 53 =
400/2.4 = 166.7 m.

2. Giai doan 2 di quang s> = 2400 — 250 — 166,7 = 1983,3 m v&i 20 m/s, mat t, = 99,17
S.
Stage 2 covers s> = 2400 — 250 — 166.7 = 1983.3 m at 20 m/s, taking t> = 99.17 s.

3. Téng thoi gian: 25 + 99,17 + 16,67 =~ 140,8 s.
Total time: 25 + 99.17 + 16.67 = 140.8 s.

4. Khong gidi han: chi con tang tdc roi ham, dat toc do cuc dai v tai diém ndi. Quang
duong:
No limit: only speeding up then braking, with the peak speed v at the junction. The distance:

S=v2%/(2a1) +v%/(2a2) = v2=2S/(1/a1+ 1/az)

5. Thay s6: 1/0,8 + 1/1,2 = 1,25 + 0,8333 ~ 2,0833, nén v2 = 4800/2,0833 = 2304 va v =
48 m/s. Thoi gian T = v(1/a1 + 1/a2) = 48-2,0833 = 100 s.
Substituting: 1/0.8 + 1/1.2 = 1.25 + 0.8333 = 2.0833, so v’ = 4800/2.0833 = 2304 and v =
48 m/s. The time is T = v(l/a; + 1/a;) = 48-:2.0833 = 100 s.

Vay v6i gi6i han 20 m/s, tau mét khoang 140,8 s; khong gidi han thi ngan nhat 13 100 s,
voi toe d6 cuc dai 48 m/s.

Hence with the 20 m/s limit the run takes about 140.8 s; with no limit the shortest time is 100 s,
at a peak speed of 48 m/s. W

PHAN TiCH / ANALYSIS — Hai xe cung di theo mot chiéu, xe sau nhanh hon. Trong hé
quy chiéu gin xe B (xe trudc) chi co xe A chuyén dong, voi van téc 18 m/s huéng vé B, chay
cham dan khi phanh. Cau hoi 'c6 va cham khong' thanh 'xe A c6 dimg lai (trong hé nay) trudc
khi di hét khoang cach d khong'.

The two cars travel in the same direction and the rear one is faster. In the frame attached to car B (the
front one) only car A moves, at 18 m/s towards B, and it decelerates when it brakes. The question 'is
there a collision' becomes 'does A come to rest (in this frame) before covering the gap d'.
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Vi DU 2.10 (Hé quy chiéu gin xe phia truwéc) / EXAMPLE 2.10 (The frame of the car
ahead) — Xe A chay déu 30 m/s, phia trudc cach d 1a xe B chay déu cung chiéu 12 m/s. Tai
thoi diém phat hién B, nguoi 1ai A mat 0,5 s phan tng rdi phanh véi gia toc 3 m/s? (khong
d6i). Tim d nho nhat dé khong va cham. Néu d = 60 m thi va cham xay ra lac nao ké tir khi
phat hién, va van tdc tuong dbi khi va cham 1a bao nhiéu?

Car A drives at a steady 30 m/s, with car B a distance d ahead going the same way at a steady 12 m/s.
At the moment A's driver notices B, there is a 0.5 s reaction time before braking at a constant 3 m/s".
Find the smallest d that avoids a collision. If d = 60 m, when does the collision occur after the driver
notices B, and what is the relative velocity at impact?

Loi giai. / Solution.
1. Hé quy chiéu gin B: A ¢6 van toc twong di u =30 — 12 = 18 m/s. Trong 0,5 s phin
g A tién gan 18-0,5 =9 m.
In B's frame, A has relative velocity u = 30 — 12 = 18 m/s. During the 0.5 s reaction A
closes 18:0.5 = 9 m.

2. Khi phanh, gia toc twong ddi 1a —3 m/s?; van toc tuong ddi vé 0 sau khi di thém
u?/(2-3) = 324/6 = 54 m theo (2.7).
While braking, the relative acceleration is —3 m/s’; the relative velocity reaches 0 after a
further u?/(2-3) = 324/6 = 54 m by (2.7).

3. Khong va cham khi d > 9 + 54 = 63 m, nén d nho nhét 1a 63 m (A vira kip cham t6i B
v6i van tc tuong dbi 0).
No collision requires d > 9 + 54 = 63 m, so the smallest d is 63 m (A just reaches B with
relative velocity 0).

4. Vi d = 60 m: sau thoi gian phan ung khoang céch con 51 m. Goi 1 1a thoi gian phanh
dén khi va cham: 18t — 1,512 =51, thc 1> — 12t + 34 =0, 1= 6 — \2 = 4,59 s (liy
nghiém nho, 1an gip dau).

For d = 60 m: after the reaction time the gap is 51 m. Let t be the braking time until impact:

18t— 1.50 =51 ie.?? — 121+ 34=0,7=6 — N2~ 4.59 5 (take the smaller root, the first
meeting).

5. Van tdc twong ddi lic va cham: 18 — 3t = 3v2 ~ 4,24 m/s. Thoi diém ké tir liic phat
hién: 0,5 + 4,59 = 5,09 s.
Relative velocity at impact: 18 — 3t = 3\2 = 4.24 m/s. Time since the driver noticed B: 0.5 +
4.59=5.09s.

Vay d nho nhét 12 63 m. Véi d = 60 m va cham xay ra sau khoang 5,09 s voi van tde
tuong ddi khoang 4,24 m/s.
Hence the smallest d is 63 m. For d = 60 m the collision occurs after about 5.09 s at a relative
velocity of about 4.24 m/s. R

NHAN XET / REMARK — Khoang cich an toan ting theo binh phuong vén toc twong ddi
(u?/(2a)) nhung chi ting bac nhat theo thoi gian phan Gng (u-ty). Véiu= 18 m/s, cit 0,5 s
phan tng chi bét 9 m, con giam u xudng mot nira bét téi 40,5 m.

The safe gap grows with the square of the relative velocity (u’/(2a)) but only linearly with reaction
time (u-t,). Withu = 18 m/s, cutting a 0.5 s reaction saves just 9 m, whereas halving u saves 40.5 m.
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PHAN TiCH / ANALYSIS — Xe buyt c6 hai giai doan (ting toc roi déu) nén phwong trinh
gip nhau ciing ¢6 hai dang. Thir giai doan 1 trudc: néu biét thirc 4m thi ngudi chua dudi kip
trong giai doan d6, chuyén sang giai doan 2 véi diéu kién dau ldy o niit t = 8 s.

The bus has two stages (speeding up then steady), so the meeting equation has two forms as well. Try
stage 1 first: if its discriminant is negative the runner has not caught up in that stage, so move on to
stage 2 with initial conditions taken at the node t = 8 s.

VI DU 2.11 (Phuong trinh gip nhau theo tirng giai doan) / EXAMPLE 2.11 (The
meeting equation stage by stage) — Nguoi chay déu 6 m/s dudi theo xe buyt dang dung yén
cach 40 m phia truée. Pung luc 4y xe buyt ting toc voi gia téc 0,5 m/s? cho dén khi dat 4 m/s
10i chay déu. Ngudi d6 co dudi kip khong, & ddu va luc nao? Véi khoang cach ban dau nao
thi ngudi dudi kip khi xe con dang ting toc?

A runner at a steady 6 m/s chases a bus standing 40 m ahead. At that instant the bus accelerates at 0.5
m/s’ until it reaches 4 m/s, then goes at a steady speed. Does the runner catch it, and where and

when? For what initial gap does the runner catch it while it is still accelerating?

Loi giai. / Solution.

1. Chon géc & chd ngudi chay lac t = 0. Giai doan 1 (0 <t<8§'s, xe dat 4 m/s sau 4/0,5 =
8 5): Xxe = 40 + 0,25t%, Xngusi = 6t.
Origin at the runner's position at t = 0. Stage 1 (0 <t <8 s; the bus reaches 4 m/s after 4/0.5
=85): Xpus = 40 + 0.25F, Xrunner = 6L.

2. Gap nhau: 0,25t> — 6t + 40 = 0, biét thitc 36 — 40 = —4 < 0 nén chua gap trong giai
doan 1. Tai t = 8 s: xe & 56 m, nguoi ¢ 48 m, hon nhau 8 m.
Meeting: 0.25¢° — 6t + 40 = 0, discriminant 36 — 40 = —4 < 0, so no meeting in stage 1. At t
= 8 s the bus is at 56 m, the runner at 48 m, 8§ m apart.

3. Giai doan 2 (t> 8 s): Xxe = 56 + 4(t — 8), Xnguoi = 6t. Gdp nhau: 6t =24 + 4t, nén t = 12
s, tai x = 72 m.

Stage 2 (t>85): Xpus = 56 + 4(t — 8), Xrunner = 6. Meeting: 6t =24 + 4t, sot =12 s atx =
72 m.

4. V&i khoang cach ban dau d, tai t =8 s xe & d + 16, ngudi & 48. Nguoi bat kip trong
giai doan 1 khi d + 16 <48, tc d < 32 m (khoang cach giam subt giai doan 1 vi van
tdc xe ludn dudi 6 m/s).

For an initial gap d, at t = 8 s the bus is at d + 16 and the runner at 48. The runner catches
itin stage 1 ifd + 16 <48, i.e. d <32 m (the gap shrinks throughout stage 1 because the bus
speed stays below 6 m/s).

Vay véi d = 40 m ngudi chay dudi kip sau 12 s & 72 m so véi chd xuét phat; diéu kién dé
duodi kip khi xe con tang toc 1a d < 32 m.

Hence for d = 40 m the runner catches the bus after 12 s, 72 m from the start, catching it while it
still accelerates requires d <32 m. W
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100 1
xe dat 4 m/s / bus at 4 m/s

80 (8s; 56 m)
g 601 xe buyt/ bus \ gdp nhau / meet
v nguoi chay / runner (12's; 72 m)

40

20 A
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Hinh 2.5. D) thi x—t cta Vi dy 2.11: dudng thang ctia nguoi chay cit duong cua xe buyt ¢ giai
doan xe chay déu
Figure 2.5. The x—t graph of Example 2.11: the runner's line cuts the bus's curve in the steady stage of
the bus

LOI HAY GAP / COMMON MISTAKE — Giai phuong trinh gip nhau cta giai doan 1 rdi
dung ludn cho moi t: nghiém tim dwoc phai ndm trong khoang thdi gian cua giai doan d6, néu
khong phai bo va sang giai doan sau.

Solving the stage-1 meeting equation and using it for all t: the root found must lie inside the time
range of that stage, otherwise discard it and go to the next stage.

LOI HAY GAP / COMMON MISTAKE — Quén rang hai vit c6 gia tbc khéc nhau thi
chuyén dong tuong d6i KHONG déu. Cong thirc t = d/va; chi dung khi ax; = 0.

Forgetting that bodies with different accelerations have non-uniform relative motion. The formula t =
d/var holds only when az; = 0.

2.7. Gia toc thay doi theo bic thang — Step-wise acceleration

PINH NGHIA 2.25 (Gia tdc bac thang) / DEFINITION 2.25 (Step-wise acceleration) —
Gia tdc bac thang 13 gia téc c6 gia tri khong ddi trén timg khoang thoi gian lién tiép va nhay
tir gid tri ndy sang gié tri khac tai cac thoi diém nat. D6 thi a—t 1a cac doan nam ngang.
Step-wise acceleration is an acceleration that is constant on each of several consecutive time intervals
and jumps from one value to another at the node instants. Its a—t graph consists of horizontal
segments.

PINH LY 2.26 (Tinh lién tuc tai nit) / THEOREM 2.26 (Continuity at the nodes) — Vi
gia toc bac thang (hitu han), van tc v(t) 1a duong gap khuc lién tuc va toa do x(t) lién tuc. Bd
thi x—t gdm céc cung parabol ndi nhau tai niit voi ciing tiép tuyén, vi v lién tuc.

For a finite step-wise acceleration, the velocity v(t) is a continuous broken line and the coordinate x(t)
is continuous. The x—t graph consists of parabolic arcs joined at the nodes with a common tangent,
because v is continuous.
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Chirng minh. / Proof.

Trong khoang ngan At quanh nut, do bién thién van téc khong vugt qua amaxAt, VOi amax
1a gi4 tri 16n nhét cua |al. Khi At dan t6i 0, d6 bién thién dy dan téi 0, nén v khong c6
budc nhay.

Over a short interval At around a node, the change in velocity does not exceed amaxAt, where amax
is the largest value of |a|. As At tends to 0 this change tends to 0, so v has no jump.

Cung céch lap luan v6i d6 dich chuyén, khong vuot qué |v]maxAt. Hé s6 goc ctia x—t chinh
1a v, lién tuc nén hai cung parabol c6 cung tiép tuyén tai nit.

The same reasoning for the displacement, which cannot exceed |v|mauAt. The slope of x—t is v,
which is continuous, so the two parabolic arcs share a tangent at the node. W

PHAN TiCH / ANALYSIS — Lap bang nut t, v, x. Ttr nat trudce, mdi giai doan cho v sau
bing v trude cong aAt va x sau bang x trudc cong vAt cong aAt¥/2. Mubn tim quing duong,
tim trong timg giai doan xem v ¢6 d6i ddu khong (v = 0 13 luc dbi chiéu), roi cong gié tri tuyét
ddi céac doan.

Make a table of nodes t, v, x. From each node, a stage gives the later v as the earlier v plus aAt and
the later x as the earlier x plus vAt plus aAt’/2. For the distance travelled, check in each stage whether
v changes sign (v = 0 is a reversal), then add the absolute values of the pieces.

Vi DU 2.12 (L4p bang niit cho gia toc bac thang) / EXAMPLE 2.12 (A node table for
step-wise acceleration) — Chét diém chuyén dong thang, lic t =0 ¢ x = 0 v6i van toc —4
m/s. Gia toc: +3 m/s? trong 0-2 s; 0 trong 2—5 s; —2 m/s? trong 5-8 s; +1 m/s? trong 8—12 s.
Tim van tdc va toa dd 6 t= 12 s, cac thdi diém ddi chiéu cung vi tri tuong ung, va quang
duong di dugce trong 12 s.

A particle moves in a straight line; at t = 0 it is at x = 0 with velocity —4 m/s. Its acceleration is +3
m/s’ for 0-2 s; 0 for 2-5 s; =2 m/s for 5-8 s; +1 m/s’ for 8—12 s. Find the velocity and coordinate at t
= [2 s, the instants of reversal with the corresponding positions, and the distance travelled in 12 s.

Loi giai. / Solution.

1. Giai doan 1 (0-2s): v=—4+3-2=2m/s; x =—4-2 + 3-4/2 = =2 m. Van tdc d6i dau:
—4+3t=0chot=4/3s,x=—4-(4/3)+ 1,5-(16/9) =—8/3 = 2,67 m.
Stage 1 (0-2s):v=—4+32=2m/s; x =—4-2+ 34/2 = =2 m. The velocity changes sign:
—4 +3t=0givest=4/3s,x=—4(4/3) + 1.5:(16/9) = —8/3=—2.67 m.

2. Giai doan 2 (2-5 s): v =2 m/s khong d6i; x =—2 +2-3 =4 m.
Stage 2 (25 s): v =2 m/s constant; x = —2 + 2:3 =4 m.

3. Giai doan 3 (5-8s): v=2—-2(t—5)bang O lict=6s,x=4+2-1—1-1=5m. Pén't
=8s:v=2—-6=-4m/s,x=4+2-3—(1/2):2°9=1m.
Stage 3 (5-8s):v=2—-2(t—5)isOatt=6s,x=4+21—1'1=5m Att=8s:v=2—06
=—4m/s,x=4+23—(1/2)2:9=1m.

4. Giai doan 4 (8-12s): v=—4+1-4=0;x=1—-4-4+ (1/2)-16 = =7 m. Van tdc chi
cham 0 & cudi khoang, khong d6i chiéu.
Stage 4 (8—12s):v=—4+14=0;,x=1—44+ (1/2)-16 = —7 m. The velocity only
reaches 0 at the end of the interval, with no reversal.
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5. Quéing duong: doan tir 0 dén —8/3 (di 8/3 m); tir —8/3 dén 5 (di 5 + 8/3 =23/3 m); tr 5
dén —7 (di 12 m). Téng s = 8/3 +23/3 + 12 =67/3 =223 m.
Distance: from 0 to —8/3 (8/3 m); from —8/3 to 5 (5 + 8/3 =23/3 m); from 5 to —7 (12 m).
Total s = 8/3 +23/3+12=67/3=22.3m.
Viay & t =12 s vat dimng tai x = —7 m; vat doi chiu 6t=4/3s (x ~—2,67m) vat=6s (x
= 5 m); quang duong khoang 22,3 m, con do dich chuyén la —7 m.

Hence at t = 12 s the particle is at rest at x = —7 m, it reverses att = 4/3 s (x = —2.67 m) and t =
6s (x =5 m), the distance is about 22.3 m and the displacement is —7 m. B

a (m/s?)

v (m/s)
Lo

0 2 4 6 s 10 12

t(s)
Hinh 2.6. D) thi a—t, v—t va x—t ctia Vi du 2.12 trén cung tryc thoi gian: a nhay, v gy khic, x
tron

Figure 2.6. The a—t, v—t and x—t graphs of Example 2.12 on a common time axis: a jumps, v has corners,
X is smooth

NHAN XET / REMARK — Ba db thi & Hinh 2.6 lién hé chat: chiéu déc cua v—t doc tir a—t,
chiéu déc cua x—t doc tir v—t. Dinh va day ctia x—t ndm dung tai cac diém v—t cit tryc t (t = 4/3
s vat=6s), diéu co thé kiém bang mét trudc khi tinh.

The three graphs of Figure 2.6 are tightly linked: the slope of v—t is read from a—t, the slope of x—t
from v—t. The peaks and troughs of x—t sit exactly where v—t crosses the t axis (t = 4/3 s and t = 6 s),
something that can be checked by eye before any calculation.

PHAN TICH / ANALYSIS — Oc vit bung ra c¢6 van toc 2,0 m/s hudng 1én (bang van toc
thang lac d6) va sau do chi chiu trong luc. Hai viéc khac nhau: thoi gian cham san 1a viéc cia
hé quy chiéu thang, con d6 dich chuyén va quing dudng so v4i mit dat phai tinh trong hé quy
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chiéu gin mit dit. Lam ca hai rdi d6i chiéu bang chuyén dong cua san.

The screw that comes loose has velocity 2.0 m/s upward (the velocity of the lift at that moment) and
afterwards feels only gravity. Two separate jobs: the time to reach the floor belongs to the lift frame,
while displacement and distance relative to the ground must be computed in the ground frame. Do
both and cross-check with the motion of the floor.

Vi DU 2.13 (Cung mt su kién trong hai h¢ quy chiéu) / EXAMPLE 2.13 (One event in
two frames) — Thang may dang di 1én véi van toc 2,0 m/s va ting tbc déu vai gia te 1,2
m/s2. Dung lac d6 mot con dc vit bung khoi tran thang, trin cach san 2,5 m. Tim thoi gian ¢
vit roi t6i san, van tc ctia n6 d6i v6i san lic cham, va d dich chuyén cing quing dudng cua
n6 so voi mat dat. Liy g = 9,8 m/s2.

A lift is going up at 2.0 m/s and speeding up uniformly at 1.2 m/s’. At that instant a screw comes loose
from the ceiling, which is 2.5 m above the floor. Find the time for the screw to reach the floor, its
velocity relative to the floor on impact, and its displacement and distance travelled relative to the
ground. Take g = 9.8 m/s’.

Loi giai. / Solution.
1. Hé quy chiéu thang: ¢ vit c6 van tc tuong d6i ban dau 0 va gia toc twong ddi —g — a
=—(9,8 + 1,2) = —11,0 m/s? (hudng xudng).
Lift frame: the screw has initial relative velocity 0 and relative acceleration —g —a = —(9.8
+1.2) = —11.0 m/s* (downward).

2. Pixubng 2,5 m: 2,5 = (1/2)-11,0-t2, nén t = V(5/11) = 0,674 s. Van tdc twong dbi luc
cham: 11,0-0,674 =~ 7,42 m/s hudng xudng.
Falling 2.5 m: 2.5 = (1/2)-11.0-F, so t = N(5/11) = 0.674 s. Relative velocity on impact:
11.0:0.674 = 7.42 m/s downward.

3. H¢ quy chiéu mat dat, Oy lén, géc tai vi tri oc vit lac bung: y =2,0t —4,9t>. Tait =
0,674 s:y = 1,348 — 2,227 =~ —0,879 m, do dich chuyén 0,879 m hudng xudng.
Ground frame, Oy up, origin at the screw's position when it comes loose: y = 2.0t — 4.9¢. At
t=0.674s:y=1348 — 2.227 = —0.879 m, a displacement of 0.879 m downward.

4. Oc vit con di lén truge khi roi: 1én thém vo?/(2g) = 4/19,6 = 0,204 m (mét 0,204 s,
ngan hon 0,674 s nén co xay ra). Quang duong s = 0,204 + (0,204 + 0,879) ~ 1,29 m.
The screw still rises before falling: a further vo’/(2g) = 4/19.6 = 0.204 m (taking 0.204 s,
shorter than 0.674 s, so it does happen). Distance s = 0.204 + (0.204 + 0.879) = 1.29 m.

5. Pdi chiéu: san di 1én 2,0-0,674 + 0,6:0,674% ~ 1,621 m; b¢ vit ha 0,879 m; tong 1,621
+0,879 = 2,50 m, dung bang khoang cach trin va san.

Cross-check: the floor rises 2.0-0.674 + 0.6-0.674° = 1.621 m; the screw drops 0.879 m, the
sum 1.621 + 0.879 = 2.50 m equals the ceiling-to-floor distance.
Vay bc vit cham san sau khoang 0,674 s voi van tde tuong doi khoang 7,42 m/s; so voi
mit dat n6 dich chuyén 0,879 m xubng va di quing duong khoang 1,29 m.
Hence the screw reaches the floor after about 0.674 s at a relative velocity of about 7.42 m/s;
relative to the ground it is displaced 0.879 m downward and travels about 1.29 m.

LOI HAY GAP / COMMON MISTAKE — Tinh quing dudng ¢ vit bang |d6 dich
chuyén|. Vat ném 1én rdi roi qua diém dau thi quing dudng 16n hon |Ax|; phai cong doan di
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1én va doan di xudng riéng.
Taking the distance travelled to be |displacement|. A body thrown up that then falls past its starting
point has a distance larger than |Ax|; the rise and the fall must be added separately.

NHAN XET / REMARK — Véi hé nhidu vat, hé quy chiéu cta vat nay 1am mat di ca gia
téc 1an van toc chung. Trong Vi du 2.13, trin va san c6 cung gia toc 1,2 m/s? nén van toc ban
dau 2,0 m/s ciia thang khong anh hudng thoi gian roi twong d6i; nd chi anh hudéng quéng
dudng so v6i mat dat.

With several bodies, the frame of one of them removes the common velocity as well as the common
acceleration. In Example 2.13 the ceiling and the floor share the acceleration 1.2 m/s’, so the initial
lift velocity 2.0 m/s does not affect the relative time of fall; it only affects the distance relative to the
ground.

2.8. Bang chién lwgc va thuat nglv — Strategy table and terminology

Diu hi¢u trong dé Cong cu nén thir Vi du

Sign in the problem Tool to try Example

Di hai nira quang duong véi hai

toc d9, hoi tée do trung binh Trung binh diéu hoa (2.3)
Two half-distances at two speeds, Harmonic mean (2.3)
average speed asked

2.2

Do thi v—t ¢o phﬁn dudi truc t,
hoi quang duong
A v—t graph with a part below the t

Téach mién tai chd v doi déu, cong gia tri
tuyét d6i 23

axis, distance asked Split where v changes sign, add absolute values

Biét quang duong va hai van toc,

khong c6 a X — X0 = (Vo + V)t/2 (2.8) 24
Distance and both velocities known, = x — X0 = (vo + )t/2 (2.6) )
noa

Vat tr nghi qua cac doan béng

nhau, héi thoi gian timg doan ta = t:(¥n — V(n — 1)) (2.10) 05
From rest through equal stretches, tn = t1(\/n = \/(n —1))(2.10) ’
time of each stretch asked

Ném 1én rdi roi, hoi thoi gian

cham dat Mot phuong trinh (2.12), a=—g Y
Thrown up then falls, time of One equation (2.12), a = —g )
landing asked

Hai vat cing chiu g, hoi luc gdgp ~ Chuyén dong tuong dbi déu: t = khoang

nhau cach/van tdc tuong ddi )3

Two bodies under g alone, meeting  Uniform relative motion: t = gap/relative
time asked velocity
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Diu hi¢u trong dé Cong cu nén thir Vi du

Sign in the problem Tool to try Example

Tranh va cham, dubi kip, khoang
céch nho nhét Hé quy chiéu gin vat, va; = 0 (tinh chat 2.23)

Avoiding a collision, catching up, Frame of one body, v2; = 0 (property 2.23) 2.10
minimum gap

Co gidi han van tdc hodc gia tbc  Chia giai doan, ndi & nut, kiém nghiém nam

d6i theo giai doan trong khoang 29.911
Speed limit, or acceleration that Split into stages, join at nodes, check that the >
changes by stage root lies in the interval

Gia tdc cho bang db thi a—t bac \ , . N -
& ’ ) Béang nut t, v, x; tim v = 0 trong tung giai

than

Acceiration given by a step a—t doan 5 212
Node table t, v, x; look for v =0 in each stage

graph

Vat roi khoi vat chuyén dong c6  Hai hé quy chiéu, dbi chiéu béng chuyén

gia toc (thang may, xe) dong cua san )13

A body leaving an accelerating Two frames, cross-check with the motion of the

object (lift, vehicle) floor

Thuéat ngir Tiéng Anh Giai thich ngin

Term (Vietnamese) English Short definition

vat moc, truc toa dg, goc thoi gian

Hé quy chiéu Reference frame .
> Uy reference body, axis, time origin and clock
vat c6 kich thude nho so véoi quang duong
Chéat diém Particle (point mass) & ) , i
a body small compared with the distance it
travels
o . s6 do dai s6 vi tri trén truc
Toa do Coordinate , o -
signed position on the axis
A 2 . AX = x3 — X1, ¢6 ddu
Do dich chuyén Displacement 2 b0
Ax = x2 — xy1, signed
N . : tong do dai da di, khong am
Quang duong Distance travelled £ ¢ £ _
total length covered, never negative
z . Ax/At
an to inh A 1
Vian toc trung bi verage velocity /At
X an . uang duong chia thoi gian
Toc do trung binh Average speed d
; g £ SP distance divided by time
A : i6i han ctia Ax/At khi At dan t6i 0
Van toc tuc thoi Instantaneous velocity & :

limit of Ax/At as At tends to 0
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Thuéat ngir Tiéng Anh Giai thich ngin

Term (Vietnamese) English Short definition

Av/At, don vi m/s?

Gia toc Acceleration
ML, unit m/s*

v va a cung dau
v and a of the same sign

Chuyén dong nhanh din ~ Speeding up

v va a ngugc dau

Chuyén dong cham dan  Slowing down .
y PNE Che & v and a of opposite signs

d6 ddc ciia duong trén db thi

Heé s6 goc Slope (gradient
P50 8 pe (¢ ) steepness of a line on a graph
£ i duong thang cham db thi tai mot diém
Tiép tuyén Tangent ] & i g che T
line touching the graph at one point
% doan ndi hai diém trén d6 thi
Cat tuyen Chord (secant) ’ L , :
segment joining two points of the graph
. A1 . 2viva/(vi + v
Trung binh di€u hoa Harmonic mean 1v2/(vi +v2)

ZV1VZ/(V1 + Vg)

Chuyén dong thang bién  Uniformly accelerated  chuyén dong thing c6 a khong ddi
d6i déu motion rectilinear motion with constant a

roi chi dudi tac dung cuia trong luc

Roi ty do Free fall
) falling under weight alone
ném 1én hogc xudng theo phuong thang
Ném thang ding Vertical throw diung
throw straight up or down
R . . . H = vo*/(2
bo cao cuc dai Maximum height 02 (2g)
H=vy/(2g)
A A Z. . . V21 =V2—V
Van toc tuong doi Relative velocity SR
V21 = V2 — Vi
x s , . a khong d6i timg khoang, nhdy tai nat
Gia toc bac thang Step-wise acceleration & ) £ , £ _ v
a constant on intervals, jumping at nodes
. thoi diém gia toc doi gid tri
Nut Node £ gla tn

instant at which the acceleration changes value

2.9. Bai tw luyén — Practice problems
Mirc 1 — Hoc sinh gioi c?ip tinh — Level 1 — Provincial olympiad

Bai 2.1/ Problem 2.1 — O t6 di tir A d&én B dai 180 km. M6t phin ba quéing dudng dau di
v6i te d6 20 km/h, hai phan ba con lai di voi tbe d6 60 km/h. Tinh thoi gian di hét AB va tbc
d6 trung binh. Téc d6 4y co bang trung binh cong cta 20 km/h va 60 km/h khong?

A car goes from A to B, 180 km apart. It covers the first third of the distance at 20 km/h and the
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remaining two thirds at 60 km/h. Find the time for the whole journey and the average speed. Is that
speed equal to the arithmetic mean of 20 km/h and 60 km/h?

Bai 2.2 / Problem 2.2 — O t6 chay 72 knv/h thi him phanh, chuyén dong chdm dan déu va
dirng sau khi di thém 40 m. Tinh gia tdc, thoi gian him va quing dudng xe di duogc trong gidy
cudi cung trude khi dimng.

A car travelling at 72 km/h brakes, decelerates uniformly and stops after a further 40 m. Find the
acceleration, the braking time, and the distance the car covers in the last second before stopping.

Bai 2.3 / Problem 2.3 — Ném mdt vt thing dung 1én tir mat dit véi van toc 24,5 m/s. Bo
qua luc can, g = 9,8 m/s?. Tim do cao cuc dai, thoi gian bay, va cac thoi diém vat & d6 cao 20
m.

A body is thrown straight up from the ground at 24.5 m/s. Ignore air resistance, g = 9.8 m/s’. Find the
maximum height, the flight time, and the instants at which the body is at a height of 20 m.

Bai 2.4 / Problem 2.4 — Vit chuyén dong thing v6i do thi v—t gdm ba doan: v ting déu tir 0
dén 6 m/s trong 3 s; gitt 6 m/s trong 4 s; giam déu vé 0 trong 2 s. Tim gia tdc timg giai doan,
quing duong ca chuyén dong, van tdc trung binh, va thoi diém vat di di duoc nira quing
duong.

A body moves in a straight line with a v—t graph of three pieces: v rises uniformly from 0 to 6 m/s in 3
s, stays at 6 m/s for 4 s, falls uniformly to 0 in 2 s. Find the acceleration in each stage, the total
distance, the average velocity, and the instant at which half the distance has been covered.

Mirc 2 — Hoc sinh gioi quéc gia — Level 2 — National olympiad

Bai 2.5 / Problem 2.5 — Mot vt roi tu do tir nghi di qua ctra s6 cao 1,8 m trong 0,10 s. Hoi
diém tha ¢ cao hon mép trén cira s6 bao nhiéu mét? Liy g = 9,8 m/s2.

A body falling freely from rest passes a window 1.8 m tall in 0.10 s. How many metres above the top
edge of the window was it released? Take g = 9.8 m/s”.

Bai 2.6 / Problem 2.6 — Vit chuyén dong cham din déu cho dén khi ding han. Trong gidy
dau tién vat di duoc 15 m, trong gidy cudi cung di dugc 0,5 m. Tinh gia tc, thoi gian chuyén
dong va tong quing duong vat di duoc.

A body decelerates uniformly until it stops. In the first second it covers 15 m and in the last second 0.5
m. Find the acceleration, the duration of the motion and the total distance covered.

Bai 2.7 / Problem 2.7 — Xe A khéi hanh tir nghi & diém O, chay nhanh dan déu véi gia toc
1,5 m/s2. Sau 6 s, xe B di qua O cung chiéu v&i xe A va chay déu v6i van tdc v. (a) Vi v =
15 m/s, B ¢6 dudi kip A khong? Khoang cach nho nhit giira hai xe 1a bao nhiéu va vao liic
nao? (b) Van tdc v nho nhat dé B dudi kip A 1a bao nhiéu? Khi d6 gip nhau luc nao, & dau?
Car A starts from rest at point O and speeds up uniformly at 1.5 m/s’. After 6 s, car B passes O in the
same direction as A at a steady velocity v. (a) For v =15 m/s, does B catch A? What is the minimum
separation of the cars and when does it occur? (b) What is the smallest v for B to catch A? When and
where do they then meet?

Bai 2.8 / Problem 2.8 — Tau dién di giita hai ga cach nhau 1.800 m trong dung 80 s: ting tdc
v6i gia toe 1,0 m/s?, chay déu, roi him véi gia toc 2,0 m/s? dé dimg ¢ ga sau. Tim toc do chay
déu v, va thoi gian cia ting giai doan.

An electric train travels between two stations 1,800 m apart in exactly 80 s: it speeds up at 1.0 m/s’,
cruises, then brakes at 2.0 m/s’ to stop at the second station. Find the cruising speed v and the
duration of each stage.
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Bai 2.9 / Problem 2.9 — Xe bit ddu tir nghi & x = 0 va chuyén dong thang theo chiéu duong
v6i gia toc phu thudc vi tri theo bac thang: a = 2,0 m/s? khi 0 < x < 100 m; a = —1,0 m/s? khi
100 m < x <250 m; a = 1,5 m/s? khi 250 m < x < 350 m. Tim téc do va thoi gian & mdi nit,
tde do trung binh trén ca 350 m, va cac vi tri tai d6 tde do béng 15 m/s.

A car starts from rest at x = 0 and moves along the positive direction with an acceleration that
depends on position in steps: a = 2.0 m/s* for 0 <x < 100 m; a = —1.0 m/s’ for 100 m < x < 250 m; a
= 1.5 m/s’ for 250 m < x < 350 m. Find the speed and the time at each node, the average speed over
the whole 350 m, and the positions at which the speed equals 15 m/s.

Bai 2.10 / Problem 2.10 — Vat A ném thing dimg 1én tir mat dat v6i van tc 29,4 m/s. Sau t
=2,0s, vat B ciing dugc ném tir chd ay vai cing vén toc 29,4 m/s. Liy g = 9,8 m/s2. (a) Hai
vat gdp nhau lic nao, & do cao nao, va van tdc mdi vat khi do? (b) Chirng minh cong thirc
téng quét cho thoi diém va do6 cao gap theo 1, tim diéu kién cua t dé gdp nhau trudc khi cham
dat. (c) V6i 1 nao hai vat gap nhau dung & ntra d6 cao cuc dai?

Body A is thrown straight up from the ground at 29.4 m/s. After t = 2.0 s, body B is thrown from the
same place at the same speed 29.4 m/s. Take g = 9.8 m/s*. (a) When and at what height do they meet,
and what are their velocities then? (b) Derive the general formulas for the time and height of the
meeting in terms of t, and find the condition on t for them to meet before landing. (c) For which t do
the bodies meet exactly at half the maximum height?

Bai 2.11 / Problem 2.11 — Thang cudn di 1én déu. Mot nguoi di 1én cting chiéu véi thang,
dém dugc 40 bac minh da budc hét khi 1én t6i dinh. Lan khac ngudi 4y di nhanh gép d6i, dém
duoc 48 bac. (a) Thang c6 bao nhiéu bac nhin théy duoc? (b) Néu nguoi éy di nguoc chiéu,
xudng thang dang 1én, véi tdc d6 nhur lan dau, thi dém dugc bao nhiéu bac khi téi chan thang?
Coi bac thang khong doi chidu dai va nguoi budc déu.

An escalator moves steadily upward. A person walking up with it counts 40 steps taken in reaching the
top. On another trip the person walks twice as fast and counts 48 steps. (a) How many steps does the
escalator show? (b) If the person walks the other way, down the rising escalator, at the speed of the
first trip, how many steps are counted on reaching the bottom? Assume the steps have constant length
and the person walks steadily.

Bai 2.12 / Problem 2.12 — Qué bong tha roi tir d6 cao 5,0 m xubng nén ctimg. Sau mdi lan
cham nén, téc do ngay sau va cham béng 0,80 1an téc do ngay trudc do. Bo qua lyc can, g =
9,8 m/s?. Tim thoi diém bong cham nén 1an thi ba, tong thoi gian bong nay cho dén khi dimg
han va téng quing dudng bong di duoc.

A ball is dropped from a height of 5.0 m onto a hard floor. After each impact the speed just after is
0.80 times the speed just before. Ignore air resistance, g = 9.8 m/s’. Find the instant of the third
impact, the total time the ball keeps bouncing until it comes to rest, and the total distance travelled.

2.10. Loi giai bai tu luyén — Solutions to practice problems

Bai 2.1 — Problem 2.1

1. M6t phan ba quing dudng 14 60 km, mat 60/20 = 3 h. Hai phan ba con lai 13 120 km,
mat 120/60 =2 h.
One third of the distance is 60 km, taking 60/20 = 3 h. The remaining two thirds is 120 km,
taking 120/60 = 2 h.
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2. Tong thoi gian 3 +2 = 5 h. Toc do trung binh bang tong quang dudng chia tong thoi
gian: 180/5 = 36 km/h.

Total time 3 + 2 = 5 h. The average speed is total distance over total time: 180/5 = 36 km/h.
Trung binh cong ciia 20 va 60 1a 40 km/h, khac 36 km/h vi hai quang di véi toc d6 khac
nhau khong bang nhau vé thoi gian. Vay xe mat 5 h va c6 tbc do trung binh 36 km/h.

The arithmetic mean of 20 and 60 is 40 km/h, different from 36 km/h because the two stretches
are not equal in time. Hence the car takes 5 h and its average speed is 36 km/h. W

Bai 2.2 — Problem 2.2
1. Bbi 72 km/h = 20 m/s. Chon chiéu duong theo chuyén dong: vo=20m/s, v=0, Ax =
40 m.
Convert 72 km/h = 20 m/s. Take the positive direction along the motion: vo = 20 m/s, v = 0,
Ax =40 m.
2. Chua biét t, a nén ding (2.7): 0 — 400 = 2a-40, suy ra a = —5 m/s.
Neither t nor a is known, so use (2.7): 0 — 400 = 2a-40, giving a = —5 m/s°.
3. Thoi gian ham theo (2.5): 0 =20 —5t, t=4s.
The braking time from (2.5): 0 =20 — 5t, t = 4 s.
4. Gidy cubi: chuyén dong nguoc thoi gian 1a chuyén dong nhanh dan déu tir nghi véi
gia téc 5 m/s?, quing di trong gidy dau ctia n6 1a (1/2)-5-1 =2,5 m.
Last second: run backwards in time, the motion is uniform speeding up from rest at 5 m/s’,
and its first second covers (1/2)-5-1 = 2.5 m.
Viy gia toc —5 m/s?, ham trong 4 s va trong gidy cudi xe di dugc 2,5 m.

Hence the acceleration is —5 m/s°, braking lasts 4 s, and in the last second the car covers 2.5 m.
|

Bai 2.3 — Problem 2.3
1. Do cao cuc dai theo (2.13): H = 24,5%/(2-9,8) = 600,25/19,6 = 30,6 m. Thoi gian 1én
24,5/9,8 = 2,5 s nén thoi gian bay 1a 5 s.
Maximum height from (2.13): H = 24.5%/(2-9.8) = 600.25/19.6 = 30.6 m. The time up is
24.5/9.8 = 2.5 s, so the flight time is 5 s.
2. D0 cao 20 m: 24,5t — 4,9t2 = 20, tic 4,9t — 24,5t + 20 = 0. Biét thirc 600,25 — 392 =
208,25, 208,25 = 14,43.
Height 20 m: 24.5t — 4.97 = 20, i.e. 4.9¢ — 24.5t + 20 = 0. The discriminant is 600.25 —
392 =208.25,N208.25 = 14.43.
3.t=(24,5+14,43)/9,8, cho t = 1,03 s (dang 1én) va t = 3,97 s (dang xuéng). Hiéu 2,95
s khop voi (2.14): 2-14,43/9,8 = 2,95 s.
t=(24.5+14.43)/9.8, giving t = 1.03 s (vising) and t = 3.97 s (falling). The difference 2.95 s
agrees with (2.14): 2-14.43/9.8 = 2.95 s.
Vay H = 30,6 m, bay 5 s, va vat & do cao 20 m luc 1,03 s va 3,97 s.
Hence H = 30.6 m, the flight lasts 5 s, and the body is at 20 m at 1.03 s and 3.97 s. R
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Bai 2.4 — Problem 2.4

1. Gia tbc 12 hé s6 goc: 6/3 =2 m/s%; 0; —6/2 = —3 m/s%
Acceleration is the slope: 6/3 =2 m/s; 0; —6/2 = —3 m/s°.
2. Quing dudng 1a dién tich: (1/2)-3:6 =9 m; 4-6 = 24 m; (1/2)-2:6 = 6 m. Tong 39 m.
Vit khong doi chiéu nén ciing 1 d6 dich chuyén.
The distance is the area: (1/2):3-6 = 9m; 4:6 =24 m; (1/2)-2-6 = 6 m. Total 39 m. The body
never reverses, so this is also the displacement.
3. Thoi gian ca hanh trinh 3 + 4 +2 =9 s, nén van tdc trung binh 39/9 =~ 4,33 m/s.
The whole trip lasts 3 + 4 + 2 = 9 s, s0 the average velocity is 39/9 = 4.33 m/s.
4. Mot nira quang duong 1a 19,5 m. Giai doan 1 cho 9 m, con thiéu 10,5 m di déu voi 6
m/s mét 10,5/6 = 1,75 s. Thoi diém 1a 3 + 1,75 = 4,75 s.
Half the distance is 19.5 m. Stage 1 gives 9 m, leaving 10.5 m at 6 m/s, which takes 10.5/6 =
1.75 5. The instantis 3 + 1.75 = 4.75 s.
Vay a = 2; 0; =3 m/s%, quing dudong 39 m, van tdc trung binh khoang 4,33 m/s, va nira
quang duong dat luc t =4,75 s.
Hence a = 2; 0; —3 m/s®, the distance is 39 m, the average velocity is about 4.33 m/s, and half
the distance is reached att = 4.75s. &

Bai 2.5 — Problem 2.5

1. Goi v 1a van tdc cua vat khi téi mép trén, chiéu duong huong xuéng. Qua ctra sO vat
chuyén dong nhanh dan déu voi gia toc g trong 0,10 s:
Let v be the velocity of the body at the top edge, positive downward. Through the window the
body speeds up uniformly with acceleration g for 0.10 s:

Ax = vt + gt?/2

2. Thay s6: 1,8 =v-0,10 +4,9-0,01, nén v = (1,8 — 0,049)/0,10 = 17,51 m/s.
Substituting: 1.8 =v-0.10 + 4.9-:0.01, sov = (1.8 — 0.049)/0.10 = 17.51 m/s.

3. TUr nghi téi mép trén: h = v¥/(2g) = 17,51%19,6 = 15,6 m. Kiém tra thoi gian:
17,51/9,8 = 1,79 s, hop ly.

From rest to the top edge: h =v*/(2g) = 17.51°/19.6 = 15.6 m. Check the time: 17.51/9.8 =
1.79 s, reasonable.

Vay diém tha cao hon mép trén ctra s6 khoang 15,6 m.
Hence the release point is about 15.6 m above the top edge of the window. R

Bai 2.6 — Problem 2.6

1. Gidy cudi: nhin nguoc thoi gian, vat nhanh dan déu tir nghi nén quing gidy dau cua
no la Jal-1%/2 = 0,5 m, suy ra |a| = 1 m/s%.
Last second: viewed backwards in time, the body speeds up from rest, so its first second
covers |a|-1°/2 = 0.5 m, giving |a| = 1 m/s°.

2. Gidy dau theo (2.9) véit=1s,n=1:s1=vo—[a[/2=15,nénvo=15+0,5=15,5
m/s.
First second by (2.9) witht=1s,n=1:s1=vo— |a|/2=15,s0vo=15+0.5=155m/s.
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3. Thoi gian ding: T = vo/ja] = 15,5 s (16n hon 1 s nén gidy dau va gidy cudi khong
chong nhau). Quang duong: vo¥/(2]a]) = 240,25/2 =~ 120,1 m.
Stopping time: T = vo/la| = 15.5 s (more than 1 s, so the first and last seconds do not
overlap). Distance: vo’/(2|a|) = 240.25/2 = 120.1 m.
Viy gia toc —1 m/s?, vt chuyén dong 15,5 s va di tong cong khoang 120,1 m.

Hence the acceleration is —1 m/s*, the body moves for 15.5 s and covers about 120.1 m in all. ™
Bai 2.7 — Problem 2.7

1. Gbc ¢ O, chiéu duong theo chuyén dong, t tinh tir Iic A khoi hanh: xa = 0,75t2 xg =
v(t—6) véit>6s. Hiéu d = xa — xg = 0,75t — v(t — 6).

Origin at O, positive along the motion, t from the start of A: x4 = 0.75F, x3 = v(t — 6) for t >
6 s. The difference d = x4 — xg = 0.75¢ — v(t — 6).

2.(a) Véiv =15:0,75t2 — 15t + 90 = 0 ¢ biét thirc 225 — 270 = —45 < 0, nén khong
gip. Khoang cach nho nhét khi véan tdc twong ddi bang 0, tirc 1,5t =15, t =10 s; khi
d6d=0,75-100—15-4=15m.

(a) Forv =15: 0.75¢ — 15t + 90 = 0 has discriminant 225 — 270 = —45 < 0, so they never
meet. The minimum separation occurs when the relative velocity is zero, 1.5t = 15, t = 10 s;
thend = 0.75-100 — 154 = 15 m.

3. (b) Piéu kién c6 nghiém: biét thirc ctia 0,752 — vt + 6v =013 v2 — 4-0,75-6v = v —

18v>0,nén v > 18 m/s.

(b) Condition for a root: the discriminant of 0.75° — vt + 6v = 0 is v’ — 4-0.75-6v =1* —
18v >0, sov>18 m/s.

4. V6iv =18 nghiém kép t =v/(2:0,75) =12 s, taix = 18:6 = 108 m (va 0,75-144 = 108

m, khép). Luc 4y van toc A 1a 1,5-12 = 18 m/s bang vén téc B, dung nhu tinh chét
2.23.

With v = 18 the double root is t = v/(2:0.75) = 12 s, atx = 18:6 = 108 m (and 0.75-144 =

108 m, consistent). A's velocity is then 1.5-12 = 18 m/s, equal to B's, as property 2.23 says.
Vay (a) khong gap, khoang cach nhé nhat 15 m Iic t = 10 s; (b) v nhé nhat 1a 18 m/s, gip
nhau lic t=12 s & cdch O 108 m.

Hence (a) they do not meet, the minimum separation is 15 m at t = 10 s, (b) the smallest v is 18
m/s, and they meet att = 12 s, 108 m from O. W
Bai 2.8 — Problem 2.8

1. Quing duong 1a dién tich hinh thang cua d6 thi v—t, tong thoi gian T = 80 s. Thoi gian
tang téc v/1, hdm v/2, déu T — 1,5v. Dién tich bang hinh chit nhat vT trir hai tam giac
thiéu:

The distance is the trapezium area of the v—t graph, total time T = 80 s. Speeding up takes

Vv/1, braking v/2, cruising T — 1.5v. The area equals the rectangle vI minus two missing
triangles:

S=vT —v2/(2a1) — v2/(2a2)

2. Thay s6: 1800 = 80v — 0,5v> — 0,25v> = 80v — 0,75v2, tiic 0,75v> — 80v + 1800 = 0.
Biét thirc 6400 — 5400 = 1000, V1000 ~ 31,62.
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3.

4.

Substituting: 1800 = 80v — 0.5V — 0.25v* = 80v — 0.75V°, i.e. 0.75v* — 80v + 1800 = 0. The
discriminant is 6400 — 5400 = 1000, N1000 = 31.62.

v =(80+31,62)/1,5, cho v~=32,25 m/s hoac v = 74,4 m/s. Vi 74,4 m/s thi tang tde
va ham da mat 1,5-74,4 ~ 111,6 s > 80 s, vo 1y, loai.

v=(80=+31.62)/1.5, givingv=32.25 m/s orv=74.4 m/s. For 74.4 m/s, speeding up and
braking alone would take 1.5-74.4 = 111.6 s > 80 s, absurd, so reject it.

Véi v =32,25m/s: tang tc 32,25 s, ham 16,13 s, chay déu 80 — 48,38 ~ 31,6 s
(duong, hop 1¢).

Forv =32.25m/s: speeding up 32.25 s, braking 16.13 s, cruising 80 — 48.38 <31.6 s
(positive, valid).

Vay téc d6 chay déu khoang 32,3 m/s (khoang 116 km/h); cac giai doan kéo dai 32,3 s;
31,6 s; 16,1 s.

Hence the cruising speed is about 32.3 m/s (roughly 116 km/h), the stages last 32.3 s, 31.6 s and
16.1s. =

Bai 2.9 — Problem 2.9

1.

M&i doan c6 a khong d6i theo thoi gian, nén ap dung (2.7) trong ting doan: v2 = vo? +
2aAx, thoi gian t = Av/a.

In each stretch a is constant in time, so apply (2.7) within it: vV = vy’ + 2aAx, and the time is
t=Av/a.

.DPoan 1 (0-100 m): v>=2-2-100 = 400 nén v = 20 m/s, t; = 20/2 = 10 s.

Stretch 1 (0-100 m): v’ = 2:2-100 = 400 so v = 20 m/s, t; = 20/2 = 10 s.

. Poan 2 (100-250 m): v =400 —2-1-150 = 100 nén v = 10 m/s, t, = (20 — 10)/1 = 10

S.
Stretch 2 (100-250 m): v’ = 400 — 2-1-150 = 100 so v = 10 m/s, t> = (20 — 10)/1 = 10 s.

. Poan 3 (250-350 m): v =100 + 2-1,5-100 = 400 nén v = 20 m/s, t3 = (20 — 10)/1,5 =

6,67 s.
Stretch 3 (250-350 m): v2 = 100 + 2-1.5-100 = 400 so v = 20 m/s, ts = (20 — 10)/1.5 = 6.67
S.

. Téng thi gian 10 + 10 + 6,67 = 26,67 s; téc d trung binh 350/26,67 = 13,1 m/s.

Kiém tra: toc d6 trung binh timg doan 1 (Vaiu + Veuwsi)/2 = 10; 15; 15 m/s, 13y trung
binh theo thoi gian (10-10 + 15-10 + 15:6,67)/26,67 = 13,1 m/s.

Total time 10 + 10 + 6.67 = 26.67 s, average speed 350/26.67 = 13.1 m/s. Check: the
average speed in each stretch is (Vsiar + Vena)/2 = 10, 15, 15 m/s, and weighting by time gives
(10-10 + 15-10 + 15:6.67)/26.67 = 13.1 m/s.

. Téc do 15 m/s: & doan 1 khi 225 =2-2-x, x = 56,25 m (lan 1, lac t = 7,5 s). O doan 2

khi 225 =400 — 2(x — 100), x = 187,5 m (1an 2, luc t = 10 + 5 = 15 s). O doan 3 toc
do chi tir 10 téi 20 m/s: 225 =100 + 3(x — 250), x = 291,7 m (lﬁn 3).

Speed 15 m/s: in stretch 1 when 225 = 2-2:x, x = 56.25 m (first time, at t = 7.5 s). In stretch
2 when 225 = 400 — 2(x — 100), x = 187.5 m (second time, att = 10 + 5 = 15 s). In stretch 3
the speed rises from 10 to 20 m/s: 225 = 100 + 3(x — 250), x = 291.7 m (third time).
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Vay tdc do tai cac nat 1a 20; 10; 20 m/s tai 100; 250; 350 m, cac thoi diém 10; 20; 26,67
s, toc d6 trung binh khoang 13,1 m/s, va téc d6 15 m/s xay ra tai x = 56,25 m; 187,5 m;
291,7 m.

Hence the speeds at the nodes are 20, 10, 20 m/s at 100, 250, 350 m, at times 10, 20, 26.67 s, the
average speed is about 13.1 m/s; and the speed is 15 m/s atx = 56.25m, 187.5m, 291.7 m. A

Bai 2.10 — Problem 2.10

1. Gbc & mat dat, Oy Ién, t tinh tir lac ném A. ya = vot — gt%/2, ys = vo(t — 7) — g(t — 1)%/2.
Origin at the ground, Oy up, t measured from the throw of A. y4 = vot — gt*/2, yg = vo(t — 1)
— g(t — t)°/2.

2. (b) Cho ya = ys: vot — g(2tt — 12)/2 = 0, cac sd hang t triét tiéu nén:
(b) Setting y4 = ys: vor — g(2tt — ©°)/2 = 0, the ¢* terms cancel, so:

t=vo/g+ 1t/2, h=vo?/(2g) — gt2/8

3. D6 cao h suy ra bang cach thay t vao ya: h = vot — gt¥/2 = vo?/(2g) — gt*/8. Hai vt chi
gip khi ca hai con bay: B duoc ném luc t =t va A cham dat lac 2vo/g, nén can 1<t <
2vo/g. Ca hai bat dang thirc cho cung diéu kién © < 2vo/g =6 s.

The height follows by putting t into y4: h = vot — gt*/2 = vo?/(2g) — gt*/8. The bodies meet
only while both are in flight: B is thrown at t = t and A lands at 2vy/g, so we need 1 <t <
2vo/g. Both inequalities give the same condition t < 2vy/g = 6 s.

4.(a) V6ivo=294m/s: vo/g=3s, H=vo?/(2g) =44,1 m. Thayt=2:t=3+1=4s,h
=44,1-9,8-4/8 =44,1 —4,9=392 m.

(a) With vo = 29.4 m/s: vo/g =3 s, H=v¢’/(2g) =44.1m. Fort=2:t=3+1=4s, h=
44.1 — 9.8-4/8 =44.1 — 4.9 =39.2 m.

5. Van toc lac gap: va = 29,4 — 9,8:4 =—9,8 m/s (xudng), vg = 29,4 — 9,8:2 =+9,8 m/s
(1én): cing téc d6, nguoc chiéu, ding vai tinh dbi xtmg quanh dinh cta quy dao.
Velocities at the meeting: va = 29.4 — 9.8'4 = —9.8 m/s (down), vg = 29.4 — 9.8-2 = +9.8
m/s (up): equal speeds, opposite directions, as the symmetry about the top of the path
demands.

6. (c) Ntra do cao cyc dai: h = H/2 nén g1%/8 = H/2, 12 = 4H/g = 4-44,1/9,.8 = 18, 1 = 3\2

~ 4,24 s (nh6 hon 6 s, hop 1¢).
(c) Half the maximum height: h = H/2, so gi%/8 = H/2, © = 4H/g = 4-44.1/9.8 = 18, 7 = 3\2
~4.24 s (less than 6 s, valid).

Vay (a) gap lac t =4 s ¢ d6 cao 39,2 m véi van tbc F9,8 m/s; (b)t=vo/g+ 12, h=

vo2/(2g) — g¥/8, didu kién 0 <t <6's; (c) T~ 4,24 s.

Hence (a) they meet at t = 4 s at a height of 39.2 m with velocities +9.8 m/s; (b) t = vo/g + ©/2, h

=vi’/(2g) — gt*/8, with condition 0 <t<6s, (c)t=4.24s. A

Bai 2.11 — Problem 2.11

1. Po téc d6 bang don vi 'bac trén gidy'. Thang chay 1én vai toc d6 w, nguoi di véi toe
d6 u dbi vai thang, N 13 sb bac nhin thay. Pdi véi mat dat nguoi di voi toe do u + w
nén mat thoi gian N/(u + w); s6 bac ngudi bude 1 u nhan thoi gian do:

Measure speeds in steps per second. The escalator runs up at w, the person walks at u
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relative to it, and N is the number of visible steps. Relative to the ground the person moves at
u + w and takes N/(u + w), the number of steps counted is u times that time:

n=uN/(u+w)=N/(1+r), r=w/u

2.(a) Lan 1: 40 = N/(1 +r) nén N = 40(1 + r). Lan 2 (tdc d6 2u): 48 = 2N/(2 + r). Thay
N: 48(2 +1)=80(1 +r), tirc 96 + 48r =80 + 80r, r = 0,5 va N =40-1,5 = 60 bac.

(a) Trip 1: 40 = N/(1 +r), so N =40(1 +r). Trip 2 (speed 2u): 48 = 2N/(2 + r). Substituting
N:48(2+r)=80(1 +r),ie 96+ 48r =80+ 80r, r =0.5and N = 40-1.5 = 60 steps.

3.(b) bi xuéng nguoc chiéu thang, tdc d6 d6i véi mat datlau—w = u(l —r)=0,5u>0,
nén nguoi tdi duge chan thang, mat thoi gian N/(u — w). S6 bac dém 1a u-N/(u — w) =
N/(1 —r)=60/0,5 = 120.

(b) Walking down against the escalator, the speed relative to the ground is u —w = u(l —r)
= 0.5u > 0, so the person does reach the bottom, taking N/(u — w). The count is u-N/(u — w)
=N/(1—r)=60/0.5=120.

Vay thang c¢6 60 bac nhin théy, va di nguogc chiéu nguoi do dém duoc 120 bac.

Hence the escalator shows 60 steps, and walking against it the person counts 120 steps. R

Bai 2.12 — Problem 2.12

1. Thoi gian roi 14n dau to = V(2h/g) = V(10/9,8) =~ 1,010 s, tdc do luc cham vo = gto. Sau
1an cham k, toc d6 bat 1én 1a e*vo vdi e = 0,8, nén 1an bay 1én rdi roi xudng tiép theo
kéo dai 2ekvo/g = 2ekt.

The first fall takes to = \N(2h/g) = \(10/9.8) = 1.010 s, with impact speed vo = gto. After
impact k the rebound speed is évo with e = 0.8, so the next flight up and down lasts 2e*vo/g
= 2ék.

2. Cham lan thir ba: t = to(1 + 2e + 2¢?) = 1,010-(1 + 1,6 + 1,28) = 1,010-3,88 =~ 3,92 s.
Third impact: t = to(l + 2e + 2¢°) = 1.010-(1 + 1.6 + 1.28) = 1.010-3.88 = 3.92 s.

3. Tong thoi gian 14 to cong cap sd nhan vo han 2te(e + 2 + ...) = 2toe/(1 — ¢), vay:

The total time is to plus the infinite geometric series 2ty(e + & + ...) = 2tpe/(1 — e), thus:
T=t(l+e)/(1—¢)
4. Thay e = 0,8: T = 9to ~ 9,09 s (hiru han du ¢ vo sé lan nay).
With e = 0.8: T = 9ty = 9.09 s (finite despite infinitely many bounces).

5. Quang dudng: sau 1an cham k, bong 1én cao e*h roi roi lai cing doan ay. Tong s =h

+2h(e®> +e*+...)=h(l +e?)/(1 —¢e*)=5-1,64/0,36 = 22,8 m.
Distance: after impact k the ball rises to €’*h and falls back through the same stretch. Total s
=h+2he+e+...)=hl+e)/[l —€&)=5164/0.36=22.8 m.
Vay bong cham nén 1an thir ba lac khoang 3,92 s, nay trong tong cong khoang 9,09 s va
di quang duong khoang 22,8 m.
Hence the ball hits the floor the third time at about 3.92 s, bounces for about 9.09 s in all, and
travels about 22.8 m. 1
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